
Subsequences and friends

1 A few words about infinities

Life used to be easy. There was infinity, of course, Archimedes had shown that. Mathematicians were accustomed
to dealing with infinity; it wasn’t a big deal. Calculus is now simply called calculus because infinitesimals went
into disrepute, but the original name was Infinitesimal Calculus, the calculus of the infinitely small. And then
came Cantor.

What Georg Cantor (1845-1918) showed was that there was an infinity of infinities, every infinity being puny
and insignificant when compared to the next infinity. And the world of mathematics was never the same. The
smallest infinity is that of the integers, or (equivalently) that of the natural numbers. He was surprised to discover
that the rational numbers were no more numerous than the integers. But the reals. . . , that was another thing.
The reals were uncountable, their infinity was way above the natural numbers’ infinity. One thing to perhaps keep
in mind is that if you can list the elements of a set in the form of a sequence, the set is countable. So if you say,
for example, let A be a set and let us denote the elements of A by a1, a2, a3, . . ., you are implicitly assuming A is
countable.

Here is something to perhaps think about. Suppose you make a list of real numbers: x1, x2, x3, . . .. Well, most
real numbers are not on the list. So you start a new list with the remaining ones: y1, y2, y3, . . .. And then another
one. And another one. Even if you could do this an infinity of times, you would miss the bulk of the reals, most
real numbers would not be in your lists.

The elements of a countable set can be listed. A set whose elements can be listed is countable. If a set is
uncountable, even an infinite (countable) number of lists will not get close to exhausting its elements.

2 Subsequences

Informally, a subsequence of a sequence is a sequence you can form by skipping some terms of the original sequence.
For example, given a sequence {an} consider only the terms with even sub-index (i.e., omit all odd-indexed terms);
you get the subsequence {a2n} of even terms. The sequence of primes {pn} = {2, 3, 5, 7, 11, . . .} is a subsequence of
the sequence of natural numbers {n} = {1, 2, 3, . . .}. You get this subsequence by skipping all non-prime numbers.

Instead of “skipping” we can be more positive and say that a subsequence of a sequence is what you get when
you go along the sequence, in order, and select some of its terms, perhaps skip others. The precise definition is given
in the textbook. I will repeat it here in a moment, but I want to state first some consequences of this definition.

• Every sequence is a subsequence of itself.

• A subsequence of a sequence is a sequence in its own right; thus it has subsequences.

• A subsequence of a subsequence of a sequence is a subsequence of the original sequence.

Here is a first more precise definition of a subsequence of a sequence. Given a sequence {an}, a subsequence of
{an} is any sequence formed as follows. Select a strictly increasing sequence of positive integers, and then consider
only the terms of the original sequence having these integers as sub-indices. Traditionally, if the sequence is {an},
one denotes the selected sequence of integers by {nk}, so that nk ∈ N for all k ∈ N and

1 ≤ n1 < n2 < n3 < · · · ,

and then the subsequence is denoted by {ank
}. In this notation: k is the subsequence index; the k-th term of

the subsequence is the nk-th term of the original sequence. Generally speaking, {ank
} = {anj}; we are just using

different symbols to denote the sub-indices of the subsequence. But chances are that {ank
} = {amk

}, because {mk}
and {nk} could be totally different sequences of integers. Here are some examples. Assume given a sequence {an}.
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1. We can select nk = k for all k. In other words, the strictly increasing sequence of integers we select consists
of all integers. Then {ank

} = {ak} = {an}. The subsequence we get is the sequence itself.

2. We can select nk = 2k for k ∈ N; so the selected subsequence is 1 ≤ n1 = 2 < n2 = 4 < n3 = 6 < · · · . We
get the sequence of even terms: {ank

} = {a2k} = {a2n}. Changing the “dummy variable” k to n is perfectly
legal; merely a change of notation.

3. We can select nk = 2k, so our sequence of selected sub-indices is 2 < 4 < 8 < 16 < · · · . This gives us the
subsequence

{a2k} = {a2, a4, a8, a16, . . .} = {a2n} = {a2m}.

4. Consider the subsequence {a2k} of {an}; the one of the second example.The index is k; we can take a
subsequence of this sequence by selecting indices k1 < k2 < k3 < · · · . For example, we can select k1 =
2, k2 = 4, k3 = 6, etc.; in other words kj = 2j for j = 1, 2, 3, . . .. This produces the subsequence {a2kj} of the
subsequence of even terms; now

{a2kj} = {a4j} = {a4n};

this is the subsequence of {an} obtained by selecting n1 = 4, n2 = 8, n3 = 12, etc.; that is, nk = 4k.

Please, try to understand all this.
The formal definition of subsequence recalls that the definition of a sequence is as a function of domain N. We

now have:

Definition 1 We say that a sequence {bn} is a subsequence of the sequence {an} iff there exists a strictly
increasing function φ : N → N such that bn = aφ(n) for each n ∈ N.

A function φ : N → N is strictly increasing iff φ(n) < φ(m) whenever n < m.

It is traditional to use different symbols for the sub-indices of the sequence and subsequence (a tradition that
can be broken without warning!), so that if the symbol for the sub-indices of the sequence is n, the one for the
subsequence is k (or j, or r, or whatever). Then the definition would read: We say that a sequence {bk} is a
subsequence of the sequence {an} iff there exists a strictly increasing function φ : N → N such that bk = aφ(k) for
each n ∈ N.

The next traditional thing is to write nk for φ(k); then bk = ank
. In the examples above, the function φ is

given by:

1. In the first example, φ : N → N is the identity function; φ(n) = n for all n.

2. In the second example, φ(n) = 2n for all n.

3. In the third example, φ(n) = 2n for all n.

As defined above, given a sequence {an}, a subsequence of {an} is a sequence {bn} such that bn = aφ(n), where
φ : N → N is strictly increasing. Suppose {cn} is a subsequence of {bn}. That means there is a strictly increasing
ψ : N → N such that cn = bψ(n). Now bn = aφ(n) and if one doesn’t allow notation to get the better of one,
one realizes that this means (in particular) that bψ(n) = aφ(ψ(n)). In other words, cn = aφ◦ψ(n). The function
φ ◦ ψ : N → N is a strictly increasing function, thus the sequence {cn} is a subsequence of the sequence {an}.
Briefly, a subsequence of a subsequence is a subsequence.


