
MATHEMATICAL PROBLEM SOLVING

Midterm Exam

Answers

1 Problems presented in class. Instructor’s solutions

1. Write out, nicely and completely, the problem that you presented in class as part of your first round of team work.

2. Write out, nicely and completely, the problem that someone not from your team presented in class as part of their
first round of team work. You do not have to present it exactly as done by the presenter; you may improve upon it.
For this part, and for this part only, it is OK to consult with the person whose presentation you will use. Otherwise,
this should be YOUR work, and yours alone.

From Problem Set 1. Presenter: Jeremy Determine the number of real roots of the equation

x

48
= sinx

Solution. We concentrate first on positive values of x and write the equation in the form x = 48 sinx. In every interval
[2kπ, (2k + 1)π] with k = 1, 2, . . ., the function 48 sinx increases from 0 to 48, and then decreases again to 0; the line y = x
will intersect it twice if x ≤ 48. Now 15π < 48 < 16π. We see that the equation has two roots in each one of the intervals
[2π, 3π], [4π, 5π], . . . , [14π, 15π]; 14 positive roots. There is one more positive root in [0, π] for a grand total of 15 positive
roots. Because both x, sinx are odd, there will also be 15 negative roots. Finally, 0 is also a root. The total number of roots
is thus 2× 15 + 1 = 31.
From Problem Set 1. Presenter: Andrew How many zeros are at the end of 1000!?
Solution. As any number, we can write 1000! = 5km, where gcd(5,m) = 1. A number a in the list 1, 2, . . . , 1000 is a
multiple of 5 if and only if a = 5b, where 1 ≤ b ≤ 1000/5, so 1 ≤ b ≤ 200. It follows that we can write 1000! = 5200(200!)m1,
where gcd(m− 1, 5) = 1. Repeating the same operation for 200!, we see (because 200/5 = 40), that 200 = 540(40!)m2, where
gcd(5,m2) = 1. Since 40/5 = 8, we have 40 = 58(8!)m3, where where gcd(5,m3) = 1. With 8 we can just count by hand, or
we can say that b8/5c = 1, thus 8! = 51(1!)m4 = 5m4, where gcd(5,m4) = 1. It follows that

1000! = 5200540585m1m2m3m4 = 5249m

where gcd(5,m) = gcd(5,m1m2m3m4) = 1. Similarly we can write 1000! = 2jn where n is odd, and proceeding as for 5 we
can figure out what j is. But it suffices to see that j > 249 so that 1000! = 52492249r = 10249r, where gcd(5, r) = 1. It follows
that 1000! has 249 trailing zeroes.

Textbook 2.1.22. Presenter: Hai Bottle A contains a quart of milk, bottle B a quart of black coffee. Pour a small
amount from B into A, mix well, and then pour back from A into B until both bottles again contain a quart of liquid. What
is the relationship between the coffee in A and the milk in B?
Solution. Both are the same. I provide two solutions.
Solution 1, the common sense solution. Suppose at the very end container B contains y quarts of milk. That means
that container A is missing y units of milk. But since it contains a full quart of liquid, the missing y units of volume must
be made up by coffee. Thus A must contain as much coffee as B does milk. This is the better solution!
Solution 2, by College Algebra methods. Let x be the amount of coffee that is poured from A to B (in quarts). Now
A contains 1 + x quarts of liquid; once well mixed, the proportion of coffee in A is then c = x/(1 + x); the proportion of
milk is m = 1/(1+ x). These proportions will not change, since no more coffee is poured into A. We now pour x quarts back
from A to B. Since the proportion of milk in A is m, we are pouring mx = x/(1 + x) quarts of milk into B. The proportion
of coffee in A is still c, since A is now reduced again to one quart of liquid, the amount of coffee in A is 1 · c = x/(1 + x). In
other words, A contains x/(1 + x) quarts of coffee, and B contains an equal amount of milk.

Textbook, Problem 2.4.7. Presenter: Stephanie Pat works in the city, lives with Sal in the suburbs. Every afternoon
Pat gets on a train that arrives at the suburban station at exactly 5PM. Sal leaves the house before 5 and drives at a constant



speed so as to arrive at the train station at exactly 5PM. One day Pat takes a train arriving at 4PM and decides to walk the
same route Sal would be driving. Sal intercepts Pat, makes a U-turn and they arrive at their home 10 minutes earlier than
usual. For how many minutes did Pat walk?
Solution. Ignoring some real life facts, like time to get a car to constant speed, time it takes to pick a person up, etc.,
the fact that they arrived at the house 10 minutes early means that Sal was 5 minutes from the station when she picked up
Pat; she gained the 5 minutes it would have taken to get to the station, plus the 5 minutes to get back to the point where
she met Pat. This means that Sal picked up Pat at 5 minutes to 5, or 4:55. Having arrived at 4, Pat walked for 55 minutes.
Textbook, Problem 3.1.13. Presenter: Fritz Find the length of the shortest path from the point (3, 5) to the point
(8, 2) that touches the x-axis and also touches the y-axis.
Solution. We assume there is such a path. (Proving the existence of a path of shortest length would complicate the
problem quite a bit; at some level this might be necessary.) I omit the pictures in the description that follows,but anybody
trying to understand the argument may have to draw some pictures.

Suppose the path touches the x-axis first. If we reflect with respect to the x-axis, the point (8, 2) reflects to (8,−2).
Reflections preserve distances and lengths. The portion of the path from where it first touches the x-axis all the way to (8, 2)
reflects to an equally long path ending at (8,−2) so that we now have a path from (3, 5) to (8,−2) touching the y axis at
some point below the x-axis. Reflecting now with respect to the y-axis, we can cut our new path where it first touches the
y-axis, and from there on replace it by the reflected part, to get a path ending at the reflection of (8,−2), namely (−8,−2).
The length of this newest path is the same as the length of the original one. It is a path from (3, 5) to (−8,−2). If, on the
other hand, the path first touches the y-axis (and one can argue that because the first component of the starting point is less
than the first component of the ending point, this is what actually happens), then we reflect first with respect to the y-axis
and then with respect to the x-axis; ending again with a path from (3, 5) to (−8,−2). But the shortest path from (3, 5)
to (−8,−2) is on a straight line; namely the line y = (7/11)x + (34/11). This line, going from (3, 5) to (−8,−2) intersects
first the y-axis and then the x axis so that reversing operations we have to reflect first with respect to the x-axis, then with
respect to the y-axis to get what has to be the shortest path with the prescribed features. The upshot is that the length of
this path equals the distance from (3, 5) to (−8,−2), which is

√
(3 + 8)2 + (5 + 2)2 =

√
170.

Textbook, Problem 3.1.15. Presenter: Nordia Find (and prove) a nice formula for the product of the divisors of any
integer. You may want to use the d(n) function defined on page 68.
Solution. The function d is defined by

d(n) = # of divisors of n.

It’s not a matter of wanting to use it; one has to use it for a reasonable formula. Anyway, here is the solution.

Let n > 1 be an integer. We have to consider two cases: n is a perfect square, and the case in which n is not a perfect
square. Assume first n is NOT a perfect square. If n = a · b, then necessarily one of a, b is <

√
n, the other one is >

√
n. In

other words, if a|n and a <
√
n, then n/a >

√
n. It follows that the mapping a 7→ n/a is one-to-one and onto from divisors

<
√
n to divisors >

√
n. There are thus an equal amount of both proving that d(n) is even, say d(n) = 2k for some integer

k, and the number of divisors <
√
n is k. Then

∏

a|n
a =

∏

a|n,a<√
n

a×
∏

a|n,a>√
n

a =
∏

a|n,a<√
n

a×
∏

a|n,a<√
n

(n/a) =
∏

a|n,a<√
n

a · (n/a) =
∏

a|n,a<√
n

n = nk = nd(n)/2.

I hope the notation is self explanatory. The difference if n is a perfect square is that
√
n is a factor which cannot be paired

up with any other factor. Let n = m2, m > 1 an integer. As before we can pair every divisor < m with a unique divisor > m
so that the product of these two is m. The number of divisors 6= √

n = m is thus still even, say 2k for some integer k (where
the number of divisors <

√
n is k); but d(n) = 2k + 1 since there is the additional divisor m. Thus

∏

a|n
a =

∏

a|n,a<√
n

a×
∏

a|n,a>√
n

a×m =
∏

a|n,a<√
n

a×
∏

a|n,a<√
n

(n/a)×m =


 ∏

a|n,a<√
n

a · (n/a)

×m

=


 ∏

a|n,a<√
n

n


×m = nkn1/2 = nk+ 1

2 = nd(n)/2.
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It follows that in every case the formula is ∏

a|n
a = ad(n)/2.

Textbook, Problem 3.2.14. Presenter: Jasmine Can the number obtained by writing the numbers from 1 to n in order
(for some n > 1) be a palindrome?
Solution. No. Suppose we have the numbers from 1 to n in sequence and we have obtained a palindrome. Let m be the
largest number of the form a×10k, 1 ≤ a ≤ 9 such that a×10k ≤ n. That means that somewhere in our palindrome we have
the digit a followed by k zeros. Since integers are in sequence, the digit before the a must be a 9. Assume first this happens
in the first half of the palindrome. In other words, say the palindrome is M digits long and the k + 1-digits of a× 10k occur
before the [M/2]th digit of the palindrome. Then in the second half we must have k zeros followed by a. No integer starts
with a zero so these zeros occur either in the middle of an integer or at its end. If the integer containing these zeros has only
k + 1 digits, then it is of the form b × 10k for some b ∈ {1, . . . , 9}. But since it is to the right of m, we must have b > a,
contradicting the choice of m. If this integer has more than k+1 digits, then it is larger than 1× 10k+1 and 1× 10k+1 would
have to have been written out in our list; since 1 × 10k+1 > m we have another contradiction. For reasons of symmetry,
a× 10k cannot straddle the middle of the palindrome. If a is still left of center, recall the digit before that a is a 9. However,
after the last zero of m comes m+ 1 which has a followed still by a 0. Similarly a cannot appear as the exact center of the
palindrome. Thus m is completely to the right of center. Now we must have k zeros left of center, followed by a. Consider
the number r to which these zeroes belong. Since no number can start with 0, they are all part of a single number. Now r is
to the left of m, so r < m. But this is easily seen to be a contradiction. In fact, if a is still part of r, then r has at least k+2
digits, while m only has k + 1. For the same reason, if c is the digit preceding all these zeroes on the left, then r = c× 10k

(to avoid r having ≥ k + 2 digits). But then c < a, since r < m. But the number following r is r + 1 and has a as its first
digit. The first digit of c× 10k is c (except in the trivially rejectable case k = 0),thus we have the contradiction.

Textbook, Problem 3.3.19. Presenter: Yvan People are seated at a circular table at a restaurant. The food is placed
on a circular platform in the center of the table, and this platform can rotate. Each person ordered a different entrée, and
it turns out that nobody has the correct entrée in front. Show that it is possible to rotate the platform so that at least two
people will have the correct entrée.
Solution. Number the diners 1, 2, . . . , n. By “rotating the food one position” we understand turning the contraption
holding the food by one position in the counter clockwise direction, so food moves one place to the right. After the food is
placed on the contraption, we will say that a diner is at distance k from his food if it takes k one position rotations for the
food to get to her/him. It is easy to see that nobody can be at distance more than n− 1 from their food, since after n turns
the contraption is back to where it was at first. Let dk be the number of people at distance k from their food; d0 = 0 since
everybody has been given the wrong dish and d1 + · · · + dn−1 = n. If n − 1 non-negative integers add up to n, that means
that at least one of them is ≥ 2; i.e., there is k with dk ≥ 2. Rotating the platform so as to move it by k positions will have
at least 2 people in front of the food they ordered.

Textbook, Problem 3.3.24. Presenter: Adam A chess player over a period of eight weeks plays at least one game per
day, but no more than 11 per week. Show that there must be a period of consecutive days during which she plays exactly 23
games.
Solution. Let tn be the total number of games she played in the first n days; 1 ≤ n ≤ 56 (56 = 8×7; total number of days
played). We complete the list artificially defining t0 = 0, not really necessary as it turns out∗. We have to prove that there
are m,n, 0 ≤ m < n ≤ 56. Here is where the twist comes in; one has to think mod 23. Because d57/23e = 3 there are at
least 3 indices k,m, n such that 0 ≤ k < m < n, and such that tn, tm, tk have the same remainder mod 23, thus 23 divides
tm− tk and tn− tm. That means that these differences are either 0, 23, 46, etc. But they can’t be 0, because the player plays
every day, so that tk < tm < tn. They can’t both be 46 (or larger) because then tn − tk = tn − tm + tm − tk ≥ 46 + 46 = 92,
and t56 ≤ 88 < 92. (The reason t56 ≤ 88) is that she never plays more than 11 games in a given week.) It follows that at
least one of tn − tm, tm − tk is 23.

Comment: I think this is in many ways a very pretty little problem illustrating the power of mathematics to make the
non-obvious obvious.

∗In proving that there are m,n,m < n such that tn − tm = 23, one should not disregard the possibility that she played 23 games on the
beginning on day 1. To capture this we need to artificially bring in a day 0. As it turns out, the problem could have added the condition that the
consecutive days begin on day 2 or later; then one has only 56 tn’s; still enough pigeons so three fall in the same hole.
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Textbook, Problem 3.4.22. Presenter: Johanna Inspired by the Divisibility by Nine example, discover and prove a
similar statement for divisibility by 11.
Solution. The thing to notice for a test of divisibility by eleven is that 10k+(−1)k−1 is divisible by eleven for k = 1, 2, 3, . . ..
In other words, every number in the sequence

11, 99, 1001, 9999, 10001, . . .

is a multiple of 11. The proof is simple, we only have to recall that ak − bk = (a− b)(ak−1 + ak−2b+ · · ·+ bk−1). Thus

10k + (−1)k−1 = 10k − (−1)k = (10− (−1))(10k−1 − 10k−2 + 10k−3 ± · · · ) = 11(10k−1 − 10k−2 + 10k−3 ± · · · ).
So let us define for a given number n the alternating sum of digits by: If n = d1d2 . . . dm, then

a(n) = dm − dm−1 + dm−2 ∓ · · · .
for example, if n = 347, then a(n) = 7− 4 + 3 = 6, if n = 456792, then a(n) = 2− 9 + 7− 6 + 5− 4 = −5. Here is the test:

The number n is divisible by 11 if and only if a(n) is divisible by 11.
Proof. Let n = d1 . . . dm be the decimal expansion of n so that d− 1, . . . , dm ∈ {0, 1, . . . , 9} and

n = 10m−1d1 + · · ·+ 10dm−1 + dm =

m−1∑

k=0

10kdm−k.

Since I am not going to assume that d1 6= 0, we may assume that m is even; this simplifies a bit the notation. It amounts to
adding a leading 0 to numbers with an odd number of digits, say writing 0763 for 763. Then

a(n) = dm − dm−1 ± · · · − d1 =

m−1∑

k=0

(−1)kdm−k.

Thus

n− a(n) =

m−1∑

k=0

(
10k − (−1)k

)
dm−k =

m−1∑

k=0

(
10k + (−1)k−1

)
dm−k.

By the remarks preceding this proof, every term in the last sum is divisible by 11, hence so is the sum. This proves that 11
always divides n− a(n); it follows that n is divisible by 11 if and only if a(n) is divisible by 11.
Comments. The notation would have been simpler if I had written the number n in the form n = dm . . . d1d0 so that

n =

m∑

k=0

10kdk. But I decided to stick to the same notation I used in my mailing to the class after the presentation by team

D.
This is a practical test. For example, consider the exercise: List all six digit integers, if any, beginning with 1234 that are

divisible by 11. Such an integer looks like 1234ab where 0 ≤ a, b ≤ 9. The criterion tells us that b−a+4−3+2−1 = b−a+2
has to be divisible by 11. Now −9 ≤ b − a ≤ 9 so −7 ≤ b − a + 2 ≤ 11. In this range, the only numbers divisible by 11
are 0 and 11, so b − a + 2 = 0, 11 or b − a = −2 or b − a = 9. For b − a = −2; i.e., a = b + 2 the choices are a = 2, b = 0,
a = 3, b = 1, . . . , a = 9, b = 7, providing us with the integers

123420, 123431, 123442, 123453, 123464, 123475, 123486, 123497.

For b− a = 9; i.e., b = a+ 9, the only choice is a = 0, b = 9, and we have to add 123409 to the list.

Missing: The problems presented by Lauren, Ivan, and Chassidy.

2 Additional Problems

3. (Symmetry) How many subsets of the set {1, 2, 3, 4, . . . , 30} will have the property that the sum of the elements of
the subset is greater than 232?
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Solution. Let S be the set of all subsets of {1, 2, 3, 4, . . . , 30}, let U be the set of all subsets of {1, 2, 3, 4, . . . , 30} with
the property that the sum of their elements is greater than 232, and let V be the set of all subsets of {1, 2, 3, 4, . . . , 30}
with the property that the sum of their elements is less than or equal to 232. Obviously U ∩ V = ∅ and S = U ∪ V.
Denoting by #(A) the number of elements of a set A, this implies that #(S) = #(U) + #(V). Now if we add all the
elements of {1, 2, . . . , 30}, we get 1 + 2 + · · ·+ 30 = (30)(31)/2 = 465. Denoting by

∑
(A) the sum of the elements of a

subset A of {1, 2, . . . , 30}, and by A′ its complement in {1, 2, . . . , 30}, we must have
∑

(A) +
∑

(A′) = 465 for all these
subsets. If A ∈ U , then ∑

(A) > 232 and

∑
(A′) = 465−

∑
(A) < 465− 232 = 233,

so that
∑

(A′) ≤ 232 and A′ ∈ V. Similarly, if A ∈ V, then A′ ∈ U . It follows that the mapping A 7→ A′ maps U to
V in a 1-1 and onto fashion. It is 1-1 because A′ = B′ implies A = (A′)′ = (B′)′ = B; it is onto because if B ∈ V,
then B = A′, where A = B′ ∈ U . Thus #(U) = #(V); since we know from some previous course (or courses) that
#(S) = 230, we now have

230 = #(U) + #(V) = 2#(U),
hence #(U) = 230/2 = 229.

4. (Symmetry) Given that
(1 + tan 1◦)(1 + tan 2◦) · · · (1 + tan 45◦) = 2n,

find n.

Note: Given that n could easily be found using a calculator, especially a programmable calculator, no credit is given
for just finding n. A proof of the equality is required.

Solution. We show first that if x is an angle whose measure (in degrees) is x with 0 ≤ x ≤ 45, then

(1 + tanx)(1 + tan(45− x)) = 2.

Note. To prove an equality of the form a = b, there is nothing wrong with working on both sides until they come out
equal, as long as one is absolutely certain that every step one does is reversible. To start with a = b, to operate on
both sides and end with, for example, 1 = 1, proves nothing!. I will prove now 5 = 6.

5 = 6,

0 · 5 = 0 · 6,
0 = 0.

Since 0 = 0, we are done. The point is that it is not enough to reduce both sides to a common entity, one has to be
able to reverse the steps. To be on the safe side, one should take one side of the presumed equality and try to reduce
it to the other side. And one should remember:

Important Rule: If you want to prove a = b, the moment you write a = b you are either done, or you are assuming
what you have to prove. It is illegal to write a = b if you are trying to prove a = b, except as last line of the proof.

We have

tan(45− x) =
tan 45− tanx

1 + tan 45 tanx
=

1− tanx

1 + tanx
.

Thus

1 + tan(45− x) = 1 +
1− tanx

1 + tanx
=

2

1 + tanx

and

(1 + tanx)(1 + tan(45− x)) = (1 + tanx) · 2

1 + tanx
= 2
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as asserted. Since 1 + tan 45 = 2, and since 23 ≤ k ≤ 44 if and only if 1 ≤ 45− k ≤ 22, we now have:

45∏

k=1

(1 + tan k) =

(
22∏

k=1

(1 + tan k)

)
·
(

44∏

k=23

(1 + tan k)

)
· (1 + tan 45)

=

(
22∏

k=1

(1 + tan k)

)
·
(

22∏

k=1

(1 + tan(45− k))

)
· 2 =

(
22∏

k=1

(1 + tan k)(1 + (tan(45− k)

)
· 2

=

(
22∏

k=1

2

)
· 2 = 222 · 2 = 223.

Thus n = 23.

5. (Extreme Principle) There are 2,000 points on a circle, and each point is given a number that is equal to the average
of the numbers of its two nearest neighbors. Show that all the numbers must be equal.

Solution. If p is one of the points, let n(p) be the number assigned to p. Let a = maxp n(p). I’ll prove that all the
numbers equal a. Assume not. Then there must exist a point q on the circle such that n(q) = a and at least one of its
neighbors has been assigned a number > a. That is, there must exist points p, q, r on the circle such that q is between
p and r, and is a nearest neighbor to both, n(q) = a, and one of n(p), n(r) is larger than a. In fact, there must be at
least one point q0 with n(q0) = a. Moving counterclockwise around the circle from q0, there must be a first point r such
that n(r) > a, otherwise we’ll end back at q0 with all numbers equal to a. Let q be the point immediately preceding r;
then n(q) = a. It is possible that q = q0. Let p be the point on the other side of q; that is the other nearest neighbor of
q. Now n(p) ≥ a, n(r) > a implies that (n(p) + n(r))/2 > a = n(q), contradicting the condition that every point gets
assigned a number equal to the average of the numbers of its two nearest neighbors.

6. (Pigeonhole Principle) Show that among any n + 2 integers, either there are two whose difference is a multiple of
2n, or there are two whose sum is a multiple of 2n.

Solution. Suppose the integers are denoted by a1, . . . , an+2, and let r1, . . . , rn+2 be the corresponding remainders
mod 2n if ri = rj for some i 6= j, then 2n|(ai− aj) and we are done. Assume thus that all the numbers r1, . . . , rn+2 are
distinct. Think of these remainders as pigeons, of the numbers from 0 to 2n − 1 as holes. What we really care about
are the holes labelled 1, . . . , 2n− 1. Of the n+1 pigeons, at least n+1 occupy distinct holes in that range (there could
be a pigeon in hole 0), leaving at most 2n− 1− (n+ 1) = n− 2 free holes.

The numbers 2n − r1, . . . , 2n − rn+2 form another set of n + 2 distinct numbers, but in the range 1, . . . , 2n. One of
them can be in the hole labelled 2n, thus at least n+ 1 must occupy the holes labelled 1, . . . , 2n− 1. There were only
n− 2 free holes left so we must have at least three of the holes occupied by the r′js now holding also a number of the
form 2n− rk. Notice that rj + rk = 2n and rj = rk (i.i., j = k) can happen only if rj = n = rk, so of the three holes
containing two numbers rj , 2n− rk, at least two will contain such numbers with j 6= k. This establishes that there exist
two distinct numbers of the set, aj , ak,, such that

aj + ak ≡ rj + rk = 2n(mod 2n).

Comment. It seems that some waste happened here, we had three pigeonholes at the end, where two would have
sufficed. But if we only have n+ 1 numbers, we could have one rj = 0, n of the rj ’s in the holes 1, . . . , 2n− 1, leaving
n− 1 empty holes. If now one of the rj ’s equalled n, we will have one of the 2n− rk’s equal to 2n, one equal to n, and
the remaining n− 1 can fit nicely into the still open holes. For example, with n = 3, consider the four integers 0, 1, 2,
3. Clearly, taking any two of them, neither their sum nor difference is divisible by 6. For this to happen, I needed one
of the bunch to be divisible by 6 (namely 0) and one divisible by 6/2.

A second proof, perhaps a better one. Let a1, . . . , an+2, r1, . . . , rn+2 be as before. Let our pigeonholes be the
n+ 1 sets

{0}, {1, 2n− 1}, {2, 2n− 2}, . . . , {n− 1, n+ 1}, {n}.
These sets are pairwise disjoint and their union is the set of all residues mod 2n; i.e., the set {0, 1, . . . , 2n − 1}. It
follows that each rk is in one of these sets and, since there are n + 2 of the rk’s but only n + 1 of the sets, one of the
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sets must contain two of the rk’s. To be more precise, there must be indices k 6= j such that rk, rj fall into the same
set from the list. If rk, rj ∈ {0}, then 2n|ak, 2n|aj and both aj + ak and aj − ak are divisible by 2n. If rk, rj ∈ {n},
then rk + rj = 2n and 2n|ak + aj . Otherwise, rk, rj ∈ {`, 2n − `} for some ` ∈ {1, . . . , n − 1}. The possibilities are, if
we assume (as we may without loss of generality) that rk ≤ rj : rk = rj = `, rk = rj = 2n − `, or rk = `, rj = 2n − `.
In the first two cases, 2n|ak − aj , in the third case, 2n|ak + aj .

7. (Pigeonhole Principle) Show that for every positive integer n, there exists a positive multiple of n whose decimal
expansion contains only the digits 0 and 7.

Solution. Let n ∈ N. By the pigeonhole principle, two of the set of n+ 1 numbers

7, 77, . . . ,

n∑

k=0

7 · 10k

have the same remainder when divided by n. The difference of these two numbers will have a decimal expansion
consisting of a string of 7’s followed by a string of 0’s, and will be a multiple of n.

Hint: More of the same. The numbers 7, 77, 777, 7777, . . . may play a role; that is an infinite list of numbers; too many
to fit separately into any finite number of pigeonholes.

8. (Invariants) Start with a set of lattice points. Each second, add a new lattice point to those you already have by
performing one of the following operations.

(a) The point (x, y) “gives birth” to the point (x+ 1, y + 1).

(b) If x, y are both even, the point (x, y) “gives birth” to the point (x/2, y/2).

(c) The pair of points (x, y), (y, z) “gives birth” to the point (x, z).

For example if we start with the single point (7, 3), operation (a) yields the point (8, 4), then operation (b) yields (4, 2),
using operation (a) 5 times in a row, we get (9, 7). Then (9, 7) and (7, 3) give us by operation (c) the point (9, 3). Etc.

If we start with the single point (7, 29), is it possible to get, via these operations, the point (3, 1999)?

Solution. The three operations have the following obvious property: If If n is an odd integer dividing y − x for all
points (x, y) constructed up to a certain moment, then it will also divide y − x for all new points yet to be created.
That operation a) preserves divisibility by n is trivial. Concerning operation 2, assume x, y are even, and n|y−x. And
here is where most of you were less than precise with the argument. Since x, y are even, so is x− y and we
can write x− y = 2k. Now n|2k; since n is odd, gcd(n, 2) = 1, hence n|k. Thus n|(y2 − x

2 ) = k. If n|(y−x) and n|z− y)
it is again trivial that n|z − x = (z − y) + (y − x). It follows that if we start with a set of lattice points, each having
the property that the second minus the first coordinate is divisible by the odd number n, then all points that can be
created from these will have the same property. In the case of the exercise, one starts with (7, 29) and 29 − 7 = 22,
which is divisible by the odd number 11.All points (x, y) created henceforth must satisfy 11|y − x; 1999− 3 = 1996 is
not a multiple of 11, hence (3, 1999) is not constructible from (7, 29) by these operations.

9. Graphs, maybe

(a) Given six people at a party, show that either three of them have met before, or three are complete strangers to
one another.

(b) Seventeen people are at a party. It turns out that for each pair of people present, exactly one of the following
statements is true: “They haven’t met before,” “They are good friends,” or “They hate each other.” Prove that
there must be a trio (3) of people, all of whom are mutual strangers, mutual good friends, or mutual enemies.

Solution.

(a) Let the people be A,B,C,D,E, F . Concentrate on A (at first). Of the five other people, A either has met at least
three before, or never have met at least three of them. If you divide a set of five into two disjoint sets, one of
the sets must have at least three elements. Let us assume that A met at least three of B,C,D,E, F ; say B,C,D.
Now we have two possibilities: B,C,D are complete strangers to each other, and we are done (we have our set of
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three complete strangers) or two of them, say B,D have met before. Then A,B,D have met before, and we have
our set of three that met before. The case in which A has never met B,C,D is similar; in this case either B,C,D
have met before, or two of them, say B,D never met. In the first case we have a set of three who have met before,
namely B,C,D; in the second case A,B,D are complete strangers. One can, of course, do a nice visual proof
using a graph (as illustrated in the video about Erdős).

(b) Her it could be best to imagine a graph of seventeen vertices numbered 1, 2, . . . , 17. We join two vertices a, b with
a blue edge if a, b have never met before, a green edge if they are good friends, a red edge if they are enemies.
Consider vertex 1; vertex 1 has sixteen edges in three colors; since d16/3e = 6, at least 6 edges are in one of the
colors, say blue. We may assume without loss of generality that the vertex we are considering is vertex 1, and
the edges from 1 to 2, 3, 4, 5, 6, 7 are blue. If any edge joining two vertices of the set {2, 3, 4, 5, 6, 7} is blue, we
are done. For example, if the edge from 2 to 3 is blue, then 1, 2, 3 is a blue triangle. Otherwise all edges of the
subgraph of vertices 2, 3, 4, 5, 6, 7, are either green or red, but then we are in the previous case a) and there has
to be either a green or a red triangle.
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