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Abstract. A natural numerical measure of consanguinity is developed

that applies to individuals with arbitrary multiple kinship connections. For

simple relationships the consanguineal distance specializes to the civil degree,

less two if the relationship goes through full siblings. This measure is deduced

from axioms motivated by an heuristic picture of blood mixtures. The for-

mula suggests a quantum mechanical probability interpretation whose classical

counterpart yields a generalization of the Murdock degree of consanguinity.

In this paper we introduce a consanguinity coe�cient � that measures the degree
of consanguinity between people with arbitrary multiple kinships relations. This co-
e�cient does not measure genetic closeness in the manner of Mal�ecot's coe�cient of

coancestry [4]. Rather it corresponds to the naive view that consanguinity means
similarity of blood, and that the blood of any individual is a mixture of equal parts of
the blood of his two parents. We use this model as the motivation for our computa-
tions since it seems to reect a deeply ingrained attitude toward kinship as evidenced
by the expressions \blood relative", \royal blood", etc. In the absence of multiple
kinship relations, � is 2�d where d is the civil degree of consanguinity, that is, the
sum of the removals from the nearest common ancestor [1]. Thus for unrelated in-
dividuals, � is zero, for a child and either of his unrelated parents � is one half, and
for half-siblings � is one quarter.

From a mathematical point of view, multiple kinship relations in our society are
the rule rather than the exception, because related individuals are typically common
descendants of a pair of spouses, and thus are related in two distinct ways. The
canonical example is the relation between full siblings which derives from both the
father and the mother. In terms of the blood model, full siblings share two di�erent
kinds of blood in the same proportions. Since the blood of full siblings is thus iden-
tical, we are led to maintain with Kendall [3] that � is one for full siblings, and that
� is 2�d+2 for simple relationships that go through full siblings. Thus � is one half
for an aunt and niece, just like for a mother and daughter, the two nearest common
ancestors being the aunt's parents, and d being 1 + 2 = 3.

For persons with multiple kinship relations other than descent from siblings the
problem is more complex. The simplest situation is that of multiple ancestry, such
as when a maternal great-grandfather is also a paternal great-great-grandfather.
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Computation of � between an individual and his multiple ancestor is achieved by
adding the consanguinity coe�cients for each relationship. In our example � is
1=8 + 1=16 = 3=16.

The general problem is to compare two individuals p and q who have n unrelated
common ancestors. If a set S of common ancestors is chosen so that every blood tie
between p and q is a consequence of how they are descended from individuals in S,
then S is said to constitute an hematic basis for p and q, a notion which will be made
precise later. If x1; x2; : : : ; xn and y1; y2; : : : ; yn are the consanguinity coe�cients of p
and q with the individuals in an hematic basis S, then

� = (
p
x1y1 +

p
x2y2 + � � �+p

xnyn)
2 :

This somewhat surprising formula is analogous to certain computations in quantum
mechanics. The apparently more natural formula

x1y1 + x2y2 + � � � + xnyn;

which can take on di�erent values for di�erent choices of the hematic basis S, is
related to the Murdock degree [1] and to Mal�ecot's fundamental correlation [4]. The
entire procedure for computing � is derived from a few assumptions on the nature of
� in the form of six axioms.

The author wishes to thank the Department of Physics, Princeton University, for
their hospitality and inspiration during the writing of this paper, the Institute for
Defense Analyses, Communications Research Division, for their support during its
revision, and John Atkins and Paul Ballono� for their encouragement and suggestions.

1. Monohematic relatives

The basic objects we shall be dealing with are individuals. To each individual is
associated a pair of distinct individuals called his parents. An ancestral chain
from q to p is a sequence of individuals q = a0; a1; : : : ; an = p such that ai is a parent
of ai�1 for each i from 1 to n. We call n the length of the chain and say that p is
an ancestor of q, or that q is a descendant of p. Two individuals are related if
they have a common ancestor, unrelated otherwise. It is convenient to allow the
length of an ancestral chain to be zero, and thus consider an individual to be his
own ancestor. We shall refer to this as the ancestral convention. However, we
do assume that there are no ancestral chains from an individual to himself of length
greater than zero.

If S is a set of individuals, let G(S) consist of the individuals in S together with
those individuals whose parents are both in S. Let G2(S) = G(G(S)) and, in general,
Gj+1(S) = G(Gj(S)). We say that S generates an individual q if q is in Gn(S) for
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some positive integer n. Notice that q is in Gn(S) if and only if every ancestral
chain from q of length n contains an individual in S. A member of a set is said to
be isolated if it is unrelated to any other member of that set. An ancestor p of q
is called a monohematic ancestor of q if p is an isolated member of a set that
generates q. This says that every relationship between p and q is that of ancestor to
descendant.

We illustrate these notions with a classical example. Laius and Jocasta are the
(unrelated) king and queen of Thebes. Their son, Oedipus, marries Jocasta and they
have a daughter Antigone. Now Jocasta is a monohematic ancestor of Antigone, since
Jocasta is an isolated member of the set fLaius, Jocastag which generates Antigone.
Notice that Jocasta is mother and grandmother to Antigone, which are both ancestral
relationships. Oedipus, on the other hand, is not a monohematic ancestor of Antigone.
In fact any set that generates Antigone must contain either Antigone or an ancestor of
Jocasta (remember the ancestral convention). Hence Oedipus cannot be an isolated
member of such a set. The trouble is that Oedipus is a half-brother of Antigone,
which is not an ancestral relationship.

Our goal is to de�ne, for each pair of individuals p and q, a number �(p; q) that
measures the consanguinity of p and q. Taking the word \consanguinity" literally
suggests that �(p; q) should be something like the proportion of blood that p and
q have in common. To make this precise, let S be a set that generates q. Every
individual generated by S may be thought of as having blood which is a mixture of
the blood of individuals in S, a child having a blood mixture consisting of half from
each parent. If p is an isolated member of S, then it is natural to set �(p; q) equal
to the proportion of q's blood that comes from p. This motivates the following three
axioms for �.

1. �(p; p) = 1.

2. �(p; q) = 0 if p and q are unrelated.

3. If p is an isolated member of a set S that generates the parents q1 and q2 of an
individual r, then �(p; r) = �(p; q1)=2 + �(p; q2)=2.

We arrive at axiom (1) by considering S = fpg, axiom (2) by considering S =
fp; qg. These three axioms enable us to compute �(p; r) whenever p is a monohematic
ancestor of r. For example, if p and q1 are unrelated parents of r, then letting q2 = p
in axiom (3), and applying axioms (1) and (2), we �nd that �(p; r) = 1=2. Taking
p to be a parent of q2 in axiom (3) we �nd that � = 1=4 for grandparent and
grandchild. Continuing in this manner we �nd that if the relationship between p and
r is determined by a single ancestral chain, then �(p; r) = 2�n where n is the length of
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the chain. The number n = � log2 � is the degree of consanguinity in both civil and
canon law [1], so our procedure agrees with the conventional wisdom to this point.
For complicated relationships it is more convenient to deal with � and convert to the
consanguineal distance � log2 � at the end, if desired.

For our classical example we have:

�(Jocasta, Antigone) = �(Jocasta, Oedipus)=2 + �(Jocasta, Jocasta)=2

= 1=4 + 1=2 = 3=4:

In general we can compute �(p; q) for a monohematic ancestor p of q by �nding
all chains from q to p, writing down their lengths n1; n2; : : : ; nk, and setting

�(p; q) = 2�n1 + 2�n2 + � � �+ 2�nk :

This formula may be proven from the axioms, if desired, by induction on the longest
ancestral chain from q to p.

We say that r and s aremonohematic relatives if they have a common monohe-
matic ancestor p who is a descendant of any other common ancestor. The individual
p is called the least common ancestor of r and s. Every monohematic ancestor
is trivially a monohematic relative (remember the ancestral convention). If r and s
are maternal half-brothers, then they are monohematic relatives with p being their
mother, provided that their fathers are unrelated. Full siblings are not monohematic
relatives since they have no common ancestor who is a descendant of both their father
and their mother.

Let r and s be monohematic relatives with least common ancestor p. We know how
to compute �(p; r) and �(p; s). Now the blood of s may be thought of as consisting
of the blood of p in the proportion �(p; s), with the rest being totally unrelated to r.
So it is natural to de�ne the consanguinity between r and s to be �(p; s) times the
consanguinity of r and p. We state this as an axiom.

4. If r and s are monohematic relatives with least common ancestor p, then
�(r; s) = �(p; r)�(p; s).

The simplest example of a monohematic relative other than an ancestor is a half-
sibling. Axiom (4) implies that � = 1=4 for half-siblings. The rationale, applied
to this particular case, is as follows. Suppose r and s are half-siblings with com-
mon parent p. Sibling s has the blood of p diluted with an equal amount of blood
totally unrelated to r. So the consanguinity of r with s should be one half of the
consanguinity of r with p. Hence �(r; s) = �(r; p)=2 = 1=4.
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Since monohematic relatives other than ancestors are the exception rather than
the rule, we shall introduce the principle of sibling equivalence in order to compute
� for the standard relationships. This principle states that, for the purposes of
determining consanguinity, full siblings may be treated as a single individual. It is
clear from our heuristic arguments for the axioms why this should be so. Full siblings
have identical blood, consisting of half from each parent. In the words of Kendall [3]
who also espouses this point of view, \It is not, perhaps, a pleasant thought that a
parent or a child is only half as much to us as a brother or sister, but it must be so in
reality." We need not introduce sibling equivalence formally, for its consequences will
follow from the general theory. However it is a convenient device for computation.

With sibling equivalence, and axioms (1) to (4), we can compute � in all cases
not involving multiple kinship relations, other than through siblings, in addition to
being able to handle multiple ancestral relationships. Our � for simple kinship agrees
with the ancestral values tabulated by Kendall [3]. We give a few examples. For
full siblings � = 1 by axiom (1) and sibling equivalence. For an aunt and nephew
� = 1=2 since an aunt is the same as a parent. For cousins � = 1=4 since cousins
may be considered as half-siblings upon equating their sibling parents. In general we
have �(p; q) = 2�d+2 for simple relationships that go through full siblings, where d is
the civil degree of consanguinity [1], that is, the sum of the removals from a nearest
common ancestor.

2. Hematic bases

We are now ready to tackle the general problem. Our basic tool is the notion of an
hematic basis for the individuals p and q. This is a set H such that

(a) Each individual in H is a common ancestor of p and q.

(b) Each common ancestor of p and q is an ancestor or a descendant of some
individual in H.

(c) There is a set S containing H, that generates p and q, in which each individual
in H is isolated.

Notice that condition (c) requires that the individuals in H be unrelated. The
idea underlying all this is to insure that any blood common to p and q arises as a
consequence of how they are descended from individuals in H. We shall assume that
each pair of individuals has an hematic basis. Consanguinity could be de�ned under
weaker assumptions in some cases, such as full siblings, but this type of assumption
is needed in general lest we be required to consider an in�nitude of ancestors for
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one determination of consanguinity. Full siblings may be treated in full generality, if
desired, by viewing them as identical, in accordance with sibling equivalence.

Our classical example will clarify this de�nition. The set fLaius, Jocastag is an
hematic basis for Oedipus and Antigone. Notice that it would not be an hematic
basis if the phrase \or a descendant" were omitted from the statement of condition
(b), since Oedipus is a common ancestor of himself and Antigone (remember the
ancestral convention), but is not an ancestor of either Laius or Jocasta. The set
fOedipusg satis�es conditions (a) and (b) but not (c) of an hematic basis for Oeidpus
and Antigone, for if the set S contained Oedipus and generated Antigone, S would
have to contain either Antigone or an ancestor of Jocasta, so Oedipus would not
be isolated in S. On the other hand it is easily seen that fJocastag is an hematic
basis for Jocasta and Antigone. Indeed it is readily veri�ed that p is a monohematic
ancestor of q if and only if the set fpg is an hematic basis for p and q.

Suppose H = fa1; a2; : : : ; ang is an hematic basis for p and q, and let S be the
set guaranteed by condition (c). We may think of the blood of p as consisting of the
blood of ai in the proportion �(p; ai) for i between 1 and n, together with a remainder
that comes from individuals in S but not in H. This remainder must be unrelated
to q, because if an ancestor of p in S is related to an ancestor of q in S, then they
have a common ancestor who is thus a common ancestor of p and q, so either an
ancestor or a descendant of someone in H. But each individual in H is isolated in S,
so cannot have an ancestor or a descendant who is an ancestor of another individual
in S. Similarly the blood of q consists of the blood of the ai in the proportions
�(q; ai), with the remainder unrelated to p. Since every blood tie between p and q
is a consequence of how they are descended from the unrelated individuals ai, it is
reasonable to assume that �(p; q) depends only on the numbers �(p; ai) and �(q; ai)
for i between 1 and n. This assumption is closely related to the principle of sibling
equivalence. Moreover, axiom (4) and its motivating arguments indicate that �(p; q)
depends only on the products �(p; ai)�(q; ai) for i between 1 and n. We state this as
our penultimate axiom.

5. There is a function F of n variables so that if H = fa1; : : : ; ang is an hematic
basis for p and q, then �(p; q) = F (z1; : : : ; zn) where zi = �(p; ai)�(q; ai) for i
between 1 and n.

Our last axiom is on the form of the function F . Suppose, in the above set-up,
that �(p; ai) = �(q; ai) = xi for each i. Then the blood of p and q consists of a
proportion x1+ x2+ � � �+ xn that is identical, with the remainder unrelated. This is
exactly like the case of monohematic relatives. The same reasoning as before leads us
to the conclusion that �(p; q) = (x1+ x2+ � � �+ xn)2. This translate into a condition
on the function F .
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6. The function F in axiom (5) satis�es

F (x21; x
2
2; : : : ; x

2
n) = (x1 + x2 + � � �+ xn)

2:

This last axiom determines the function F , hence �(p; q). Indeed, letting xi =
�(p; ai) and yi = �(q; ai), where the ai are the elements of an hematic basis for p and
q, we get

�(p; q) = F (x1y1; : : : ; xnyn) = F
�p

x1y1
2; : : : ;

p
xnyn

2
�

=
�p

x1y1 + � � �+p
xnyn

�2
:

It is instructive to work out this formula for full siblings p and q with unrelated
parents a1 and a2. We have �(p; a1) = �(q; a1) = �(p; a2) = �(q; a2) = 1=2, so

�(p; q) =
�q

1=4 +
q
1=4

�2
= (1=2 + 1=2)2 = 1:

We can now compute the coe�cient of consanguinity for Oedipus and Antigone.
The set fLaius, Jocastag is an hematic basis, and we have

�(Oedipus, Laius) = 1=2

�(Oedipus, Jocasta) = 1=2

�(Antigone, Laius) = 1=4

�(Antigone, Jocasta) = 3=4

so

�(Oedipus, Antigone) =
�q

1=8 +
q
3=8

�2

= (0:35355 + 0:61237)2 = (0:96592)2 = 0:933:

If we wish to convert this to a consanguineal distance we get d = � log2 � =
� log2 0:933 = 0:100.

The computation of � involves a choice of hematic basis. If we choose a di�erent
hematic basis we might conceivably get a di�erent value for �. To see why we don't,
suppose H is an hematic basis for p and q, and r is a common monohematic ancestor
of p and q who has an ancestor in H. Construct H 0 by removing all ancestors of
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r from H and replacing them by r. It is not di�cult to verify that H 0 is also an
hematic basis, and that � computed from H 0 is the same as � computed from H.
Continuing in this manner we construct an hematic basis Hmin with the property
that � computed from Hmin is the same as � computed from H, and every common
monohematic ancestor of p and q is an ancestor of someone in Hmin. This latter
property implies that Hmin is the same no matter what H we start with. Since �
computed from any hematic basis H is the same as � computed from the unique
minimal hematic basis Hmin, we see that � is independent of H.

We close this section with a few remarks about minimal hematic bases. One
could de�ne � using Hmin and avoid any question of dependence on H. Certainly
Hmin should be chosen for any computation. Notice that fLaius, Jocastag is the
minimal hematic basis for Oedipus and Antigone, so even if we restrict ourselves to
Hmin, the phrase \or a descendant" cannot be removed from condition (b) for an
hematic basis. However it is true that every common monohematic ancestor is an
ancestor of someone in Hmin. Sometimes, of course, it is true that every common
ancestor is an ancestor of someone in Hmin. This is equivalent to every common
ancestor's being a common monohematic ancestor, and can occur even when p and
q have blood ties as complicated as Oedipus and Antigone's. Such a situation arises,
for example, when p is the child of q's father and of q's maternal half-sister.

3. Quantum mechanics

We shall now summarize our method for computing the consanguinity coe�cient
�(p; q) in such a way as to bring out a striking analogy with the computation of
probabilitites in quantum mechanics. Let fa1; a2; : : : ; ang be the minimal hematic
basis for p and q. Imagine that we choose at random an ancestral chain from p,
that is, at each step in the chain we choose with equal probability between the two
parents. Then the probability of selecting a particular ancestral chain from p to aj
is 2�n where n is the length of the chain. The probability of getting from p to aj
is simply the sum of the probabilities of the various chains from p to aj. This is
precisely the formula we developed for � of a monohematic ancestor.

If p and q are monohematic relatives, and fa1g is an hematic basis for p and q,
then �(p; q) can be interpreted as the probability that random ancestral chains from
p and q meet (necessarily at a1). So far everything is classical probability theory.
Were we to continue in this way and de�ne � as the probability that random paths
from p and q meet, we would end up with a generalization of the Murdock degree [1]
that agrees with Mal�ecot's fundamental correlation [4] in the absence of inbreeding.
That is to say, for simple relationships � would be 2�d where d is the civil degree, less
one if the relationship goes through full siblings. This de�nition has the advantage
of rendering hematic bases superuous in theory, but it violates sibling equivalence
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so it does not yield our �.
To interpret the � we have de�ned in this paper in terms of probabilities, we must

bring in the quantum mechanical notion of an amplitude. In general an amplitude
is a complex number whose absolute value squared is a probability. Under certain
conditions where you think that probabilities should be added, the correct procedure
is to add amplitudes instead. This occurs, for example, when computing the prob-
ability than an electron starting at point A will end up at point B if there are two
paths that it might take from A to B, and the amplitude for each path is known. If
x and y are the amplitudes for the two paths, then the amplitude of going from A to
B is x+ y, so the probability of going from A to B is jx+ yj2 rather than jxj2 + jyj2
which is the sum of the probabilities for each path [2].

For our purposes here we de�ne the amplitude to be the positive square root
of the probability. Let xj = �(p; aj) and yj = �(q; aj). We have seen that xj is
the probability that a random chain from p goes through aj, and that yj is the
probability that a random chain from q goes through aj. Thus xjyj is the probability
that random chains from p and q meet at aj. All this is done in the context of
classical probability theory. Now we wish to compute the (quantum mechanical)
probability that chains from p and q meet at a common monohematic ancestor. Since
fa1; a2; : : : ; ang is a minimal hematic basis for p and q, if the chains meet at a common
monohematic ancestor, they must meet at precisely one aj. It looks like we should
add the probabilities xjyj. That would give us the generalized Murdock degree if
every common ancestor of p and q were monohematic. We add amplitudes instead.
The amplitude that the chains meet at aj is

p
xjyj, so the amplitude that they meet

at some aj is p
x1y1 +

p
x2y2 + � � �+p

xnyn;

and the probability that they meet at some aj is

(
p
x1y1 +

p
x2y2 + � � �+p

xnyn)
2
;

which is our formula for �.
In quantum mechanics the choice between adding amplitudes and adding prob-

abilities is dictated by subtle considerations involving the possibility of determining
which path was taken. Perhaps there is some sort of analogous explanation of why we
must shift to amplitudes to �nish the computation of the coe�cient of consanguinity.
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