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Abstract

We derive in this work a local nonlinear small-gain theorem in the framework of input-to-state stability for discrete time systems.
Our primary objective is to show that, as in the continuous-time context, these discrete-time nonlinear small-gain theorems are very
effective in stability analysis and synthesis for various classes of discrete-time control systems. Two converse Lyapunov theorems for
discrete exponential stability are developed to assist these applications. New results in stability and stabilization presented in this paper are
significant extensions of previous work by other authors (IEEE Trans. Automat. Control 38 (1993) 1398; 39 (1994) 2340; 33 (1988) 1082).
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

One of the most important problems in control theory
is concerned with system stability, especially with sys-
tems affected by external disturbances. In the late 1980s,
the notion ofinput to state stability(ISS) was formulated
in Sontag (1989). This property naturally incorporates an
important concept “finite gain” frequently used in engi-
neering with the classic stability notions used in ordinary
differential equations, replacing the linear gain functions
which represent a too strong requirement for general non-
linear systems by nonlinear gain functions. During the past
decade, the ISS property has quickly become a foundational
concept in nonlinear feedback analysis and design, see,
for instance,Coron, Praly, and Teel (1995), Isidori (1999),
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Jiang and Mareels (1997), Jiang, Teel, and Praly (1994),
Khalil (1996), Kokotović and Arcak (2001), Krstić, Kanel-
lakopoulos, and Kokotovi´c (1995), Tsinias (1993). The study
of the ISS property for discrete time systems began in our
previous work (Jiang, Sontag, & Wang, 1999; Jiang & Wang,
2001), where we provided a Lyapunov characterization of
the ISS property as well as a discrete analogue of the nonlin-
ear small gain theorems developed inCoron et al. (1995)and
Jiang et al. (1994). More recently,Laila and Neši´c (2002)
provided a Lyapunov-based small-gain theorem for param-
eterized discrete-time interconnected ISS systems. The non-
linear small-gain theorems established inCoron et al. (1995),
Jiang et al. (1994)andJiang and Wang (2001)can be seen as
state-space variants of the classical finite-gain theorems in
Desoer and Vidyasagar (1975)and a more recent monotone
gain theorem inMareels and Hill (1992)that were written
in terms of input–output operators. The current paper can
be considered as a continuation of our previous work (Jiang
et al., 1999; Jiang & Wang, 2001).

The analysis and synthesis of discrete-time control sys-
tems have received much attention in the past 15 years (see,
e.g.,Agarwal, 1992; Nijmeijer & van der Schaft, 1990and
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references therein), mainly due to the increasing popular-
ity of digital computers in control engineering applications.
Our primary objective in this work is to show that, as in the
continuous-time context, the discrete-time nonlinear small-
gain theorems are very effective in stability analysis and syn-
thesis for various classes of discrete-time control systems.
For this purpose, we will first develop a local small-gain
theorem whose proof requires a different approach from the
global version (see,Jiang & Wang, 2001). This is mainly be-
cause in the local case, one has to keep tracking of the attrac-
tion domains of the subsystems. As applications of small-
gain theorems obtained in this work and inJiang and Wang
(2001), we will show how some of the previous results ob-
tained inKazakos and Tsinias (1993), Lin and Byrnes (1994)
andMagana and Zak (1988), can be extended significantly.

This paper is presented as follows. In Section 2, we derive
a local version of a nonlinear small-gain theorem, and dis-
cuss some of the immediate consequences of the small-gain
theorem. To assist the applications of nonlinear small-gain
theorems, we also develop two converse Lyapunov theorems
on uniform exponential stability for discrete-time nonlinear
systems with disturbances. Section 3 contains some appli-
cations to stability and stabilization issues to illustrate the
effectiveness of the ISS approach. Finally, Section 4 outlines
the main contributions of this paper.

2. Local ISS for discrete time systems

In this section, we will discuss some basic stability notions
as well as a local small-gain theorem.

2.1. Preliminaries

Consider a discrete-time system of the general form

x(k + 1) = f (x(k), u(k)), (1)

where for eachk ∈ Z+ (the set of nonnegative integers),
x(k) ∈ Rn, u(k) ∈ Rm, andf : Rn × Rm → Rn is contin-
uous. Given an initial valuex(0)= � and an input function
u : Z+ → Rm, we usex(k, �, u) to denote the correspond-
ing solution of (1).

Throughout this paper, we use| · | to denote the usual
Euclidean norm for vectors. Foru : Z+ → Rm, ‖u‖ =
max1� i�m ‖ui‖, where‖ui‖ is thel∞-norm of theith com-
ponent ofu.

Definition 2.1. System (1) islocally input-to-state stable
(LISS) if there exist some�>0, some� ∈ KL and some
� ∈ K1 such that, for eachu and each� ∈ Rn satisfy-

1 Recall that a function� : R+ → R+ is said to be of classK if it
is continuous, strictly increasing and vanishes at the origin. It is of class
K∞ if, additionally, it is unbounded. A function� : R+ × R+ → R+
is said to be of classKL if �(·, t) is of classK for every fixedt�0
and, for every fixedr�0, �(r, t) decreases to 0 ast → ∞.

ing ‖u‖�� and |�|��, the solutionx(k, �, u) satisfies the
property

|x(k, �, u)| � max{�(|�|, k) , �(‖u‖)} ∀ k ∈ Z+. (2)

The function� is referred to as an LISS-gain function.
Note that if (2) holds for every bounded inputu and every

� in Rn, then we get the standard ISS property studied in
the past literature, see e.g.Jiang and Wang (2001).

For a system as in (1), we say that the system is 0-locally
asymptotically stable (0-LAS) if the corresponding 0-input
systemx(k+1)=f (x(k),0) is LAS. We say that the system
is locally asymptotically stabilizable if there is a continuous
function� defined in a neighborhood of 0∈ Rn with �(0)=0
such that the closed-loop systemx(k+1)=f (x(k), �(x(k)))
is locally asymptotically stable. The following results are
due to Lemma 6 ofGao and Lin (2000).

Lemma 2.2. System(1) is 0-LAS if and only if it is LISS. In
particular, if a feedbacku= �(x) stabilizes system(1), then
the corresponding closed-loop system withu=�(x+v)+w
is LISS with (v,w) as the input.

Lemma 2.3. Suppose system(1) admits a continuous local
Lyapunov function V such that for some�1, �2 ∈ K∞, some
c >0 and� ∈ K it holds that

�1(|�|)�V (�)��2(|�|),
V (f (�,�))− V (�)� − cV (�)+ �(|�|)
for (�,�) in a neighborhood of(0,0). Then the system is
LISS, and for any0<c0<1, the gain� as in (2) can be

chosen such that�(s)��−1
1

(
�(s)

(1−c0)c
)
for all s�0.

2.2. A local small-gain theorem

We consider discrete-time and nonlinear interconnected
systems of the form

x1(k + 1) = f1(x1(k), v1(k), u1(k)),

x2(k + 1) = f2(x2(k), v2(k), u2(k))
(3)

subject to the interconnection constraints

v1(k)= x2(k), v2(k)= x1(k), (4)

where for i = 1,2, and for eachk ∈ Z+, xi(k) ∈ Rni ,
ui(k) ∈ Rmi , andfi is continuous in its arguments.

Theorem 1. Assume both thex1 and x2 subsystems in(3)
with inputs(v1, u1) and (v2, u2) are LISS with gain func-
tions (�v1, �

u
1) and (�

v
2, �

u
2) respectively. Suppose the small-

gain condition holds locally between�v1 and�v2, that is, there
exists somes0>0 such that�v1 ◦ �v2(s)< s for all 0<s < s0.
Then the interconnected system(3) with (4) is LISS with
(u1, u2) as input.

Observe that the small-gain condition always holds in
the special case when�v2 = 0. Also, by Lemma 2.2, the
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LISS condition of thex1-system can be replaced by the 0-
LAS property. Combining these observations with the global
version of the ISS small-gain theorem given inJiang and
Wang (2001), we have

Corollary 2.4. Consider a partially linear composite
discrete-time system

z(k + 1)= q(z(k), x(k), u(k)), z(k) ∈ Rn−r

x(k + 1)= Ax(k) + Bu(k), x(k) ∈ Rr , u(k) ∈ Rm:

(1) If the 0-input z-system, i.e., z(k+ 1)= q(z(k),0,0), is
locally asymptotically stable, and if (A,B) is stabiliz-
able, then the composite system is LAS-stabilizable.

(2) If the z-systemz(k+1)=q(z(k), x(k), u(k)) is ISS with
(x(k), u(k)) as inputs, and if (A,B) is stabilizable,
then the composite system is GAS-stabilizable.

The partially linear composite continuous-time systems
were introduced inSaberi, Kokotovi´c, and Sussmann (1990),
where thez-system is only driven by the outputy = Cx of
the linearx-system. A discrete-time form of such a nonlin-
ear cascade system was considered, for instance, inLin and
Byrnes (1994). Note that Corollary 2.4 represents an exten-
sion of Corollary 2.2 ofLin and Byrnes (1994)to the global
case.

2.3. Robust exponential stability

To develop our results in Section 3 on stability analysis
and control synthesis, we present in this section two con-
verse Lyapunov theorems for robust exponential stability.
Consider the system

x(k + 1)= f (x(k), u(k)), (5)

wheref : Rn × � → Rn is continuous, and� is a subset
of Rm. We letM� denote the set of input functions taking
values in�.

Definition 2.5. We say that system (5) is locally exponen-
tially stable uniformly inu ∈ M� (ULES), if there ex-
ists a neighborhoodDx of 0 such that, for somea >0 and
0<b<1, it holds that

|x(k, �, u)|�a|�|bk ∀ k ∈ Z+ (6)

for all � ∈ Dx , and allu ∈ M�.
If (6) holds withDx = Rn, then we say that the system is

uniformly globally exponentially stable (UGES).

It was shown inJiang and Wang (2002)that the robust
global asymptotic stability property for a system as in (5)
is equivalent to the existence of a continuous Lyapunov
function. Below we present similar results on the exponen-
tial stability property. Although the precise statements were
not available in the literature, there are a fair amount of

variations of converse theorems (e.g.,Hahn, 1967; Jiang &
Wang, 2002; Khalil, 1996) whose proofs (most of which
were rooted inMassera (1956)andNadzieja (1990)) can be
easily adapted to prove the theorems presented below. For
this reason, we will provide rough sketches of the proofs in
the appendix instead of presenting detailed complete proofs.

Theorem 2. Assume that system(5) isULES with u ∈ M�
and withDx as in Definition2.5.Suppose the control value
set� is compact. Then, for any p>0, there exists a con-
tinuous Lyapunov function V defined onDx such that the
following holds for somec1, c2, c3>0:

c1|�|p�V (�)�c2|�|p ∀ � ∈ Dx,
V (f (�,�))− V (�)� − c3|�|p ∀ (�,�) ∈ Dx × �. (7)

WhenDx = Rn, that is, when the system isUGES,then, for
any p>0, the system admits a global Lyapunov function
that fulfills (7) for each(�,�) ∈ Rn × �.

In many situations, the most interesting case is whenp=2.
Since the proof in the general case follows exactly the same
as in the case whenp=2, we present the result in the general
case ofp>0.

For a system as in (5), we say thatf (�,�) is locally
Lipschitz in� uniformly in � ∈ � if for any compact setK,
there is somec >0 such that|f (�,�)− f (	,�)|�c|� − 	|
for all �, 	 ∈ K and all � ∈ �. If the constantc can be
chosen independent ofK, then we say thatf is globally
Lipschitz in � uniformly in � ∈ �. In the case whenf is
either locally or globally Lipschitz, we can strengthen the
result given in Theorem 2. In this case, we do not need to
require the compactness property of�.

Theorem 3. Assume that system(5) isULES withu ∈ M�,
where� is not necessarily compact. Suppose f is locally
Lipschitz in a neighborhood of0 uniformly in� ∈ �. Then
for anyp�1, there exists a Lyapunov function V defined in
a neighborhoodU0 of the origin that satisfies(7) and, for
somec4>0, the following holds:

|V (�)− V (	)|�c4(|�| + |	|)p−1|� − 	| ∀ �, 	 ∈ U0. (8)

In particular, if the system isUGESand if f is globally
Lipschitz uniformly in� ∈ �, then for anyp�1, the system
admits a global Lyapunov function that satisfies(7) and (8)
for all �, 	 ∈ Rn and all � ∈ �.

Remark 2.6. Note that estimate (8) is stronger than the local
Lipschitz continuity ofV near 0. Withp>1, the Lipschitz
constant ofVcan be made arbitrarily small around the origin.

Remark 2.7. In the special case when system (5) is distur-
bance free, i.e., when the mapf (�,�) in (5) is independent
of �, and if in additionf is differentiable, our proof in the
appendix shows thatV can be chosen differentiable. Conse-
quently, (8) can be strengthened to|�V (�)/��|�c5|�|p−1

(wherec5 is some constant) in a neighborhood of the origin.
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2.4. Proof of Theorem 1

Although the following Lemma 2.8 only represents a spe-
cial case of Theorem 1, nevertheless, in combination with
Lemma 2.2, it yields Theorem 1.

Lemma 2.8. Consider the following system:

x1(k + 1) = f1(x1(k), v1(k)),

x2(k + 1) = f2(x2(k), v2(k)).
(9)

Suppose, for i = 1,2, there exist someri >0, some�i ∈
KL and some�vi ∈ K such that

|xi(k, �i , vi)|� max{�i (|�i |, k), �vi (‖vi‖)} (10)

holds for allk ∈ Z+, |�i |�ri and all‖vi‖�ri . Assume that
the small-gain condition holds locally between�v1 and �v2.
Then the interconnected system(9) with (4) is LAS.

Proof. Let r >0 be such that, fori = 1,2, (10) holds for
all |�i |�r and ‖vi‖�r, and that both�v1 ◦ �v2(s)< s and
�v2 ◦ �v1(s)< s hold for all 0<s�r. By following the same
proof of Lemma 3.8 inJiang and Wang (2001), one can
show that there exists some 0<r0�r such that

lim
k→∞ |xi(k, �i , vi)| � �vi

(
lim
k→∞ |vi(k)|

)
(11)

holds for all|�i |�r0, ‖vi‖�r0, i = 1,2.
Let �0(s)= max{�1(s,0),�2(s,0)}. Without loss of gen-

erality, one may assume that�0(s)�s and �vi ∈ K∞ for
i = 1,2. Let


 = min{�−1
0 (r0), (�

v
1 ◦ �0)

−1(r0), (�v2 ◦ �0)
−1(r0)} .

One can show that if max{|�1|, |�2|}< 
, then along the
trajectory x(k) = (x1(k), x2(k)) of (9) with (4) with the
initial state x(0) = (�1, �2), it holds that|xi(k)| � r0 for
all k ∈ Z+ (i = 1,2). Applying the small-gain condition
�v1 ◦ �v2(s)< s on (0, r], one can conclude that fori = 1,2,
|xi(k)|� max{�0(|�|), �vi ◦ �0(|�|)} for all k ∈ Z+ and all
|�|�r0 (where�= (�1, �2)). Below we show the attractive-
ness property.

Let |�|< 
. Still usex(k) = (x1(k), x2(k)) to denote the
trajectory of (9) with (4) with the initial state�. Since
|xi(k)|�r0 for all k, limk→∞|xi(k)|�r0. Combining this
with (11), one has limk→∞|x1(k)|��v1 (limk→∞|x2(k)|) and
limk→∞|x2(k)|��v2 (limk→∞|x1(k)|). Consequently, we get
limk→∞|x1(k)|��v1 ◦ �v2 (limk→∞|x1(k)|) . Again, by the
small-gain condition, limk→∞|x1(k)| = 0.This in turn im-
plies limk→∞|x2(k)| = 0. �

3. Stability and stabilization

In this section, we present some applications of nonlinear
small-gain theorems obtained in this work and inJiang and

Wang (2001)for interconnected systems of the following
type:

z(k + 1)= q1(z(k), �(k)), (12)

�(k + 1)= q2(z(k), �(k)) + �(z(k), �(k)), (13)

where for eachk ∈ Z+, z(k) ∈ Rn1, �(k) ∈ Rn2. The func-
tions q1, q2 and� are continuous and vanish at(0,0). We
also assume thatq2(·, ·) is C1 in a neighborhood of(0,0)
andq2(·,0) ≡ 0. Note that one can view system (12)–(13)
as an interconnection of twoz and � subsystems with the
uncertain term�(·, ·).

The continuous-time form of system (12)–(13) with
q2(z(k), �(k)) = A�(k) was first introduced and studied in
Byrnes and Isidori (1991)(see alsoIsidori, 1995), followed
by the work of Jiang et al. (1994). Using the small-gain
arguments,Jiang et al. (1994)extended (Byrnes & Isidori,
1991, Lemma 4.3) from LAS to GAS for a larger class of
interconnected nonlinear systems under more relaxed con-
ditions on the coupling term�. The discrete-time version
of Byrnes and Isidori (1991, Lemma 4.3)was established
in Lin and Byrnes (1994, Lemma 2.1), which served as a
basic lemma to obtain the main theorems ofLin and Byrnes
(1994). In this work we will show how the small-gain ap-
proach can be used to extend the result (Lin & Byrnes, 1994,
Lemma 2.1) with much relaxed conditions onq2 and�.

3.1. Asymptotic stability of interconnected systems

The following result covers Lemma 2.1 inLin and Byrnes
(1994)as a special case and significantly relaxes the condi-
tions there.

Proposition 3.1. Consider system(12)–(13).Assume:

• For someM>0, the unperturbed�-system

�(k + 1)= q2(v1(k), �(k)) (14)

is LES uniformly in allv1(·) such that‖v1‖�M.
• The z-system(12) is LISS with� viewed as the input,
i.e., for systemz(k + 1) = q1(z(k), v2(k)), there exist
r >0,�z ∈ KL and�z ∈ K such that for all|z0|�r
and‖v2‖�r,

|z(k, z0, v2)| � max{�z(|z0|, k), �z(‖v2‖)}.

• There exist some constants�1, �2�0 and somer >0
such that for all|z|<r and |�|<r

|�(z, �)| � �1|�| + �2�
−1
z (|z|). (15)

Then, the interconnected system (12)–(13) is LAS if�1
and�2 are sufficiently small. Furthermore, system (12)–(13)
becomes GAS if the above conditions hold globally and,

additionally, �q2
��
(w, �) is bounded for all� andw.
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Proof. Let M>0. By Theorem 3, there is aV defined in
some neighborhoodU� of 0 for the�-system such that (7)
and (8) hold for somec1, c2, c4>0, and for somec3>0,

V (q2(, �))− V (�)� − c3|�| (16)

for all ||�M. Note then that, for all||�M,

|q2(, �)|� V (q2(, �))
c1

� V (�)
c1

� c2
c1

|�|. (17)

By hypotheses, there is a neighborhoodDz×D� of (z, �)=
(0,0) withD� ⊂ U� such thatq2(z, �)+�(z, �) ∈ U� for all
(z, �) ∈ Dz ×D�. One may also assume thatq2(z, �) ∈ U�
for all (z, �) ∈ Dz ×D� (cf. (17)). Hence,

|V (q2(z, �)+ �(z, �))− V (q2(z, �))|
�c4|�(z, �)|�c4 �1|�| + c4 �2 �−1

z (|z|). (18)

Combining this with (16), we getV (q2(z, �) + �(z, �)) −
V (�)� − (c3 − c4�1)|�| + c4�2�

−1
z (|z|). Thus, V is an

LISS-Lyapunov function for the�-system if �1 is such
that c4 �1<c3. By Lemma 2.3, there exists a function�1
of classKL such that, for small initial condition�0 and
small input z, |�(k, �0, z)| � max{�1(|�0|, k) , �1(‖z‖)},
where�1 is the classK-function given by

�1(r) = c4 �2

(1− c0)c1(c3 − c4 �1)
�−1
z (r), (19)

for any c0 ∈ (0,1). Clearly, the small-gain condition holds
between�z and�1 if �1 and�2 are sufficiently small, and
as a consequence, the composed system (12)–(13) is locally
asymptotically stable.

The second statement of Proposition 3.1 follows straight-
forwardly the global version of the small-gain theorem (see
Jiang & Wang, 2001). �

3.2. A robust separation principle

As an interesting application of Proposition 3.1, we
present a “robust separation principle” for discrete-time
nonlinear systems with disturbances

x(k + 1) = f (x(k), u(k)) + �f (x(k), u(k)), (20)

where�f is an unknown disturbance.
A discrete-time separation principle was obtained inde-

pendently inKazakos and Tsinias (1993, Theorem 1)and
Lin and Byrnes (1994, Theorem 4.3)in the absence of dis-
turbances�f . We first recover the main result, Theorem 1,
in Kazakos and Tsinias (1993)by means of Theorem 1 in
the current work, for undisturbed systems with outputs

x(k + 1)= f (x(k), u(k)), y(k)= h(x(k)), (21)

wherex ∈ Rn, u ∈ Rm, andy ∈ Rl . Then, using Proposition
3.1, we generalizeLin and Byrnes (1994, Theorem 4.3)to
the disturbed setting (20).

We recall fromKazakos and Tsinias (1993), that a system
of the form (21) is said to belocally detectableif there

exist a neighborhoodDe ⊂ Rn of the origin, a continuous
mappingf̂ : Rn × Rl × Rm → Rn, a continuous function
W : Rn × Rn → R+ and classK-functions�i , 1� i�3,
such thatf (x, u)= f̂ (x, h(x), u) for all (x, u) ∈ Rn× Rm,
and the following inequalities hold:

�1(|x − x̂|) � W(x, x̂) � �2(|x − x̂|),
W(f (x, u), f̂ (x̂, h(x), u))−W(x, x̂)� − �3(|x − x̂|)
for all u ∈ Rm, e = x − x̂ ∈ De. WhenDe = Rn, system
(21) is said to beglobally detectable.

Corollary 3.2 (Kazakos & Tsinias, 1993, Theorem 1). If
the system(21) is locally detectable and LAS-stabilizable by
means ofu(k) = �(x(k)),2 then the detector-based output
feedback law

x̂(k + 1)= f̂ (x̂(k), y(k), u(k)), u= �(x̂(k)) (22)

locally asymptotically stabilizes the composite system(21)
and (22).

Recall fromMoraal and Grizzle (1995), Lin and Byrnes
(1994), that thex̂-system in (22) is said to be alocal ex-
ponential observerfor system (21) if there exists a neigh-
borhoodDe ⊆ Rn × Rn of the origin such that, for some
constantsa >0 and 0<b<1,

|x(k, �, u)− x̂(k, 	, u)| � a|� − 	|bk (23)

holds for all k ∈ Z+, all (�, 	) ∈ De, and all input func-
tionsu. When (23) holds withDe = Rn × Rn, the x̂-system
in (22) is said to be aglobal exponential observerfor sys-
tem (21). In case when such a local (resp. global) exponen-
tial observer exists, system (21) is said to beexponentially
detectable(resp. globally exponentially detectable) (Lin &
Byrnes, 1994). Below we assume thatf andf̂ areC1 maps.

Theorem 4(Robust Separation Principle). Assume that the
nominal system(21) is exponentially detectable and that
the perturbed system(20) is robustlyLAS-stabilizable by
means of aC1 feedbacku = �(x). Let �x be anLISS-gain
function associated with the system(20) in closed-loop with
u=�(x(k)−e(k)) (which isLISS with inpute(·) by Lemma
2.2). If the following holds

|�f (x, �(x − e))| � �1|e| + �2�
−1
x (|x|) (24)

for some sufficiently small constants�1,�2�0 for all (x, e)
in a neighborhood of the origin, then, the observer-based
output feedback law

x̂(k + 1)= f̂ (x̂(k), y(k), u(k)), u= �(x̂(k)) (25)

robustly locally asymptotically stabilizes the composite sys-
tem(20) and (25).

2 In contrast toKazakos and Tsinias (1993, Theorem 1), we do not
require thatf (0,0)= 0 and�(0)= 0.
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Moreover, if the above conditions hold globally, and

if �q2
�e (x, e) is bounded for all(x, e), where q2(x, e) =

f (x, �(x − e)) − f̂ (x − e, h(x), �(x − e)), then (25) is a
global asymptotic stabilizer for system(20).

Proof. In the (x, e)-coordinates, the closed-loop system
(20)–(25) can be rewritten as

x(k + 1)= f (x(k), �(x(k)− e(k)))
+ �f (x(k), �(x(k)− e(k))) ,

e(k + 1)= q2(x(k), e(k))+ �f (x(k), �(x(k)− e(k))).(26)

Applying Proposition 3.1 withz = x, � = e, � = �f and
q1(x, e)=f (x, �(x−e))+�f (x, �(x−e)), one sees that the
composite system (26) is locally asymptotically stable. The
second statement of Theorem 4 follows again from Propo-
sition 3.1. �

3.3. Robust global stabilization via static output feedback

Consider a discrete-time system with outputs

z(k + 1)= q(z(k), x(k)),
x(k + 1)= Ax(k) + B (u(k)+ �(z(k), x(k))) ,

y(k)= Cx(k), (27)

where(z(k), x(k)) ∈ Rn0 × Rn, u(k) ∈ Rm, y(k) ∈ Rl rep-
resent the state, the input and the output, respectively. The
map� : Rn0 × Rn → Rm is an unknown coupling func-
tion, that is, thex-system can be viewed as a linear system
x(k+1)=Ax(k)+Bu(k) subject to an actuator disturbance
�(z, x). Thez-system is referred to asdynamic uncertain-
tieswith unmeasured statez and uncertain functionq. Note
that the system in the absence ofz-dynamics was studied in
Magana and Zak (1988). System (27) can also be seen as an
input-output linearizable system with matched uncertainty
(Isidori, 1995; Nijmeijer & van der Schaft, 1990).

The following assumptions are made on (27):
(H1) Thez-system is ISS with respect tox and with an

ISS-gain�z ∈ K∞.
(H2) The linear systemx(k + 1) = Ax(k) + Bu(k) with

outputy(k)=Cx(k) is output-feedback stabilizable (Magana
& Zak, 1988), i.e., there is a matrixG such that the spectral
radius ofA0 = A− BGC is strictly less than one.

(H3) There are two constant matricesQ=QT>0 andF,
of appropriate dimensions, such thatBTPA0 = FC, with
P = P T>0 the solution of the discrete Lyapunov equation
AT

0PA0 − P = −Q.
(H4) There exist a classK∞ function � and a constant

ε�0 such that

|�(z, x)| � �(|z|) + ε|x| ∀(z, x) ∈ Rn0 × Rn . (28)

Our objective is to design a linear, memoryless, output feed-
back law of the formu(k) = Ky(k) with K a constant
m × l matrix, in such a way that the closed-loop system is
GAS. Our solution is presented below that extends the main

theorems ofMagana and Zak (1988)to a larger class of
nonlinear discrete systems.

For a positive semi-definite symmetric matrixF, we use
�Fmin (�Fmax, resp) to denote the minimal (maximal, resp)
eigenvalue ofF.

Proposition 3.3. Assume(H1)–(H4)holds. Suppose the ma-
trices P and Q as in(H3), the function� and the constantε
as in (H4) can be chosen such that the following holds for
someε1, ε2>0:

ε <

√√√√ �Qmin

(1+ ε1)�BTPB
max

, (29)

�(s)<

√√√√ (1− ε2)(�Qmin − �B
TPB

max (1+ ε1)ε2)�Pmin

(1+ ε−1
1 )�Pmax�

BTPB
max

, �−1
z (s)

for all s >0.Then the static output feedback controller given
by

u(k) = −Gy(k)− (BTPB)−1Fy(k) (30)

globally asymptotically stabilizes the system(27).

Proof. Consider (27) with (30). As it can be directly
checked, by Assumptions (H2)–(H4), the functionV (x) =
xTPx satisfiesV (x(k + 1))− V (x(k))� − xT(k)Qx(k)+
�Rmaxε

2(1 + ε1)|x(k)|2 + �Rmax(1 + ε−1
1 )�(|z(k)|)2, where

R : =BTPB. As a result, with (29),V is an ISS-Lyapunov
function for the closed-loopx-subsystem withz as the in-
put. Furthermore, by Lemma 2.3, an ISS gain function can
be chosen as

�x(r)=
√√√√ (1+ ε−1

1 )�Rmax�
P
max

(1− ε2)[�Qmin − �Rmaxε
2(1+ ε1)]�Pmin

�(r).

By the assumption on�, the small-gain condition
�x ◦ �z(r)< r holds for all r >0. Hence, the closed-loop
system is GAS by the ISS small-gain Theorem 2 ofJiang
and Wang (2001). �

Note that a local version of Proposition 3.3 can be estab-
lished as a direct application of Theorem 1.

4. Conclusions

In this paper, we have developed a nonlinear, local
ISS small-gain theorem for discrete-time interconnected
systems and two converse Lyapunov theorems for uni-
form exponential stability. It is shown that these theorems
together with a global ISS small-gain theorem, recently
introduced inJiang and Wang (2001), are very effective
in stability analysis and control synthesis for discrete-time
nonlinear systems with complex structures. As appealing
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applications, these tools yield significant extensions of ear-
lier work in discrete-time nonlinear systems and control, cf
Kazakos and Tsinias (1993), Lin and Byrnes (1994)and
Magana and Zak (1988).
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Appendix A. Proofs of Theorems 2 and 3

Proof of Theorem 2 (Sketch). Let p>0 be given. Define
V : Dx → R�0 by

V (�) = supu∈M�
V0(�, u), (A.1)

where V0 is defined byV0(�, u) = ∑K
k=0|x(k, �, u)|p

on Dx × M� with K chosen large enough so that
apbp(K+1)�1/2, and wherea, b are as in (6). It follows
from (6) that|�|p�V (�) � ap

1−bp |�|p. By the compactness
of � and the continuity off, the functionV0 is continuous
in � uniformly in u ∈ M�, and consequently,V (�) is
continuous.

With the property thatx(k, f (�,�), u) = x(k + 1, �, v)
for somev, one sees that for all� ∈ Dx and all� ∈ �,

V (f (�,�))� sup
w∈M�

K+1∑
k=1

|x(k, �, w)|p

�V (�)− |�|p + (a|�|bK+1)p�V (�)− 1

2
|�|p.

The last statement of Theorem 2 about the global case fol-
lows readily from the above reasoning.�

Proof of Theorem 3(Sketch). Letp�1 be given. We define
the functionsV andV0 as in (A.1). The only point different
from the proof of Theorem 2 is to show the stronger Lipschitz
continuity property (8).

The proof of (8) follows the same idea inHahn (1967,
Theorem 56.1). Let U be a neighborhood of 0 on which
f (�,�) is Lipschitz uniformly in� with a Lipschitz constant
c. ChooseU0 such thatx(k, �, u) ∈ U for all k, all � ∈ U0
and all u. By induction, one can show that, for eachu ∈
M� and eachk ∈ Z+, |x(k, �, u) − x(k, 	, u)|�ck|� − 	|
for all �, 	 ∈ U0. By the mean value theorem, one can

show that

|V0(�, u)− V0(	, u)|�
K∑
k=0

p(|x(k, �, u)|

+ |x(k, 	, u)|)p−1| |x(k, �, u)|
− |x(k, 	, u)| |

�c4(|�| + |	|)p−1|� − 	| (A.2)

for all �, 	 ∈ U0, all u ∈ M�, wherec4 = pap−1∑K
k=0c

k.
Passing through the supremum, one can show that (A.2) also
holds forV.

The last statement of Theorem 3 about the global case
again follows from the above proof in an obvious way.�
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