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1. Preliminaries

This snapshot outlines an experiment in triangle geometry using theGeome-

ter’s Sketchpadr which enables students to explore and discover interestingresults
which are expressible in elementary terms in Advanced Euclidean Geometry.1 We
shall assume basic commands of theGeometer’s Sketchpadr and the availability of
a tool folder containing the followingtools 2 for the classical centers of a triangle:
(1) thecentroid (G in Figure 1),
(2) thecircumcenter (O in Figure 1) andcircumcircle,
(3) theorthocenter (H in Figure 1),
(4) the incenter (I in Figure 2) and theincircle with its points of tangency with the
sidelines, and theGergonne point (Ge in Figure 2) which is the intersections of the
three lines each joining a vertex to the point of tangency of the incircle with the
opposite side,3

(5) theexcircles and their centers, with the points of tangency with the sidelines, and
the associatedNagel point (Na in Figure 2), which is the intersection of the three

The author thanks the three anonymous referees for instructive comments leading to an improve-
ment of the presentation of this paper.

Geometer’s Sketchpadr files for the diagrams in this paper are available from the author’s
websitehttp://www.math.fau.edu/Yiu/DynamicTriangleGeometry/DTG.htm.

1The contents of this paper form part of a course on Advanced Euclidean Geometry which the
author periodically teaches to prospective and in-servicehigh school and community college teach-
ers (see [3]). The students are first introduced to the most basic notions of Advanced Euclidean
Geometry, some basic techniques of ruler-and-compass constructions performed by theGeometer’s
Sketchpadr, and then to the use of homogeneous barycentric coordinatesin triangle geometry. The
course emphasizes the use of theGeometer’s Sketchpadr as an exploratory tool, and the testing of
results ofGeometer’s Sketchpadr explorations by computations with homogeneous barycentric
coordinates.

2A construction appearing insan serif is assumed to be readily performed with a customized
tool, or a built-in command, inGeometer’s Sketchpadr.

3The triangle whose vertices are the points of tangency of theincircle with the sides is called the
intouch triangle. See Figure 2.
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lines each joining a vertex to the point of tangency of the excircle on its opposite
side.4
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Figure 1. The centroid, circumcenter, and orthocenter
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Figure 2. The Gergonne and Nagel points

4The triangle whose vertices are the points of tangency of theexcircles with the corresponding
sides is called theextouch triangle. See Figure 2.
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These are all we assume in the beginning. New elements in triangle geome-
try will arise as we proceed. The reader may want to incorporate some of these
further elements into thetool folder to expedite constructions with theGeometer’s

Sketchpadr. Thesetools, in addition to constructions, are also used in the testing
of conjectures. For example, suspecting a certain pointP to be the centroid of
a certain triangleΓ, one applies thecentroid tool to the triangleΓ and varies one
or more vertices ofΓ. If the centroid andP do not always coincide, the conjec-
ture is disproved. Otherwise, it is considered validated. Utilized in this way, the
Geometer’s Sketchpadr is a powerful tool for discovering results in geometry. Re-
sults discovered in this way still need to be proved rigorously. The present paper
advocates a discovery approach to the learning of Advanced Euclidean Geometry
through carefully designed experiments with theGeometer’s Sketchpadr, and we
offer one example in detail. Though presented as theorems and propositions, they
can be easily adapted as guided exercises for conjecturing and (based on sketches
with Geometer’s Sketchpadr and testing (with thetools). In an appendix, we give
some analytical details necessary for justifications of these results.

2. The line La(t) and its envelope

We adopt standard notations in triangle geometry:a, b, c stand for the lengths
of the sidesBC, CA, AB of triangleABC, s = 1

2 (a + b + c), the semiperimeter.
Some elementary facts can be found, for example, in [1].

Given a triangleABC and a real numbert, we consider the lineLa(t) inter-
sectingAC andAB at Y andZ respectively such that thesignedlengths of the
directedsegmentsCY andBZ are both equal tot. It is clear that the sidelines
BC, CA, AB are respectively the linesLa(0), La(c) andLa(b). Figure 3 shows
the linesLa(s − a), La(s), and a genericLa(t).

3. The envelope of La(t): a conjecture

Our basic setup consists of a triangleABC with a lineLa(t) with varying t.
Such a line can be constructed as follows.5

Construction 1. Select an arbitrary pointZ on AB and reflect B and Z in the
bisector of angleA to the pointsB∗ andZ∗ on the lineAC. Translate the vector
B∗Z∗ to CY . Then the lineY Z isLa(t) for somet.

This is because the signed lengths of directed segmentsCY andBZ are equal.
As t (or Z) varies, the lineLa(t) envelopes an interesting curve, which can

be found by applying thelocus command to the lineY Z and the pointY . This
same envelope can also be viewed bytracing the lineY Z, draggingY alongCA.

5Construction 1 may appear unnecessarily complicated. It isone way to ensure that the lengths of
BZ andCY have the same sign. The apparently obvious construction of first selecting Z on AB,
and then markingY onAC by intersecting the latter (on the same side ofBC asZ) with thecircle,
centerC, radiusBZ, does not guarantee this. As one moves the pointZ to the opposite side ofBC,
the pointY will remain on the same side ofBC as before, so thatBZ andCY would have opposite
signs.
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Figure 3. The linesLa(s) andLa(s − a)

See Figure 4. An examination of the sketches naturally suggests the following
conjecture.

Conjecture 1. The envelope ofLa(t) is a parabola tangent to the sidelines of
triangle ABC.

A

B C

Figure 4. Envelope ofLa(t)
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4. Validation of the conjecture

How can we validate the conjecture? To justify that a curve isa parabola we
try to identify its focusF and directrixℓ. It is well known that given a pointF
and a lineℓ not containing it, the perpendicular bisector of a segmentPF , for an
arbitraryP on ℓ, envelopes the parabola with focusF and directrixℓ. Therefore,
it is enough, after identifyingF andℓ, to show that the perpendicular bisector of
eachPF is a lineLa(t) for somet.

We shall make use of the following theorem.

Theorem 1. If a parabola is tangent to the sidelines of a triangleABC, its focus is
a pointF on the circumcircle, and its directrix is the line containing the reflections
of F in the sidelines of triangleABC.

It is clear from Theorem 1 that the focus of an inscribed parabola is an inter-
section of its axis with the circumcircle. Assuming the envelope to be a parabola,
what is its axis? Figure 5 suggests that this is the external bisector of angleA, so
that the focus is the midpoint of the arcBAC of the circumcircle.6 Therefore the
validation of the conjecture reduces to that of the following proposition.

A

B C

Figure 5. Envelope ofLa(t)

Proposition 2. Let F be the midpoint of the arcBAC of the circumcircle of tri-
angleABC, and ℓ the line containing the reflections ofF in the sidelines of the
triangle. For every pointP on the lineℓ, the perpendicular bisector of the segment
PF is a lineLa(t) for somet. See Figure 6.

6Let F be the intersection of the external bisector of angleA with the circumcircle. Its antipodal
point is clearly on the bisector of angleA, and is the midpoint of the arcBC not containingA.
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Figure 6. The parabola with focusF and directrix the line of reflections ofF

It is clear that Proposition 2 can be validated by theGeometer’s Sketchpadr,
making use of Construction 1 above. This confirms the conjecture.

Remark.Each lineLa(t) = Y Z is tangent to the envelope. Where is the point of
tangency? It turns out that this is the symmetric with respect to the segmentY Z

of the intersection of the line with the axis,i.e., the external bisector of angleA. In
other words, if the lineY Z intersects the axis atQ′, thentranslating the vectorQ′Y

to ZQ, we obtain the point of tangencyQ. See Figure 7. The parabola envelope of
La(t) can also be obtained as thelocus of Q.

5. The triangle bounded by La(t), Lb(t), Lc(t)

Now, along with the lineLa(t) (which intersectsAC and AB at Ya and Za

respectively), we consider also the linesLb(t) = ZbXb andLc(t) = XcYc for the
samet.

Construction 2. Beginning withZa on the lineAB, we apply Construction 1 to
obtainYa on AC such thatYaZa is a lineLa(t). LetZb be symmetric toZa with
respect to the midpoint ofAB, andYc symmetric toYa with respect to the midpoint
of AC. By construction 1 again, we obtain the linesLb(t) throughZb andLc(t)
throughYc for the same parametert.
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Figure 7. Point of tangency ofLa(t) with envelope

These three lines bound a triangle with vertices

Xt = Lb(t) ∩ Lc(t), Yt = Lc(t) ∩ La(t), Zt = La(t) ∩ Lb(t).

We denote this triangle byΓ(t).

Proposition 3. The linesAXt, BYt andCZt are always concurrent.See Figure
8.
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Figure 8. Γ(t) and its perspector

Denote their common point byP (t). In triangle geometry, this is often ex-
pressed by saying that trianglesABC andXtYtZt are perspective atP (t), their
perspector.

What is the locus ofP (t) ast varies? If we use theGeometer’s Sketchpadr to
find the locus ofP (t) asZa traverses the lineAB, the sketch naturally suggests
the following conjecture.
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Conjecture 2. The locus of the perspectorP (t) is a hyperbola through the vertices
of triangleABC.

To test this conjecture, we try to identify the hyperbola, construct it withGeome-

ter’s Sketchpadr, and then check if, for varyingZa on AB, the perspectorP does
traverse the hyperbola. Now, to construct a hyperbola, we need 5 points. Apart
from the vertices, we try to identify the perspectorP for two different values of
t. Fortunately, there are two such values for whichP is one of the classical tri-
angle centers listed in§1. The following two cases can be easily validated with
Geometer’s Sketchpadr.

Proposition 4. The triangleΓ(s) is perspective withABC at the orthocenterH.
See Figure 9.
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Figure 9. The triangleΓ(s)

Proposition 5. The triangleΓ
(

s
2

)

is perspective withABC at the Nagel pointNa.
See Figure 10.

A conic throughA, B, C, H, andNa can be constructed using the5-point conic

command. Now, if we construct a triad of linesLa(t), Lb(t) Lc(t) by Construction
2, it is easy to see that the perspector ofΓ(t) does traverse this conic. This confirms
Conjecture 2. See Figure 11.

Remark.This locus is indeed a rectangular hyperbola. More generally, a conic
through the vertices and orthocenter of a triangle is alwaysa rectangular hyperbola.

6. Some interesting triads of lines

We examine a few examples of triads of lines with different parameters.

6.1. The linesLa(s−a), Lb(s−b), Lc(s−c). These lines pass through the points
of tangency of the excircles with the sidelines. See Figure 3for the lineLa(s− a).
The three lines bound theextouch triangleof ABC, which is perspective with
ABC at the Nagel pointNa. See Figure 2.
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6.2. The linesLa(a), Lb(b), Lc(c). These three lines are parallel. They are all
perpendicular to the line joining the circumcenter and the incenter. See Figure 12.

I
O

A

B C

La(a)Lb(b) Lc(c)

Figure 12. The linesLa(a), Lb(b) andLc(c)

6.3. The linesLa(−a), Lb(−b), Lc(−c). These three lines bound a triangleΓ =
XY Z perspective withABC. The perspector, admittedly more difficult to identify,
is the orthocenter of the intouch triangle. See Figure 13.

Appendix

We record the coordinates of points and equations of lines and conics necessary
to justify the results stated in the present paper, which were obtained by experi-
mentation withGeometer’s Sketchpadr. We use homogeneous barycentric coordi-
nates with respect to triangleABC. For every pointP in the plane of triangle
ABC, its homogeneous barycentric coordinates are proportional to the signed ar-
eas(△PBC : △PCA : △PAB). Some elementary examples on the use of
barycentric coordinates can be found in [2].

§1. Classical triangle centers.

Triangle center notation homogeneous barycentric coordinates
centroid G (1 : 1 : 1)
circumcenter O (a2(b2 + c2 − a2) : b2(c2 + a2 − b2) : c2(a2 + b2 − c2))

orthocenter H
(

1
b2+c2−a2 : 1

c2+a2−b2
: 1

a2+b2−c2

)

incenter I (a : b : c)

Gergonne point Ge

(

1
b+c−a

: 1
c+a−b

: 1
a+b−c

)

Nagel point Na (b + c − a : c + a − b : a + b − c)
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Figure 13. The triangle bounded byLa(−a), Lb(−b) andLc(−c)

§2. The linesLa(t) etc and their equations.

La(t) : Ya = (t : 0 : b − t), Za = (t : c − t : 0);
Lb(t) : Xb = (0 : a − t : t), Zb = (c − t : t : 0);
Lc(t) : Xc = (0 : t : a − t), Yc = (b − t : 0 : t).

La(t) : −(b − t)(c − t)x + t(b − t)y + t(c − t)z = 0
Lb(t) : t(a − t)x − (c − t)(a − t)y + t(c − t)z = 0
Lc(t) : t(a − t)x + t(b − t)y − (a − t)(b − t)z = 0

§§3, 4. The envelope ofLa(t). The envelope ofLt has equation

(b − c)2x2 + b2y2 + c2z2 + 2bcyz − 2c(b − c)zx + 2b(b − c)xy = 0.

Its focus is the pointF = (−a2 : b(b − c) : c(c − b)) and its axis is the line
cy + bz = 0, and directrix

−(b − c)(b2 + c2 − a2)x + b(c2 + a2 − b2)y − c(a2 + b2 − c2)z = 0.

The lineLa(t) intersects the external bisector of angleA at

Q′ = ((b − c)t(b + c − t) : b(b − t)(c − t) : −c(b − t)(c − t)).
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The reflection ofQ′ in the segmentYaZa is the point

Q = ((b − c)t2 : −b(c − t)2 : c(b − t)2),

which is the point of tangency ofLa(t) with the envelope.

§5. The triangleΓ. The vertices of the triangleΓ(t) are

Xt =(−a(a − 2t)(b − t)(c − t) : t(a − t)((a + b − c)t − ab) : t(a − t)((c + a − b)t − ca)),

Yt =(t(b − t)((a + b − c)t − ab) : −b(a − t)(b − 2t)(c − t) : t(b − t)((b + c − a)t − bc)),

Zt =(t(c − t)((c + a − b)t − ca) : t(c − t)((b + c − a)t − bc) : −c(a − t)(b − t)(c − 2t)).

This triangle is perspective withABC at the point

P (t) =

(

1

bc − (b + c − a)t
:

1

ca − (c + a − b)t
:

1

ab − (a + b − c)t

)

.

§6.2. The three lines

La(a) : (a − b)(c − a)x − a(a − b)y + a(c − a)z = 0
Lb(b) : b(a − b)x + (a − b)(b − c)y − b(b − c)z = 0
Lc(c) : −c(c − a)x + c(b − c)y + (b − c)(c − a)z = 0

all contain the infinite point(a(b − c) : b(c − a) : c(a − b)) and are perpendicular
to the lineOI:

bc(b − c)(b + c − a)x + ca(c − a)(c + a − b)y + ab(a − b)(a + b − c)z = 0.

§6.3. The three lines

La(−a) : (a + b)(c + a)x + a(a + b)y + a(c + a)z = 0
Lb(−b) : b(a + b)x + (a + b)(b + c)y + b(b + c)z = 0
Lc(−c) : c(c + a)x + c(b + c)y + (b + c)(c + a)z = 0

bound the triangle with vertices

X =(−a(b + c)(a + b + c) : b(c + a)(a + b − c) : c(a + b)(c + a − b)),

Y =(a(b + c)(a + b − c) : −b(b + c)(a + b + c) : c(a + b)(b + c − a)),

Z =(a(b + c)(a + b − c) : b(c + a)(b + c − a) : −c(a + b)(a + b + c)).

This is perspective withABC at the point
(

a(b + c)

b + c − a
:

b(c + a)

c + a − b
:

c(a + b)

a + b − c

)

,

which is the orthocenter of the intouch triangle.
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