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ABSTRACT

This paper establishes the equality of the observation spaces defined by means of piecewise

constant controls with those defined in terms of differentiable controls.
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1 Introduction

Since their introduction in the mid 70’s (see [5] and [1], as well as [7] for the discrete time

analogue), observation spaces for nonlinear control systems

i = f(z)+ > uigi(z), y=h(z) (1)

have played a central role in the understanding of realization theory. For the system (1), one

defines the observation space F as the linear span of the Lie derivatives
Lx, - Lx,h,

where each X; is either f or one of the g;’s. (Here we are taking states z(¢) in a manifold,

fs91,- .., gm vector fields, and h a function from the manifold to IR, the output map.)

It is known that many important properties of systems, such as the possibility of simulating
such a system by one described by linear vector fields (the “bilinear immersion” problem, [1]),
are characterized by properties of this space.

It was shown in [8] that a different type of “observation space” is much more important

when one studies questions of input output equations satisfied by (1), i.e. equations of the type

E@W® @), ...,y 0),y@®),u®(#),. .. d'(t),ut) =0 (2)

that hold for all those pairs of functions (u(-),y(-)) that arise as solutions of (1). This alternative
observation space is obtained by taking the derivatives y(t),y'(t),... as functions of initial
states, over all u(t),u/(t),.... This space is obtained by considering differentiable controls and
time-derivatives, while the space previously considered is based on derivatives with respect to
switching times in piecewise constant controls.

The central fact used in [8] in order to relate i/o equations to realizability is the equality
of the two observation spaces defined in the above manners. This equality is fundamental
not only for the results in that paper, which hold under the assumption that the spaces are
finite-dimensional, but also for the far more general results recently announced in [9]. However,
the techniques used in [8] are based on a topological argument, involving closure in the weak
topology, which does not in any way extend to the more general case of infinite dimensional
observation spaces. Since the latter are the norm rather than the exception (unless the system
can be simulated by a bilinear system to start with), one needs to establish the equality of these
two types of spaces using totally different combinatorial techniques. That is the purpose of this
paper.

In the next section we provide background material on generating series. We use this
formalism because in applications one does not want to restrict to systems [1] but one rather
wants to treat the case of arbitrary input/output operators. Then we introduce rigorously the

two spaces and establish their equality. An important role is played by an analoge of the main



result in [4]. Finally we extend our results to families of operators and then give a translation

of the results into the language of systems (1).

2 Generating Series

Let m be a fixed integer and I = {0, 1, ..., m}. For any integer k¥ > 1, we define I* to be the
set of all sequences (i1 4z ... i), where iy € I, 1 < s < k. For k = 0, we use I° to denote the

set whose only element is the empty sequence ¢. Let

rr=JI" (3)

k>0

Then I* is a free monoid with the composition rule:
(iviz ... ik)(J1d2 - - Ji) = (ivi2. . igjrj2 - .- i)

If . € I', then we say that the length of ¢, denoted by |¢|, is 1.

Consider now the “alphabet” set P = {no, n1, ..., N} and P*, the free monoid generated
by P, where the neutral element of P* is the empty word, denoted by 1, and the product is
concatenation. Let PF = {MiMig .My, + 1 <ig <m, 1 <s <k} for each k > 0. We define
P to be the R-algebra generated by P*, i.e, the set of all polynomials in the variables n;’s. A

power series in the noncommutative variables ng,n1, ..., Ny is a formal power series

=0 +3 3 . (4)

k=1,cI*

where 1, = n;,1i, - -m;, if ¢ = dyig---4;, and (¢,n,) € R. Note that ¢ is a polynomial if only
finitely many (c,7,)’s are non-zero. A power series is nothing more than a mapping from I* to
IR; as we shall see later, however, the algebraic structures suggested by the series formalism are

very important. We use S to denote the set of all power series.

For ¢, d € § and v € R, yc¢ + d is defined as the following:

<’YC +d, 77L> = 7<C7 77L> =+ <d7 77L>'

Thus, S forms a vector space over RR.

We shall say that the power series ¢ is convergent if
l(e,n,)| < KMY*E! for each ¢ € I*, and each k > 0, (5)

where K and M are some constants.

Let T be a fixed value of time and let U be the set of all essentially bounded functions
u: [0, T] — R™ endowed with the L' norm. We write |ju||, for max{|lu;||,, 1, 1 <i < m} if



w; is the i-th component of u, and [|u;|| ., is the essential supernorm of u;. For each u € Ur and
v € I', we define inductively the functions V, = V,[u] € C[0, T] by

V¢ =1
and .
Vi W) = [ s (5)Vigei o (5) s, (6)

where w; is the i-th coordinate of u(t) for i = 1,2,...,m and up(¢) = 1. It can be proved that
each map
UT - C[Oa T]7 U= ‘/L[u]

is continuous with respect to L' norm in Uz, C° norm in C[0, T7.

Suppose c is convergent and let K and M be as in (5). Then for any
T < (Mm+ M) (7)

the series of functions
Felul(t) =Y {e;n)Vi[u](t) (8)

is uniformly and absolutely convergent for all ¢ € [0, 7] and all those u € Uz such that [jul <1
(cf [3]). In fact, (8) is absolutely and uniformly convergent for all ¢ € [0, T'] provided T'||u ., <
(Mm + M)~!. For each nonnegative T, let

Vr={ueclr: |ul|, <1} (9)

We say that T is admissible for ¢ if T satisfies (7). Since each operator v — V,[u] is continuous, it
follows that F, : Vp — C[0, T] is continuous if 7" is admissible for c. We call F, an input/output
map defined on Vp. Thus every convergent power series defines an i/o map. On the other hand,

the power series ¢ is uniquely determined by F, in the following sense:

Lemma 2.1 Suppose that ¢ and d are two convergent power series. If F. = F; on Vr for any
T > 0, then ¢ = d.

Proof. 1It’s enough to show that if ¢ is convergent and F, = 0 on Vp for some small T', then

¢ = 0. Consider piecewise constant controls in Vr, and use the notation

u = (p1, t1)(p2, t2) - (pw, tr)

to denote the piecewise constant control whose value is p; in the time interval

i—1 7
(Z ti, > tj)
j=0 i=0



where
pj = (H1js p2js -5 my) € R™, pggl <1, 1<j <k, 1<i<m

and
to = 0.

By assumption, for any p;, t;, such that > ¢; < T, Fc[(u1, t1)(pe, t2) - - - (1, tx)](t) = 0, where
t =3 t;. Take y = F.[u] as a function of pq,...,ux and t1,...,t,. Then

8lc
oty --- 0ty

88
t=0t 8/’Li1j1 e 8/’Lisjs

y=0 (10)

n=0

for all i1,...,1%s,71,...js, Where the evaluation at ¢+ means that we evaluate at tf, - ,t; We

claim that, for i1,...,s,7J1,...,Js given such that j,. # j, if r # q,

A a = (c ) (11)
Oty -+ Oty =07 Optiyjy -+ - Ottigjis oy_ RCRNCT
.
where
z { i ifk—(p—1)=j
lo k= (—1) ¢ ()

To see this, write y(t) = > (c,n,)V.(t). Then, directly from the definition (6),

ak
oty -0ty

t=0+1 y:Z<C?nl1 nlk>/‘l’l1k/‘l’lk1 (12)

One can see that if {(i1, 1), -, (is,7s)} € {(l1, k), -+, (g, 1)} and [, = 0 for p ¢ {j1, ..., s}

then
88

Ottiyjy -+ Otij,

|u:0 'ullk t .’ulkl = 17
otherwise,
85
Optirjy =~ - Optij,
Combining this fact and (12), we get (10). It follows immediately that if F.[u] = 0 for all

piecewise constant controls, then ¢ = 0. |

=0.

o ok My

3 Observation spaces
To each monomial a = 7,, we associate a shift operator ¢ — o~ !¢ defined by

<oz_lc,m> = (¢,an,) for n, € P*.



Note that a; 'a;! = (ayag) e, It was shown in [8] that if ¢ is convergent and T is admissible

1

for ¢, then a~!c is also convergent and T is also admissible for a~1c for any o € P*. Using this

notation, we get the following fundamental formula [2], which follows from the defition (6):

d
lelul(®) = Fo fu](t) + 2:1 uj(t) Fy- [ul (t) (13)
j=
for any u € Vr which is continuous.
Formula (13) implies, by induction, that if « € Vr is of class C¥~1, then F.[u] is of class C*.

In realization theory, the concept of observation spaces plays a very important role. One
may define observation spaces in two ways. Let’s now introduce the first approach. To each

convergent power series ¢, we define the observation space F; to be the space spanned by all

1

the power series a~"c over R, i.e.,

File) =spang{atc: a € P*}. (14)

It is well known that F. can be realized by a bilinear system if and only if dimF;(c) < oo; see
e.g. [1].

To define the second type of observation spaces, we need to introduce the shuffie product on
P (cf [6]). The shuffle product on P is defined in the following way. First, inductively on the

length of of words in P*, we let
lwz = 2wl =z for any z € P;
waww' 2’ = (www'z")z + (wzww')2’ for any w,w’ € P* 2,2' € P.
Notice that the shuffle product is commutative:
wiwwy = wowwy, for any wi,wy € P*.

If ¢ = > (¢, nk)nx and d = >~(d,n,)n, are polynomials, then

aud:= " > (¢, ne){d, n)nwns.

" |kl+nl=n

The following lemma can be proved by induction n:

Lemma 3.1 Suppose wy,...,w, € P* and w; = w}z; with w}, € P*, z; € P. Then

n
/
E (wiw - - - WwWi - - - Wwy ) Zg = WIWWaLll « - - Wy,

s=1



Now consider for each ¢ > 1, the following set of 2 x ¢ matrices:

g2 o . . o o
Sq = { <1/1 ’L'Q o Zq> s, s € Za 1 S lg S m, (07 1) S (]1311) S e S (qu.]q)}a (15)
q

where “<” is the lexicographgic order on the set {(i, 7) : ¢, j € Z}. For each element
JuoJ2 s Jg
Qi e g

170779 (n) = plwn;, X wn, XP2w - wi, X9 g, (16)

i1-ig

in S, and n > g+ )_ jr, we define

where kK =n —q— > js. The evaluation is interpreted as follows: first introduce a new variable
X, then perform all shuffles, and finally delete X from the result. Note that (16) is different

from n;, wn,w - - - wn;,, for example,

nown1 X | x—1 = nom + 21170

while

Nown1 = Mo + N17o-

For w € P* and ¢ € S, we define 1.(w) = w™'c. For any polynomial d = 3 (d, 1, )7, we define

Ye(d) = Z(d, 17,€>T],€_1C.

Now let X; = (Xij,...,Xm;) be m indeterminates over R, for j > 0. For any n > 0, let
n 1 L
n(Xos- o Xomr) = eli) + 3030 S (T2 ) Xy, -+ X (1)
= ! !

‘],1 ‘7_2 ‘?q> € Sy such that >~ js +q < n,
1 12 Z(]

where the second sum is taken over all those

and where s1,...,s, are integers so that

al--.al a2..-a2 “ e ap-.-ap
—_——— —— ~———
S1 S2

<j1 iy o jq)_ ﬁl"'ﬁl ﬁ2...ﬂ2 ﬁp"'ﬁp

11 19 PPN iq
Sp

and (aq,01) < (ag,f2) < -+ < (ap, Bp). For n =0, we define

Cpo ‘= C.

We are now ready to introduce the second type of observation space associated to ¢, Fa(c).



This is defined as follows:
Fa(c) =span {cn (0, -« s pin—1) : i ER™,0<i<n-—1,n>0}. (18)

We will see below that the elements of Fa(c) are closely related to the derivatives of Flu](t)
with respect to time. A central fact that will be needed in the proof of our main result is that
the coefficients of the generating series can be partitioned into infinitely many sets of finitely
many elements such that the coefficient of each monomial u(jl)ul(f) : ul(g” ) appearing when
computing the derivatives y(*) only depends on elements of one of these sets. This can be
proved directly, but the following lemma gives a useful expression. This formula is an analogue,
proved by using different techniques, of a similar formula proved for state space systems, given

in the paper [4].

Lemma 3.2 If u € Vr is of class C* ! and T is admissible for ¢, then we have

dn
g Feldl() = Fop qugey,.um =1 [ul () (19)

Before proving this formula, we look at an example to illustrate its meaning.

Example 3.3 For n = 2, we have
m
(X1, X2) = e(ng) + > ve(TP(2)) Xio

£ BT XX 0 + 2 L MP@)X2 + 3 (T (2)X
=1

1<J

= (nomo) C+Z ( nomi) e+ (mmo)” 1C> Xio
+> ( (im;) " 'e+ (lem)flc) XioXjo+ Y (mimi) e X5

1<J

+ Zﬁ;lCXil-

Thus, for n = 2, formula (19) becomes:

V') = Feytuywo[l®) = Fingmo1clul )+ 3 (Flpgn1[ul(8) + Figmy1clul(t)) wilt)
+ Z ( (ning) —1efuf(t) + F(mm)*lc[“] (t)) wi(t)u;(t) + Z F(mm)*lc[u](t) Uz2

1<J

+ 3 B ul () wi(h). (20)
|

Proof of lemma 8.2: For each n, € P*, define 0.(n,) = F, -1, and for any polynomial d =
>{d, m )N, define
0.(d) = Z<d’ i) 0c(n.) = Z<d, 775>an1



Then (19) is equivalent to

. a n 1 - 4
V) = GEFL) = 3 S S O w0 a0, )
q= q
in the other words, 3™ (t) is a polynomial in wu(t),...,u(™(t) whose coefficients are the

0.(n,)(t)’s, and the coefficient of u(jl)(t) . ~u2(-ZQ)(t) in 3" (t) is

i1

s e () o) (22)

Note that the right side of (22) can also be written as

1
k . .s1 ﬁl S9 ,82 S B
T (w0, X P w2, X P20 -, XP7) |y ) ()
! D!
‘ . . st op
if ugfl) . -ul(-Z‘Z) = (u&ﬁf)) (ug{ip)> , where
wiw wow S waw - - - WP lw, = w1 WaoldWaolll - « + LW L WL * + + LUWS LU + + + W WLl « + - WWp .
p p p
—_———
S1 52 Sp—1



We now use induction to prove the lemma. From (13) we see that the conclusion is true for
n=1.
(1) (a)
R U

induction from formula (13) it can be seen that 3} js+¢ < n. First we assume that > js+¢q < n.

Suppose the conclusion is true for n — 1. Consider the coefficient of « in y™. By

Let k=n—>js — q. Suppose

u(jl) .. u(jq) — (u(ﬁl))sl - (u(ﬁp))sp’

i1 iq aq ap

where (a1, 61) < -+ < (o, Bp). Further, we assume that 3, =0 for » <[. Let

1) = 3 L0 (0) (uE) - (00 ()
r=1"T
where
usr—! if 3, =0
v =
) () w1
and 7, = syl 5,1 if
()" () () = () ()
and,
NEWS e, w - - cwGr=Dp, w-- -LIJSPUQPXBP if 6, =0

n’émslnalm .- -Lus’“*lnarXﬁrmn%,XﬁﬁlLu . -LuspnapXﬁP if 6, # 0.

Note that the coefficient of ugf V.V iy

iq
d 1 51 Sr S
— = BN (BN (0, (Bp) )P
i {7200 ()" () ()7
is :
S1- - (87‘ _ 1)' . sp!e(wrnT)(t)7
if r <1, and,
1
sl (5r — 1)!,_'Sp!9(wr)(t),
if r > 1. Let
=g L i () (Ga)
yl(t) - yl(t) + Sl'—sp‘ (90 <F2125(n — 1)) ug, (t) .. _uiqq (t)

By induction assumption, the coefficient of ugf ). UEZ ) iy y(™) () is the same as in 3/} (t). Thus,



this coefficient is 0.(w)(t), where

l
1 f—
wo= {Z siloo-(sp—1)l--s l(nk"'"Slnal"“"“-”sr Mg+ w0, X )1g,
r=1 : r : p*
p 1 . X 1
+ Z sl (s —1)l---s ,770|-U5177a1LLI coew®rT narXﬂrLunaTXﬁr— w - 'LLISPT]QPXBP
r=Il+1 """ r : p*
1 -
el s ‘(n(l]c 1m817]a2|-u "‘LLISPTIapXﬂp)UO} ‘X:I_ (23)
Isq! !

Notice that
1 r—1
’wlLLlrilwg = — Z wlLLIt’wQLLllLlJrflftwg

" =0

and

{wlmrflngﬁmwQXﬂfl} |X=1 = (wlLur*lngﬂLu’ngﬁfl)X} ’X:l

r—1
{ <Z wlUJtTUQXﬁLUszﬁlLurltWQXﬂ> X} ‘X:l'
t=0

S| =~

Applying lemma (3.1) to (23), we get

1 k
_ s s B
wo = 51""8 '{770L|J 1"7a1U-|"'LLIP?7apX p}‘le
! p!
1 i
_ J1Jq
T A

In the case q¢ + > js = n, the proof is virtually the same except that £ = 0, which leads to
the fact that the coefficient of ug V... ug ) in y™=1 is 0, so the last term in (23) dissappears.l

4 Main Result
In last section we defined I’zllf: (n) and ¢, (Xo, ..., Xn—1). One can see that ¢,(Xo,..., Xp—1)
a

is a polynomial on the X;’s with coefficients belonging to Fi(c). Thus, ¢, (uo, ..., fin—1) is

linear combination of elements of F(c) for each fixed value of (ug,. .., ttn—1). Therefore,
.7:2(6) g .7:1(0).
But in fact, these two spaces are the same as we can see in the following theorem.

Theorem 1 If ¢ is a power series, then Fi(c) = Fa(c).

10



Proof. We’ve shown that Fa(c) C Fi(c). The other direction is however much less trivial. Now

for fixed positive integers k and 1,42, ...,4; such that 1 <47 <ip <--- <4y <m, let

S (iy,ia, . yig) = 0(0,...,0,01,d9,...,4q): 0 € Sp o,
N——

k

where n = k + ¢ and S, is the permutation group on a set of n elements. Let

(it iz, oig) = { O, - ) hes (U l) € (it da, i) |

n

Then
Fi(c) =spang {d € Q(i1,12,...,iq) : k>0,qg>0}.

Thus the theorem can be proved by showing that

Qk(il, ig, ey iq) g fQ(C) (24)
for any k,q, and (i1, 142, ...,1q). Now fix k and (i1, i2,...,1,) and put the lexicographic order on
Qp(i1,192, ..., 1q) according to the order of (I1,ls,...,1,). Write the elements of Q(i1,42,...,17q)

ordered as Y1,Ys,...,Y,. Let

i, in - ig) = {d = e (TL31 (k) + s > 0.
Then we have Qk(il,ig, ...,iq) € Fa(c). Put the lexicographic order on Qk(il,ig, .., lq) ac-

cording to the order of (Y js,j1,...,jq). Notice that for each element d; € Qk(il,ig, ceylg)s

there exist some positive integers a;; such that
.
dz‘ = Z ain}.
j=1

Let A be the matrix of 7 columns and infinitely many rows whose (,j)-th entry is a;;, i.e,
A = (aij).

We claim that A is of full column rank in the sense that there is no nonzero vector v € R"
such that Av = 0. Suppose there is some v # 0 such that Av = 0. Construct a polynomial e in
the following way:

{e;my =+-m, ) =0

t

if (In,...,1;) ¢ S¥(i1,i2,...,i,) and

<€a77[1 771 > =

11



if (I,...,lt) € Sk(i1,is,...,4,) and (nl1 . .nlt)_lc corresponds to the i-th element of
QF(iy,42,...,i4). By the definitions of A and d, we know that

en (o, -+ phny,) =0 for any n.

Therefore,
d’l’b
%Fe[u](o) = Fa, (sigyoopim—1) 1] (0) = 0

for any n and any analytic control u, which implies that F[u] = 0 for any analytic controls.
Since analytic controls are dense in Vr (under the L! topology), it follows that F, = 0. By
lemma (2.1), e = 0. Thus, v = 0, a contradiction to the assumption. Hence, A is of full column

rank.

Now let A, be the subspace of R" spanned by the first s row vectors of A. Then
A1 C A C---CAC---.

Since A, C IR" for any r, there exists some sy > 0 such that A; = A, for every s > so. Let A3

be the so X r submatrix of A consisting the first sop rows of A. Then
A=TA

for some matrix 7. Therefore

rank A, = r.

By the construction of A;, we know that

Y dy
Ay Y2 = 2
Y, dy,

From the facts that d; € F2(c) and A; is of full column rank, we get the conclusion that
Y; € Fa(c) for each i, therefore, (24) holds.

Since k, q and (41,142, ...,%,) were arbitrary, we get the desired conclusion Fi(c) = Fa(c). B

5 Families of Series and Systems
In this section we consider families of power series. Let A be a index set. We say that c is a

family of power series (parameterized by A € A) if ¢ := {¢* : X € A}, where ¢ is a power series

for each fixed A\. A family c can also be viewed as a power series with coefficient belonging to

12



the ring of functions from A to R, i.e,

c=>Y {c,m)n,

where (¢,n,) : A =R, (c,n.)(\) = (c*,m.).
Let & be the set of all families of power series. For ¢,d € G and v € R, ~vc + d is defined
to be the family of power series {yc* +d*: X\ € A}. Thus & forms a vector space over IR.

We say that c is a convergent family if each member of the family is convergent. For
any monomial o € P*, a~'c is defined to be the family {a~'¢* : A € A}. For any n > 0,
cn(Xo,...,Xn—1) is defined to be the family

{en(Xo, ., Xu1) : XA},

where X; = (Xi1, ..., Xim) are m indeterminates over IR, ¢ > 0. Appling lemma (3.2), we have
that .

%Fﬁ[u](t) = Fox u(t),...un—1 (1)) (W] (1), (25)
for each A.

As in the case of single power series, we associate to ¢ two types of observation spaces in
the following way:
F1(c) :=spang{a~tc: a € P*}.

%’Q(C) = Span]R{Cn(Mow "HU’nfl) RS Rm70 <i<n-—-1,n> O}

Note that §1(c) (respectively, §2(c)) is formally analogous to Fi(c) (respectively, Fa(c))
studied before. Using ¢ and d instead of ¢ and d in the proof of theorem 1, we get the following

result:
Theorem 2 If c is a family of power series, then F1(c) = Fa(c). n

Now consider a state space system

& = go(x) + ) uigi(x) (26)
y = h(z)

where z(t) € X, a C¥ manifold, gg, 91, ..., gm are C¥ vector fields, and h a C¥ function from X

to IR. One type of observation space associated with (26) is
Fyi=spang{Lg, -+ Lg h: k >0}

For g, ..., ur—1 given, we let, for each x € X,

dk
yHo R (1) = ik li=o ¥ (?),

13



where 7, (t) is the output corresponding to initial state  and any C* input u such that u)(0) =
pj for 0 <j<k-—1

We associate to (26) a second type of observation space, as follows:
Fy :=span g {y"*"#1 ;€ R™ k> 0}.

By a fundamental formula due to Fliess (see [3]), the input/output map of (26) can be written

as

where the family c is defined by

(Mg -+ Miy) = Lgik T Lgil h,

or, equivalently, for the output corresponding to the initial state x,

Ya(t) = Fe[u](t),
where
<C$777i1 o ‘77ik> = ng‘k T Lgi1 h(ZL‘)
Thus,
ng‘k o ng‘1h = <C, Miy ~ - Uik> = <(7h'1 o 'mk)_lcv ¢>v

and, therefore,

Fi={(d,¢): de3Fi(c)}.
By (25), we know that

MO Hk—1
X

Y - FC%(MO,...,uk_l)[u] (O) = <C%(:U’07 AR 7”]6,1)7 ¢>

Hence,

Fy={(d, ) : d €3J2(c)}.
So the following conclusion follows immediately from theorem (2):

Corollary 5.1 For the state space system (26), F; = Fb.
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