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Abstract

Since its appearance in thePrincipia (Book 1, Sect. 6), Newton’s Lemma 28 on the alge-
braic nonintegrability of ovals has had an unusually mixed reception. Beginning in 1691 with
Jakob Bernoulli (who accepted the lemma) and Huygens and Leibniz (who rejected it and offered
counterexamples), Lemma 28 has a history of eliciting seemingly contradictory reactions. In
more recent times, D.T. Whiteside in 1974 gave an “unchallengeable counterexample,” while the
mathematician V.I. Arnol’d in 1987 sided with Bernoulli and called Newton’s argument an “aston-
ishingly modern topological proof.” This disagreement mostly stems, we argue, from Newton’s
vague statement of the lemma. Indeed, we identify several different interpretations of Lemma
28, any one of which Newton may have been intending to assert, and we then test a number of
proposed counterexamples to see which, if any, are true counterexamples to one or more of these
versions of the lemma. Following this, we study Newton’s argument for the lemma to see whether
and where it fails to be convincing. In the end, our study of Newton’s Lemma 28 provides an
answer to the question, Who is right: Huygens, Leibniz, Whiteside and the others who reject the
lemma, or Bernoulli, Arnol’d, and the others who accept it?

In Sect. 6 (Book 1) of thePrincipia, Newton comes to a fundamental problem of
orbital motion:

Problem 23 If a body moves in a given elliptical trajectory, to find its position at an
assigned time.[7, 513]

In modern notation, this is equivalent to solving the famous Kepler equationx−e sin x =
t for x. In his solution to the problem, Newton shows how to find the positionexactly
with a “geometricallyirrational” curve, the cycloid, using Wren’s construction, and
then proceeds to describe numerical methods forapproximatingthe position. Newton
already knows that Problem 23 cannot be solved exactly with a “geometricallyrational”
curve, that is, he understands that the position is not an algebraic function of the time,
for this follows easily from a deeper and more general insight that he records prior to
Problem 23:
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Lemma 28 No oval figure exists whose area, cut off by straight lines at will, can in gen-
eral be found by means of equations finite in the number of their terms and dimensions.
[7, 511]

In the years following the publication of thePrincipia, Continental mathematicians
studied the great work with care, striving to understand its propositions, trying to trans-
late its arguments into the Leibnizian calculus, and, in some cases, hoping to find errors
[4; 9; 10]. Lemma 28 was certainly no exception to this scrutiny, but a less than precise
statement of the lemma and a less than clear demonstration led to an unusually mixed
reception. In a letter to Leibniz written in 1691, Huygens complained about the lemma
and its argument:

I do not think it possible to ascribe this proposition to Newton, since he never uses any
other property of what he calls an oval, but that it is a closed curve that closes after one
rotation, which does not even exclude the cases of a square or a triangle. [5, 90–93]

Huygens also suggested a third potential counterexample, the double parabolax =
∓y2 ± 1, but Leibniz, believing Newton would not accept the double parabola as an
oval, proposed instead the lemniscatey2 = x2(1 − x2), that had been mentioned by
Huygens in an earlier letter: “Newton, in defending the impossibility of quadrature of
an oval,” argued Leibniz,

would have replied that such an oval [formed by the double parabola] is not genuine and
does not consist of one curve describing it, as his argument apparently requires, because
one of the parabolas does not go into the other when it is extended. But your [lemniscate]
in the form of a figure eight is really describable, and his argument can be applied to it,
although it is not at all like an oval, thus, on his argument it cannot be integrable in the
general way. It would be useful to consider his argument in order to understand what is
deficient in it. [5, 90–93]

According to D.T. Whiteside, the editor of Newton’s mathematical papers, “Jakob
Bernoulli,” referring to Lemma 28, “accepted its truth unhesitatingly and incorporated
Newton’s ‘insight’ into his 1691 paper on the Archimedean spiral. . . to ‘prove’ that the
general quadrature of the circle is impossible.” [6, VI: 306 Note 126] Whiteside goes on
(in the same gloriously informative footnote) to say that

by and large, mathematicians in the 18th century tended to accept the truth of Newton’s
lemma. . . while those geometers in the 19th who concerned themselves with proving the
existence of transcendental functions developed surer analytical methods for approach-
ing such problems and the subtleties of thePrincipia’s mode of demonstration were left
to the historians to unravel as they were able. Henry Brougham and E.J. Routh in their
Analytical View of Sir Isaac Newton’s Principia(London, 1855): 73 merely repeat, in
‘disproof’ of the lemma, the trivial generalization of Leibniz’s attempted counterexample
which is represented by the class of lemniscatesy = nxn−1(an − xn)1/m . . . while W.W.
Rouse Ball in hisMathematical Recreations and Essays. . . was finally led to remark that
[Newton’s] . . . argument is considered difficult to follow:. . .but on. . . careful reflection
I think that the conclusion is valid without restriction.

For his part Whiteside believes he can put an end to all this confusion, by pointing first
to an “irreparable flaw. . .” in Newton’sargumentfor the lemma and then presenting an
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“unchallengeable counterexample,” namely the ovaly2 = [1 −
√

x2 +
√

x2(1 − x2)]2,
to Newton’sstatementof the lemma. On the other hand, the respected Russian mathema-
tician V. I. Arnol’d has quite a different opinion. To him Newton’s argument, although
“very brief and [missing] many facts that were obvious to him,” is “an astonishingly
modern topological proof of a remarkable theorem on the transcendence of Abelian
integrals.” [1, 83]

So who is right: Huygens, Leibniz, Brougham & Routh, and Whiteside, on the one
hand, or Bernoulli, Rouse Ball, and Arnol’d, on the other? And which, if any, of their
proposed counterexamples is a true counterexample to Lemma 28?

The intended Lemma 28

To sort this out, we have to remember that meaning must come before truth; that is, we
must first understand more precisely what the statement of Lemma 28 means and what
Newton intended to claim in the lemma. Only then can we can decide whether any given
example really is a counterexample to that intended claim. And only then can we decide
whether that claim is mathematically correct or whether Newton’s argument for Lemma
28 actually proves the claim he makes. Take the issue of counterexamples: a counterex-
ample is an example that satisfies the assumptions of an assertion without satisfying its
conclusion. In modern mathematics, the assumptions and conclusion of a proposition
are generally precise and explicit, so that, given an example, it is usually straightforward
to see whether the example is actually a counterexample. But in the mathematical work
of an earlier era, such as the 17th century, it can be difficult to decide what a given
proposition or lemma actually asserts or was intended to assert. The statement may con-
tain words that have unclear definitions, there may be implicit assumptions that do not
appear in the statement but which would have been taken for granted by the author, and
there may be a vague use of quantifiers leading to an ambiguous logical structure.

Beginning with the lemma’s single explicitly stated assumption – that we are given
an “oval figure” – we face ambiguities immediately. In Newton’s day the meaning of
an oval, though not precisely given, seems to have been a convex, closed, planar curve,
and we will take this as our working definition. (Later we will discuss whether Newton
thought of his ovals asnecessarilyconvex.) For the moment then, convexity is not the
problem; the problem is smoothness. We normally think of an oval as being smooth,
that is, as having a continuously turning tangent. Is this the sort of oval that Newton
has in mind? If not, then perhaps he wishes to allow nonsmooth ovals, in other words
ovals with corners or cusps, or, going in the opposite direction, he may be thinking of
infinitely smooth or even analytic ovals.

To be more precise about these different levels of smoothness, recall that a function
is said to beC0 if the function is continuous,Ck if its kth derivative is continuous,C∞ if
thekth derivative is continuous for everyk, andanalyticif the function can be expressed
as a power series. (Of course analytic impliesC∞, C∞ implies Ck, andCk implies
Ck−1, but the converses are false.) We then say an oval is aCk ovalor ananalytic oval
if each of its points has a neighborhood which is the graph of aCk or analytic function,
respectively. An oval which is at leastC1 is said to besmooth.
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Fig. 1. A nonsmooth oval,y2 = x2(1 − x) Fig. 2. A smooth oval,y2 = x(1 − √
x)

Figure 1 shows a nonsmooth oval and Fig. 2 a smooth (in factC2) oval. (We will ex-
plain the dotted curves later.) The solid curve in Fig. 2 shows the graph of the ovaly2 =
x(1 − √

x). This graph suggests that the oval is at leastC1, because we see no corners
or cusps, but the graph cannot suggest thedegreeof smoothness. In any case, the sug-
gestion of a picture is not a proof. To establish a particular degree of smoothness for any
given oval, one must analyze the equation, not the computer-generated graph, of that
oval. We shall see an example of this in our discussion of the Whiteside oval later on.

Returning to the “oval figure” of Lemma 28, what degree of smoothness does New-
ton presume? Although nothing in the statement of the lemma, nor in its proof, indicates
his intention, a one sentence clue appears in thePrincipia’s second edition, in the form
of a caveat that Newton inserts just after his demonstration: “But here I am speaking
of ovals that are not touched by conjugate figures extending out to infinity.” [7, 512]
While some ovals “touched by conjugate figures extending out to infinity” are smooth,
like the oval in Fig. 2, much more commonly such ovals arenonsmooth, like the oval
in Fig. 1, because the infinite branches generally meet the oval in a corner, as they do
for instance in a favorite curve of Newton’s, the folium of Descartes,x3 + y3 = 3axy,
which appears below on the left and three different times as an example in Newton’s
Waste Bookaround 1665 [6, I: 184–5, 234, 288–9]. Indeed the folium of Descartes may
have been on his mind when Newton first thought of banning ovals that touch “conju-
gate figures extending out to infinity” in the second edition. Moreover, we even have
Newton on record referring repeatedly to variousnonsmoothclosed curves as “ovals”
in his “Final Enumeration [of third degree algebraic curves] into 72 Species.” [6, VII:
588–645] To give just one instance of this: in his description of the “crunodal cubic”
(below right), the “oval and snaky branch are joined, crossing each other in the form of
a node.” [6, VII: 619] These facts certainly open the possibility that Newton means to
include nonsmooth ovals among the “oval figures” of Lemma 28.

Folium of Descartes Crunodal cubic
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On the other hand, around the time of thePrincipia the word “oval” was generally
taken to mean a sort of generalized ellipse and therefore presumably asmooth, convex,
closed curve. So with less than decisive evidence to the contrary, we might then assume
that Newton intends his “oval figures” to be smooth, that is, at leastC1. He may even be
thinking ofanalyticovals, for Newton often supposes, without comment, that his func-
tions can be expressed by power series: on almost any page of his 1671 tract on series and
fluxions [6, III: 3–388] and on several pages of thePrincipia we witness Newton’s clear
and unremarked presumption that his functions are analytic. (See, for example, in Book
1 the scholium following Proposition 31 and Examples 2 and 3 following Proposition
45 and in Book 2 the demonstration of Proposition 10. [7, 515, 541, 658])

Since it seems then that we cannot tell for sure what degree of smoothness, if any,
Newton has in mind for his “oval figure,” we shall keep our options open and refer, as
we later study various proposed counterexamples, to theC0, C1, or analyticversionsof
Lemma 28 to indicate the smoothness being assumed for the oval.

Though the degree of smoothness may be in doubt, there is little doubt that Newton’s
ovals are presumed to be algebraic. A curve is said to bealgebraicif it lies on the zero set
of a polynomialP(x, y), that is, if it is part of or identical with the graph of a polynomial
relationP(x, y) = 0. For example, the graph of the absolute value functiony = |x| is
algebraic because it lies on the graph ofy2 − x2 = 0, the ovals of Figs. 1 and 2 are both
algebraic, the first obviously because it satisfies the equationy2 = x2(1−x), the second
because it satisfies(x − y2)2 − x3 = 0, and the crunodal cubic above is algebraic, for
its equation isxy2 + (x − 15/8)y + x3 − 4x2 + 3x = 0.

How do we know that Newton hasalgebraicovals in mind, when the statement of
Lemma 28 just says “oval figure”? Firstly, because the demonstration Newton gives
refers repeatedly to curves of certain “powers,” by which he surely means the degree of
the polynomial equation satisfied by the curve. (Thedegreeof a polynomial

P(x, y) =
∑
i,j

aij x
iyj

is the largest exponent sumi + j . For example, the polynomialx − x2y2 + y2 has
degree four.) Secondly, his argument fails fornonalgebraic ovals in a way that would
have been obvious to him. (We will discuss Newton’s demonstration of Lemma 28 later,
but roughly speaking his argument requires the area swept out by the position vector to
be an algebraic function of the point on the oval and for this one needs the oval to be
algebraic.) Thirdly, a 1665 incarnation of Lemma 28, found in an early manuscript entry,
begins this way: “The length of no Ellipticall line whatever of 1st, 2nd, 3rd, 4th kind
and etc. can be found.” [6, I: 545] The possible degrees or “kinds” of the “Ellipticall”
curve must evidently correspond to the degree of the polynomial equation satisfied by
the curve, which tells us the curve is presumed to be algebraic. A final reason to believe
that Newton is considering only algebraic ovals stems from the second edition insertion
that we referred to earlier – “But here I am speaking of ovals that are not touched by
conjugate figures extending out to infinity” – for the notion of a conjugate figure (or
branch) makes sense only for algebraic curves.

Indeed for algebraic ovals we can make the meaning of Newton’s insertion clear as
follows. By definition an algebraic oval lies on a curveP(x, y) = 0, whereP(x, y)

is a polynomial. From among all such polynomials, choose a polynomialP(x, y) of
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least degree. Then we shall call the curveP(x, y) = 0 thealgebraic completionof the
oval. The combined dotted and solid curves in Fig. 2, for example, show the algebraic
completion(x −y2)2−x3 = 0 of the ovaly2 = x(1−√

x). A conjugate branchor con-
jugate figureis then a branch of the algebraic completion, and an oval is said to “touch
a conjugate figure extending out to infinity” provided the oval contacts an unbounded
branch of its algebraic completion. We shall call an algebraic oval that doesnot touch
an unbounded branch of its algebraic completion asecular algebraic oval(“secular”
because the oval is not “in touch with the infinite”). Newton’s second edition insertion
is a ban against nonsecular ovals, such as the ovals of Figs. 1 and 2.

Now we turn to theconclusionof Lemma 28, to the property that no oval is supposed
to enjoy: that the “area, cut off by straight lines at will, can in general be found by means
of equations finite in the number of terms and dimensions.” To clarify the meaning of
this property, we need to make our language more precise. (See [1, 84] or [2, 1148].) A
line ax + by + c = 0 that intersects an oval cuts off a segment. If the areaS of that seg-
ment varies algebraically with the line, that is, if there exists a single, fixed polynomial
Q(a, b, c, S) such that for every lineax + by + c = 0 cutting off an areaS we always
haveQ(a, b, c, S) = 0, we say that the oval isglobally algebraically integrable.

ax + by + c = 0

We can weaken this property by requiring that every line has a neighborhood for which
there exists a polynomialQ(a, b, c, S) that vanishes as before, but for all linesin that
neighborhood(and different polynomials may be needed on different neighborhoods).
In this case we say the oval is onlylocally algebraically integrable. For example, that
the total area of an oval can be computed algebraically or even that the area between
0 andx is given by an algebraic formula indicates local, but not necessarily global,
algebraic integrability, for knowing that the areas cut off byvertical lines coincide with
an algebraic function, does not tell us that there necessarily exists one fixed algebraic
function giving the areas cut off byarbitrary lines.

When Newton writes that no oval exists “whose area, cut off by straight lines at
will, can in general be found by means of equations finite in the number of terms and
dimensions,” does he mean that no oval isglobally algebraically integrable or that no
oval is locally algebraically integrable? The difference between global and local alge-
braic integrability lies in the relative positions of two quantifiers, “for all” and “there
exists”: we have global integrability whenthere existsa polynomial such thatfor all lines
. . ., while we have only local integrability whenfor all lines there existsa polynomial
such that. . .. Unfortunately, Newton’s vague use of these quantifiers in his statement
of Lemma 28 leads to ambiguity: we cannot tell, from that statement alone, which kind
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of algebraic integrability he wishes to deny. So we need to look elsewhere for evidence
one way or the other.

On the one hand, the phrasing in Newton’sargumentfor the lemma suggests that
he is trying to denyglobal algebraic integrability, for he refers to what appears to be a
fixed finite equation that is supposed to give the segment areas generally. But we can
argue from other evidence that Newton is thinking oflocal integrability. In fact, in the
second edition of thePrincipia, as we noted already, he inserts this restriction: “But
here I am speaking of ovals that are not touched by conjugate figures extending out
to infinity.” The curves that Newton probably has in mind, ovals like those in Figs. 1
and 2 or the Cartesian foliumx3 + y3 = axy, are only locally algebraically integ-
rable. If Newton were intending to deny global algebraic integrability in the lemma,
then there would be no reason to worry about excluding ovals that fail to be globally
algebraically integrable. Moreover, Leibniz, Brougham & Routh, and Whiteside ap-
parently interpret Newton as referring to local algebraic integrability, for they regard
their proposed ovals – the Huygens lemniscate, the generalized Huygens lemniscates,
and the Whiteside oval – as counterexamples to the lemma, even though these ovals
are only locally algebraically integrable. Whiteside, for instance, gives the vertical sec-
tion areas correctly for his oval [6, VI: 307 Note 126], but from this we can infer at
most local integrability. Of course, it could be that neither Newton nor those proposing
counterexamples have distinguished clearly in their minds between the two properties,
global and local integrability. In any case, given the indecisive evidence, we should
allow the denial ofeither kind of integrability as the possible intended conclusion to
Lemma 28.

Our study of Newton’s possible assumptions and conclusions, both explicit and
implicit, has revealed shocking ambiguity in his statement of Lemma 28. In fact his
statement of the lemma in the first edition is open tosix different interpretations, any
one of which may be the assertion he intended to make! (And we get another six versions
in the later editions if we treat Newton’s ban on nonsecular ovals as an assumption in
the lemma.) The version with the weakest assumptions and the strongest conclusion and
therefore the version that makes the strongest claim comes from the first edition, where
we assume Newton wishes to allow nonsmooth ovals and to deny even local algebraic
integrability:

Lemma 28 (First Edition,C0, Local)No algebraic oval is locally algebraically integ-
rable.

Starting with the second edition, Newton specifically rules out nonsecular ovals. (Re-
member that a secular oval touches no unbounded conjugate branches.)

Lemma 28 (Later Editions,C0, Local) No secular algebraic oval is locally algebrai-
cally integrable.

Because, as we have argued, we can tell neither how smooth the ovals are that Newton
has in mind, nor whether he wishes to deny global or local integrability, a total oftwelve
versions becomes possible, varying with the edition (first or later), the degree of smooth-
ness (C0, C1, or analytic) and the kind of algebraic integrability (global or local). (Later,
even more variations will appear when we explore the possibility that Newton might have
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allowednonconvex loops as “ovals.”) For example, the first edition-C1-global version
of the lemma reads

Lemma 28 (First Edition,C1, Global)No C1 algebraic oval is globally algebraically
integrable.

And the later editions-analytic-local version is

Lemma 28 (Later Editions, Analytic, Local)No analytic secular algebraic oval is lo-
cally algebraically integrable.

And so forth for other variations of the lemma.
Which of the six second edition (or the six first edition) versions of Lemma 28 is

the assertion Newton thought he was making? The evidence does not tell us. We can
make an informed conjecture, but we will do that later. Which, if any, of the twelve total
versions is actually a theorem, a true claim? This too we will take up later. For now our
interest is in evaluating proposed counterexamples to the lemma.

The counterexamples

With these variations of the lemma in hand, we can test the counterexamples pro-
posed by Huygens, Leibniz, Newton himself (!), Brougham & Routh, and Whiteside to
see which may be actual counterexamples to particular variations. We begin with the
square, triangle, and double parabola, proposed by Huygens in 1691.

1 Square and triangle(Huygens, 1691)

The square and triangle

are algebraic, nonsmooth, nonsecular (because they touch conjugate branches extending
to infinity), and globally algebraically integrable. (The solid and dotted lines together,
with the dotted lines continuing without bound, make up the algebraic completion.) So
these ovals are counterexamples to the first edition-C0-global and the first edition-C0-
local variations of Lemma 28.

2 Double parabola(Huygens, 1691)

The oval determined by the two parabolasx = y2 − 1 andx = −y2 + 1
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is also algebraic, nonsmooth, nonsecular, and locally algebraically integrable. It is there-
fore a counterexample to the first edition-C0-local version of the lemma. In the second
and third editions of thePrincipia, Huygens’ three ovals – the square, triangle, and double
parabola – are no longer counterexamples, due to Newton’s inserted ban on nonsecular
ovals.

3 Huygens lemniscate(Leibniz, 1691)

Today the lemniscatey2 = x2(1 − x2) is commonly called theeight curveor (less
often) thelemniscate of Gerono, but since Leibniz referred to it as “your curve in a figure
eight” in a 1691 letter to Huygens [5, 90–93], we shall follow Leibniz and call it the
Huygens lemniscate. The ovals of the Huygens lemniscate

Huygens lemniscate,y2 = x2(1 − x2)

are algebraic, nonsmooth, secular, and locally algebraically integrable. Hence they are
counterexamples to theC0-local versions of Lemma 28 in the first or later editions.

4 Folium of Descartes(Newton, 1713)

It may seem odd to suggest that Newton proposed counterexamples to his own lem-
ma, but in fact this is a reasonable way to view the ban on nonsecular ovals that he
inserted in the second (1713) edition of thePrincipia, especially given that Newton’s
own argument for the lemma appears on the face of it to apply to nonsecular ovals and
given that he never provides any rationale for his ban. Out of all nonsecular ovals, we
have chosen the Cartesian folium,x3 + y3 = 3axy, as Newton’s counterexample be-
cause, as we have noted, it appears as a frequent example in Newton’s early mathematical
work [6, I: 184–5, 234, 288–9], and so the folium may well have been the specific oval
which prompted him to restrict Lemma 28 to secular ovals in 1713.



488 B. Pourciau

Folium of Descartes,x3 + y3 = 3xy

The oval of the Cartesian folium is clearly algebraic, nonsecular (because the branches
which meet the oval at the origin follow the linex + y + a = 0 off to infinity), and
nonsmooth. It is also locally algebraically integrable. In particular, the oval’s area (in-
dependently computed by Huygens and Johann Bernoulli in 1691–2) is3

2a2. It follows
that this oval is a counterexample to the first edition-C0-local version of Lemma 28.

5 Generalized Huygens lemniscates(Brougham and Routh, 1855)

“Sir Isaac Newton himself observes,” write Brougham and Routh in [3, 72–73], “that
[his] demonstration does not apply to ovals which form parts of curves, being touched
by branches of infinite extent. But it does not even apply to all cases of ovals. . . uncon-
nected to any infinite branches.” Brougham and Routh then go on to propose a class of
lemniscates as counterexamples to Lemma 28:

ym = xm(n−1)(1 − xn) (m, n positive even integers)

Whenm = 2 = n we recover the Huygens lemniscate. As long asm is even, these
curves are locally algebraically integrable, and ifm andn are both positive and even,
we have a class of lemniscates featuring two locally algebraically integrable algebraic
loops joined at the origin. (Here we usealgebraic loopto mean a simple, that is, a non-
self-intersecting, closed algebraic curve.) Some of these algebraic loops are convex and
are therefore ovals. All of these loops are secular and nonsmooth, with a singular point
at the origin.

y6 = x6(1 − x2) y2 = x6(1 − x4)

The ovals are then counterexamples to theC0-local variations of Lemma 28 in the first
or later editions of thePrincipia. Thenonconvex loops (such as the loop just above, on
the right) can also be seen asC0-local counterexamples, but only if Newton would have
admitted nonconvex loops as “oval figures.” (More on this possibility later.)
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6 Arnol’d oval

This oval,y2 = x(1 − √
x), appears earlier in Fig. 2 and appears in [1, 87] as an

example. We include it here as a potential counterexample.

Arnol’d oval, y2 = x(1 − √
x)

The Arnol’d oval is algebraic (for it lies on the polynomial relation(x −y2)2 −x3 = 0),
C2 (as we noted earlier), nonsecular (because its algebraic completion(x−y2)2−x3 = 0
has unbounded branches that meet the oval at the origin), and locally algebraically in-
tegrable. The local integrability stems from the parametric representation{

x = (1 − t2)2

y = t3 − t

that features polynomials int : sincex andy are polynomials int , so is the area
∫

y dx.
Hence the Arnol’d oval is both aC0 and aC1-first edition-local counterexample.

7 Some really smooth ovals

Generalizing the smooth Arnol’d oval above, the parametric representation{
x = (1 − t2)2k

y = t3 − t

wherek = 1, 2, 3, . . ., yields an algebraic ovaly2 = x1/k(1 − x1/2k)

A C3 oval,y2 = x1/2(1 − x1/4)
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(touching two unbounded conjugate branches at the origin) which isCk+1 at the origin
andC∞ everywhere else. Becausex andy are polynomials int , so is the area

∫
y dx, and

the oval is therefore locally algebraically integrable, which makes this oval aCk+1-local
counterexample in the first edition. Thus we can construct first edition-local counterex-
amples which are infinitely smooth at all points but one and which, at that single point,
have whatever finite degree of smoothness we desire.

8 An infinitely smooth oval

As a final example, before we end with the Whiteside oval below, we offer a non-
example, or, more precisely, an example of a noncounterexample. The algebraic oval
y2 = √

x(1 − √
x) is C∞ everywhere, what we have agreed to call aC∞ oval.

An infinitely smooth oval,y2 = √
x(1 − √

x)

(It is no coincidence that this oval coincides with its algebraic completion, so that it has
no conjugate branches.) Asked to find the oval’s areas

∫
y dx, the programMathematica

returns the transcendental expression√√
x − x

(
−1

4
−

√
x

6
+ 2x

3

)
− 1

8
arcsin(1 − 2

√
x),

whichsuggests(but does not prove) that this infinitely smooth oval may be algebraically
nonintegrable, even locally.

Every algebraically integrable oval we have met has had at least one point that was
notC∞, and the one (completely)C∞ oval that we have just seen does not appear to be
locally algebraically integrable. This leads to a natural conjecture:

Conjecture NoC∞ algebraic oval is locally algebraically integrable.

We will take up the status of this conjecture in the next section.

9 Whiteside oval(Whiteside, 1974)

Whiteside’s “unchallengeable counterexample,”W :y2 = [1−
√

x2+
√

x2(1 − x2)]2,
proposed in [6, VI: 307 Note 126], is a clever combination of the square|x|+|y| = 1 and
what we have called the Huygens lemniscate,y2 = x2(1− x2). Being a closed, convex
curve,W is certainly an oval. To see thatW is algebraic, observe that the right-half of
the oval satisfiesy2 = [1 − x + x

√
1 − x2]2, because

√
x2 = |x| = x if x ≥ 0. Solving
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for the radical and squaring, we find the right-half lies on the graph ofQ(x, y) = 0,
where

Fig. 3. Whiteside oval,y2 = [1 − √
x2 +

√
x2(1 − x2)]2

Q(x, y) = (1 − 2x + x4 + 2y − 2xy + y2)(1 − 2x + x4 − 2y + 2xy + y2).

Similarly, the left-half satisfiesR(x, y) = 0, where

R(x, y) = (1 + 2x + x4 − 2y − 2xy + y2)(1 + 2x + x4 + 2y + 2xy + y2).

Therefore the whole ovalW lies on the graph of an algebraic curve of degree 16, namely
P(x, y) = 0, where

P(x, y) = Q(x, y)R(x, y)

(In factP(x, y) is the polynomial of least degree with this property, so thatP(x, y) = 0
is the algebraic completion ofW .) It follows that the Whiteside oval is indeed alge-
braic.

To check on whetherW touches any unbounded conjugate branches, we examine its
surprising and pretty algebraic completionP(x, y) = 0:

Fig. 4. Algebraic completion of the Whiteside oval

Evidently the ovalW touches conjugate branches at(±1, 0) and(0, ±1), but none
is unbounded, which meansW is secular.
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What about smoothness? Our picture certainly suggests that the Whiteside oval is
smooth (that is, at leastC1). In fact each point of the oval has a neighborhood which is
the graph of aC2 function. For example, the function

y(x) =
{

1 − x + x
√

1 − x2 if x ≥ 0
1 + x − x

√
1 − x2 if x ≤ 0

which representsW in a neighborhood of the point(0, 1) has a continuous second de-
rivative (as one can verify) and is thereforeC2. But this function is notC3, for the third
derivative fails to be continuous atx = 0: indeed if we calculate the third derivative and
examine the limiting behavior asx → 0, we find

y′′′(x) →
{ +3 asx → 0 from the left

−3 asx → 0 from the right

ThereforeW is algebraic, secular,C2, and (since the vertical section areas are1
2(1−

x) + 1
6(2 + x2)

√
1 − x2, as Whiteside correctly notes [6, VI: 307 Note 126]) locally

algebraically integrable. It is thus a counterexample to theC0-local andC1-local ver-
sions of Lemma 28 in the first or later editions. It isnot of course a counterexample
to theanalytic versions of the lemma, nor to any version that deniesglobal algebraic
integrability. (As we shall see in the next section, aC1 algebraic oval – like the Arnol’d
and Whiteside ovals – can never begloballyalgebraically integrable.)

The theorems

Counterexamples can tell us what isnot true, but not of course whatis true. Even
so, a fruitless search for a counterexample provides some evidence that the assertion in
questionmightbe true. Among our counterexamples, none countered the first or later
editions-C1-global variations of Lemma 28. In fact both these variations are true, for we
have the following theorem. (This and the other theorems below have been proved, in
some cases as corollaries of higher-dimensional results, by Arnol’d and Vasil’ev, using
modern techniques involving Riemann surfaces, analytic continuation, and Morse theo-
ry, but following the basic outline of Newton’s own argument for Lemma 28. See [1; 2].)

Theorem 1 [Lemma 28 (First Edition,C1, Global)] No C1 algebraic oval is globally
algebraically integrable.

The next theorem explains why we found no analytic algebraic ovals that were even
locally algebraically integrable, and it tells us that the first or later editions-analytic-local
or global versions of the lemma are true.

Theorem 2 [Lemma 28 (First Edition, Analytic, Local)]No analytic algebraic oval is
locally algebraically integrable.

It turns out [2, 1149] that everyC1 locally algebraically integrable oval is necessarily
algebraic – Newton understood this and the proof is relatively simple – which means
the assumption of algebraicity in Theorems 1 and 2 is superfluous. Also [1, 89] aC∞
algebraic curve is necessarily analytic – again Newton knew this – which means we
could rephrase the previous theorem as follows:

Theorem 3 NoC∞ oval is locally algebraically integrable.
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The conjecture we made in the previous section turns out to be true!
Comparing Theorem 2 to Theorem 1, we can see that increasing the smoothness of

the oval fromC1 to analytic allows us to deny not just global algebraic integrability
but even local algebraic integrability. Not surprisingly, given the relationship between
branching and singularities, reducing contact with conjugate branches has a similar ef-
fect. Newton has this in mind when he rules out nonsecular ovals in the second edition:
“But here I am speaking of ovals that are not touched by conjugate figures extending
out to infinity.” He has the right idea, but the Whiteside oval (Fig. 3), aC1-local counte-
rexample that touches conjugate branches but none that proceed to infinity (see Fig. 4),
suggests that Newton may not have gone far enough. In another sense, he may have
gone too far, because the restriction to “ovals that are not touched by conjugate figures
extending out to infinity” would have been correct (as we see below) had he not added
the qualifier “extending out to infinity.”

Let us make the notion ofnot touching a conjugate branch more precise. As earlier,
we call a simple, closed algebraic curve analgebraic loop(so that an algebraic oval
is just a convex algebraic loop) and call an algebraic loopisolatedif at every point of
the loop every sufficiently small circle meets the algebraic completion in precisely two
points. (See [1, 92].) Roughly speaking, while a secular oval is isolated from unbounded
conjugate branches, an isolated oval is isolated fromall conjugate branches, bounded
and unbounded.

Apparently it is not quite enough for the oval to be nonsecular, as Newton believed;
it must beisolated, for we have the theorem below, which applies even to nonsmooth,
nonconvex algebraic loops, such as the following two isolated loops:

y2 = x4(1 − x) y2 = (1 − x2)11

Fig. 5. Nonconvex, nonsmooth, algebraically nonintegrable loops

Theorem 4 No isolated algebraic loop is locally algebraically integrable.

This theorem would be identical to the later editions-C0-local rendition of Lemma 28 if
Newton had not added the qualifier “extending out to infinity” and if his “ovals” were
not presumed to be convex.

Speaking of possiblynonconvex ovals, let us return for a moment to our initial in-
terpretation of Newton’s phrase “oval figure” in Lemma 28. At that point we took it for
granted that he intends his ovals to beconvexalgebraic loops, because in 17th century
mathematics an oval, though not precisely defined, seems to have meant a sort of gen-
eralized elliptical shape, and therefore, seemingly, aconvex, closed curve. On the other
hand, Newton may be using “oval figure” as just a simpler way to say an “Ellipticall line
. . . of 1st, 2nd, 3rd, 4th kind and etc.,” which, as we noted earlier, is how he begins a
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1665 ancestor of Lemma 28 [6, I: 545]. But an “Ellipticall line. . . of 1st, 2nd, 3rd, 4th
kind and etc.” may just refer to what we have called an algebraic loop (this is Whiteside’s
interpretation, for example [6, I: 545 Note 2]), and of course many such loops are not
convex, the two loops in Fig. 5 above being examples. Moreover, Newton’s argument
for the lemma, as we shall soon see, makes no use nor even mention of convexity.

This further ambiguity in Newton’s use of the word “oval,” namely, whether he
wishes to allownonconvex algebraic loops, leads to even more possible versions of
Lemma 28. Until now we have ignored these extra versions to simplify our presentation
– after all, six variations in the first edition and another six in the later editions is quite
a few already – but also because every proposed counterexample we wished to study,
apart from some of the Brougham and Routh lemniscates, was in fact convex. Among
these new variations, however, lies our personal favorite, the version we suspect Newton
may actually have in mind (in the second and third editions):

Lemma 28 (Later Editions,C0, Loop, Local)No secular algebraic loop is locally al-
gebraically integrable.

This version cannot be true – for as the Whiteside and lemniscatic ovals make clear, the
oval must be isolated fromall conjugate branches, not just those extending to infinity –
but it does not miss being true by much.

Newton’s argument

In modern mathematics a theorem and its proof generally fit snugly together: it is
clear what the theorem asserts and the proof establishes precisely what the theorem as-
serts. In the mathematics of Newton’s time, the fit is typically less tight: it is, as we have
been seeing, often quite unclear what a theorem asserts or was intended to assert and
its argument may establish something other than what was asserted or it may establish
nothing at all. We have asked what Newton intended to claim in Lemma 28 and have
suggested several possibilities. Now we ask what Newton’s argument for the lemma ac-
tually proves. In particular, we ask whether the argument establishes any of the versions
of Lemma 28 that happen to be true. Arnol’d would say yes, Whiteside no.

To see for ourselves, let us strip the chaff off Newton’s argument and study its math-
ematical kernel. (A function has just one value at each point, but in his demonstration
Newton is thinking of amultifunction, for example±√

1 − x2 which is a two-valued
algebraic multifunction. An algebraic multifunction can have at most a finite number of
values at a given point, because the number of zeros of a polynomial cannot exceed its
degree.)



The Integrability of Ovals: Newton’s Lemma 28 and Its Counterexamples 495

Newton’s Basic Argument[1, 85; 2,1148] Fix a pointO inside the given algebraic oval
and fix a pointA0 on the oval. Consider the multifunctionf on the oval whose value
f (A) at a pointA of the oval is the area bounded by the oval, the fixed ray fromO to A0,
and the ray fromO toA. Suppose the oval is (globally? locally?) algebraically integrable.
From this (and the fact that the oval is algebraic) it follows thatf is algebraic. Beginning
at the pointA0, suppose the pointA moves clockwise repeatedly around the oval. Be-
cause the area swept out increases by the total area enclosed by the oval after each circuit,
the multifunctionf must have an infinite number of values atA0, contradicting the
fact thatf is algebraic. It follows that the ovalcannotbe algebraically integrable as
supposed.

How convincing do we find this demonstration? Huygens [5, 90–93] noted that New-
ton’s argument appears to apply to a square or triangle, both of which are algebraically
integrable. In fact the argument never mentions the smoothness of the oval, nor whether
the oval might contact conjugate branches, and these are properties of the oval which
the counterexamples teach us must necessarily be taken into account in any convincing
argument. “It would be useful,” Leibniz wrote to Huygens, “to consider his argument in
order to understand what is deficient in it,” [5, 90–93] that is, to understand in what way
the argument fails when it is applied to an algebraically integrable oval.

Following Leibniz’s suggestion, let us see what happens when, in particular,
we apply Newton’s argument to the (locally algebraically integrable) Huygens lem-
niscatey2 = x2(1 − x2), which Leibniz himself proposed as a counterexample to
Lemma 28:

Fig. 6. Areas swept out while traversing the Huygens lemniscate

Let f (A) record the area swept out by the rayOA as we move clockwise beginning
on the right-hand oval atA0. Now because this oval is algebraic and locally algebraically
integrable, the area multifunctionf must coincide with analgebraicmultifunction in
a neighborhood ofA0. But this algebraic multifunctioncannotmeasure the area swept
out asA moves fromA0 around the right hand oval repeatedly, for that area function
has an infinite number of values atA0 and is thereforenot algebraic. There must be
another choice: indeed the algebraic multifunction must instead record the area swept
out by the rayOA asA moves fromA0 up to the singular point at the origin and then
onto the other(upper left) branch of the lemniscate. Notice that asA moves upward
from the origin along this upper left branch, the rayOA initially sweeps clockwise
across a region lying partly outside the lemniscate and partly inside the right oval of the
lemniscate. (See Fig. 6 above.) This region, as the pointA passes over the top of the
left branch and moves down to the point(−1, 0), is swept throughtwice, first clock-
wise and then again counterclockwise, making the total contribution of this region zero,
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since regions swept out (whether inside or outside the lemniscate!) as the ray moves
counterclockwiseare countednegatively. In a similar way, as the pointA continues on
around the lemniscate, certain regions are swept through multiple times, but whenA

finally returns toA0, having traversed the entire curve, the rayOA (taking cancelling
areas into account) will have swept through the right oval region clockwise (area =+2

3)
and the left oval region counterclockwise (area =−2

3), making the total area swept
out zero! If the total swept out area werenonzero, then forcing the pointA to
traverse the lemniscate repeatedly would force the multifunctionf to have an infi-
nite number of values atA0, contradicting the fact thatf is analgebraicmultifunction.
But with the Huygens lemniscate no contradiction arises, as the total swept out area is
zero.

If we apply Newton’s argument to the Whiteside oval (Fig. 3), rather than the Hu-
ygens lemniscate, the same sort of thing happens, in a more complex and subtle way
however because the conjugate branches that the algebraic area function would follow
are hidden from us until we look at the algebraic completion in Fig. 4. But once again, as
with the lemniscate, the areas swept through will cancel out, as the pointA moves along
the branches of the algebraic completion. It is the perfect symmetry of the Huygens
lemniscate and the algebraic completion of the Whiteside oval which makes the total
swept out (signed) area vanish and which therefore allows these ovals to be locally alge-
braically integrable. A locally algebraically integrable oval is therefore relatively rare,
because perfect symmetry is unstable: deform a branch even slightly and we destroy the
local integrability of the oval.

To have been convincing (even at just the Principian level of rigor), Newton would
have needed to show, given either the convexity and smoothness of the oval or its isola-
tion from conjugate branches, that the contradiction wasinescapable, that the algebraic
multifunction coinciding locally with the area multifunctionnecessarilyhad to be the
nonalgebraic multifunction associated with repeated trips around the oval, rather than
trips, say, along conjugate branches.

Conclusion

Whiteside [6, VI: 302 Note 121 and 307 Note 126] claims to find a “subtly falla-
cious inference” in Newton’s demonstration of Lemma 28 “which irreparably vitiates”
the proof, but he notes that “the truth of the present lemma is not thereby gainsaid,”
because a flawed proof does not preclude a true lemma. But after reviewing the very
mixed, even contradictory, reactions to the lemma, Whiteside goes on to propose his
own “unchallengeable counter-example to Newton’s assertion,” namely what we have
called the Whiteside oval,y2 = [1 −

√
x2 +

√
x2(1 − x2)]2.

In stark contrast, Arnol’d sees Newton as having actuallyprovedthe following two
(true) variations of the lemma:

Lemma 28 (First Edition,C1, Global)No C1 algebraic oval is globally algebraically
integrable.

Lemma 28 (First Edition, Analytic, Local)No analytic algebraic oval is even locally
algebraically integrable.
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He also praises the modern character of Newton’s argument: “Hidden among research
into celestial mechanics,” writes Arnol’d,

this theorem of Newton has hardly been drawn to the attention of mathematicians. This is
possible because Newton’s topological arguments outstripped the level of the science of
his time by two hundred years. Newton’s proof is essentially based on the investigation
of a certain equivalent of the Riemann surfaces of algebraic curves, so it is incomprehen-
sible both from the viewpoint of his contemporaries and also for those twentieth century
mathematicians brought up on set theory and the theory of functions of a real variable
who are afraid of multivalued functions. [1, 83]

So who is right, Whiteside or Arnol’d? Well, they both are. But they are both wrong
too. The “subtly fallacious inference” which Whiteside sees in the demonstration of
Lemma 28 results from a misreading of Newton’s argument, so Whiteside is wrong on
that score, but on the other hand his proposed counterexample, the Whiteside oval, really
is a counterexample, at least to some variations of the lemma that Newton may well have
had in mind, one of these variations being

Lemma 28 (Later Editions,C1, Oval, Local)No secularC1 algebraic oval is locally
algebraically integrable.

This version of the lemma must be false, for the Whiteside oval is algebraic, secular,
C1, and locally algebraically integrable. Of course this version may not be what Newton
intended to assert, and it may be that Whiteside’s oval is not a counterexample to the
version that Newton did in fact intend to assert. But the point is moot; we cannot tell
what Newton had in mind. Indeed in the later editions, for example, we have argued
that the lemma is open totwelvedifferent interpretations, varying with smoothness
(C0, C1, or analytic), convexity (loop or oval), and algebraic integrability (global or
local).

What about Arnol’d, who claims that Newtonprovedtwo renditions of the lemma?
The status of this claim naturally depends on how Arnol’d means the word “proved,”
but taking a proof to be any argument seen as totally convincing to every rational, in-
telligent, and mathematically informed reader, one could not call Newton’s argument a
proof. The point is not that the argument failed to convince Huygens and Leibniz, for
one could say they were not fully informed, given they faced an argument far ahead of
its time. The point is that even a modern mathematician would not be convinced. What-
ever Newton’s ovals are supposed to be – just loops, secular, convex,C1, analytic – a
convincing justification of algebraic nonintegrabilitywould have to use these properties,
and the argument makes no such references. The missing force of Newton’s argument
lies in these missing details.

Though we would not agree then, with Arnol’d, that Newton’s argument for Lemma
28 is aproof, we wouldagree that the missing mathematical details in the demonstra-
tion are less significant than its basic outline, a mathematical approach that transcends
not just the time of Newton, but that of Euler, Lagrange, and Laplace as well. (On the
character of Newton’s argument, see also [8].) With the publication of thePrincipia,
Newton established a paradigm for celestial mechanics. The works of Euler and Lag-
range on the three-body problem, of Euler, Lagrange, and Laplace on the stability of
the solar system and the secular inequalities of lunar motion – these and many other
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mathematical works of the 18th and 19th centuries articulated this paradigm, recording
deeper and more detailed consequences of Newton’s universal law of gravitation and his
theory of perturbations. The Newtonian paradigm grew into a many branched and finely
honed instrument of celestial investigation and prediction, one that allowed Adams and
Leverrier, for example, to predict the location of Neptune “at the tip of the pen” in 1846.
[1, 76]

But the basic question over these two centuries was always the same: How can we
find formulas that make ever more accurate forecasts of celestial positions? And as the
questions remained the same, so did the mathematics. Ever more accurate predictions
required ever more complex mathematics, but the basic character of the analysis – for-
mulaic, algorithmic, and numerical – never varied. Not until Poincaré do the questions
and the mathematics really change significantly. “Poincaré, the founder of topology and
the modern theory of dynamical systems,” writes Arnol’d,

posed the questions anew. Instead of searching for formulae that express the change in
positions of celestial bodies over the course of time, he asked a question about the qualita-
tive behavior of the orbits: could the planets approach each other, could they fall into the
Sun or go far away from it, and so on.. . .With his “New methods of celestial mechanics”
and “Analysis situs” (topology) Poincaré started a new, qualitative, mathematics. . .. [1,
80]

Two hundred years ahead of its time, Newton’s argument for the algebraic noninteg-
rability of ovals in Lemma 28 embodies the spirit of Poincaré: a concern for existence
or nonexistence over calculation, for global properties over local, for topological and
geometric insights over formulaic manipulation, for proof by contradiction over direct
computation. How remarkable to find mathematics of such modern character in a work
of the 17th century! Arnol’d claims that Lemma 28 and its demonstration in thePrin-
cipia constitute an “astonishingly modern topological proof of a remarkable theorem on
the transcendence of Abelian integrals.” Change “proof of” to “argument for” and we
would agree.
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