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Lv lw uhdvrqdeoh wr gr frqvwuxfwlyh pdwkhpdwlfv zlwkrxw wkh d{lrp ri
frxqwdeoh fkrlfhB Vhulrxv vfkrrov ri frqvwuxfwlyh pdwkhpdwlfv doo dvvxph
lw rqh zd| ru dqrwkhu/ exw wkh dujxphqwv iru lw duh qrw frpshoolqj1 Wkh
ixqgdphqwdo wkhruhp ri dojheud zloo vhuyh dv dq h{dpsoh ri zkhuh frxqwdeoh
fkrlfh frphv lqwr sod| dqg krz wr surfhhg lq lwv devhqfh1 Dorqj wkh zd|/ d
qrwlrq ri d frpsohwh phwulf vsdfh/ vxlwdeoh iru d fkrlfhohvv hqylurqphqw/ lv
ghyhorshg1

E| frqvwuxfwlyh pdwkhpdwlfv L phdq/ hvvhqwldoo|/ pdwkhpdwlfv wkdw lv gh0
yhorshg dorqj wkh olqhv sursrvhg e| Huuhww Elvkrs ^4`1 Pruh suhflvho|/ L phdq
pdwkhpdwlfv wkdw lv grqh lq wkh frqwh{w ri lqwxlwlrqlvwlf orjlf�zlwkrxw wkh
odz ri h{foxghg plggoh1 P| uhdvrqv iru lghqwli|lqj wkhvh qrwlrqv duh glvfxvvhg
lq ^<` dqg ^43`/ wkh edvlf frqwhqwlrq ehlqj wkdw frqvwuxfwlyh pdwkhpdwlfv kdv
wkh vdph vxemhfw pdwwhu dv fodvvlfdo pdwkhpdwlfv1

Uxlwhqexuj ^44` wuhdwhg wkh ixqgdphqwdo wkhruhp ri dojheud lq d fkrlfh0
ohvv hqylurqphqw1 Kh suryhg wkh wkhruhp iru uhdo qxpehuv wkdw duh gh�qhg e|
Fdxfk| vhtxhqfhv ri udwlrqdo qxpehuv1 Dq dznzdug ihdwxuh ri uhvwulfwlqj wr
wklv fodvv ri uhdo qxpehuv lv wkdw/ devhqw frxqwdeoh fkrlfh/ Fdxfk| vhtxhqfhv
ri uhdo qxpehuv qhhg qrw frqyhujh�wkh vsdfh lv qrw vhtxhqwldoo| frpsohwh1
Wklv vhhpv d olwwoh el}duuh= zh lqwurgxfh wkh uhdo qxpehuv ehfdxvh wkh ud0
wlrqdo qxpehuv duh qrw frpsohwh/ exw wkhq qhlwkhu duh wkh uhdo qxpehuv$ L
zrxog vxjjhvw wkdw d surshu wuhdwphqw ri wkh uhdo qxpehuv vkrxog qrw eh
edvhg rq Fdxfk| vhtxhqfhv�wkdw wkh hvvhqfh ri d uhdo qxpehu lv wkdw lw fdq
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eh dssur{lpdwhg e| udwlrqdo qxpehuv/ qrw wkdw lw lv d olplw ri d vhtxhqfh ri
udwlrqdo qxpehuv1

Lq wklv sdshu L ghyhors d jhqhudo wkhru| ri frpsohwlrqv ri phwulf vsdfhv
wkdw lv vxlwhg wr rshudwlqj zlwkrxw frxqwdeoh fkrlfh1 L dovr wdnh d gl�huhqw
ylhz ri zkdw lw phdqv wr frqvwuxfw wkh vshfwuxp ri d sro|qrpldo�lwv vhw
ri urrwv1 Vxfk d vkliw lv hvvhqwldo ehfdxvh zh fdq*w hyhq vroyh txdgudwlfv/ lq
wkh fxvwrpdu| vhqvh/ zlwkrxw frxqwdeoh fkrlfh1 Wkh lghd lv wkdw wkh vshf0
wuxp ri d sro|qrpldo ri ghjuhh ? lv dq hohphqw ri wkh frpsohwlrq ri wkh vhw
ri ?0pxowlvhwv ri frpsoh{ qxpehuv lq dq dssursuldwh phwulf1 Vxfk dq hoh0
phqw pdqlihvwv lwvhoi e| surgxflqj/ iru hdfk 0 : f/ dq ?0pxowlvhw ri frpsoh{
qxpehuv io�c � � � c o?j vr wkdw

T?
�'�Ef � o�� lv zlwklq 0 ri wkh jlyhq prqlf

sro|qrpldo REf�1 L eholhyh wkdw wklv qrwlrq fdswxuhv wkh uhdo phdqlqj ri
ehlqj deoh wr fdofxodwh wkh urrwv ri REf�1

Lw*v d olwwoh wulfnlhu wr �qg wkh urrwv ri dq duelwudu| qrqfrqvwdqw sro|0
qrpldo ri irupdo ghjuhh ?1 Wkh vhw ri urrwv ri vxfk d sro|qrpldo qdwxudoo|
olh rq wkh Ulhpdqq vskhuh/ wkh frpsoh{ surmhfwlyh olqh1 Wkdw lv/ zh zdqw
wr frqvwuxfw wkh vshfwuxp ri wkh fruuhvsrqglqj krprjhqhrxv sro|qrpldo
t ?REf*t �1 Lq wkh odvw vhfwlrq L lqglfdwh krz wr gr wkdw1

4 Frxqwdeoh fkrlfh
Ohw � ghqrwh wkh qdwxudo qxpehuv1 Iru f d vhw dqg 7 d vxevhw ri f ��/
frqvlghu wkh iroorzlqj wzr vwdwhphqwv1

41 Iru doo ? 5 � wkhuh h{lvwv % 5 f vxfk wkdw E%c ?� 5 71

51 Wkhuh h{lvwv d vhtxhqfh ri hohphqwv %? 5 f vxfk wkdw E%?c ?� 5 7 iru
doo ? 5 �1

Fohduo| +5, lpsolhv +4,1 Wkh d{lrp ri frxqwdeoh fkrlfh vd|v wkdw +4, lpsolhv
+5,1 Wkxv wkh d{lrp ri frxqwdeoh fkrlfh dvvhuwv wkh h{lvwhqfh ri fhuwdlq
vhtxhqfhv lq f1

Wklv d{lrp lv dffhswhg dv ydolg e| doo vhulrxv vfkrrov ri frqvwuxfwlyh pdwk0
hpdwlfv1 Edvlfdoo| wkh mxvwl�fdwlrq frphv grzq wr dqdo|}lqj wkh phdqlqj ri
+4,1 Khuh lv dq dujxphqw e| lqwxlwlrqlvwv ^47/ sdjh 4;<` dgdswhg wr rxu qr0
wdwlrq= �D surri ri +4, vkrxog surylgh xv zlwk d phwkrg wr �qg/ iru hdfk
? 5 �/ dq % 5 f vxfk wkdw E%c ?� 5 7> vxfk d phwkrg lv qrwklqj hovh exw
wkh ghvfulswlrq ri d ixqfwlrq dvvljqlqj wkh uhtxluhg % wr ?1�
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Zk| grhvq*w wklv dujxphqw mxvwli| wkh ixoo d{lrp ri fkrlfh lq zklfk zh
uhsodfh� e| dq duelwudu| vhw t B Wkh gl�huhqfh lv wkdw wkh uhvxow ri wkh surfh0
gxuh pd| ghshqg rq wkh zd| wkh hohphqw + lq t lv suhvhqwhg1 Iru h{dpsoh/ iru
hdfk uhdo qxpehu + wkhuh lv dq lqwhjhu 6 vxfk wkdw + 	 6/ exw wkh surfhgxuh
iru sdvvlqj iurp + wr 6 lv qrw d ixqfwlrq rq wkh uhdo qxpehuv�lqghhg wklv
zrxog ylrodwh Eurxzhu*v sulqflsoh wkdw hyhu| ixqfwlrq rq wkh uhdo qxpehuv lv
frqwlqxrxv/ dqg zrxog hqwdlo d frxqwdeoh irup ri wkh odz ri h{foxghg plggoh1
Zh fdq jhw d ixqfwlrq iurp uhjxodu Fdxfk| vhtxhqfhv ri udwlrqdo qxpehuv/
exw wklv ixqfwlrq pd| dvvljq gl�huhqw lqwhjhuv wr vhtxhqfhv wkdw uhsuhvhqw
wkh vdph uhdo qxpehu1 Suhvxpdeo| wkdw sureohp grhv qrw dulvh zlwk qdwxudo
qxpehuv ehfdxvh wkh| kdyh fdqrqlfdo suhvhqwdwlrqv1 Exw Ohehvjxh vdlg/ lq d
ohwwhu wr Eruho ^;`/ �L djuhh frpsohwho| zlwk Kdgdpdug zkhq kh vwdwhv wkdw wr
vshdn ri dq lq�qlw| ri fkrlfhv zlwkrxw jlylqj d uxoh suhvhqwv d gl!fxow| wkdw
lv mxvw dv juhdw zkhwkhu ru qrw wkh lq�qlw| lv ghqxphudeoh1� L dp lqfolqhg
wr jr dorqj zlwk Kdgdpdug dqg Ohehvjxh�wkh dujxphqwv djdlqvw fkrlfh gr
qrw vhhp wr glvdsshdu zkhq rqh uhvwulfwv wr wkh qdwxudo qxpehuv1

Lq Uxvvldq frqvwuxfwlyh pdwkhpdwlfv/ hyhu|wklqj lv d qdwxudo qxpehu1 D
ixqfwlrq iurp d vxevhw 7 ri � wr � lv jlyhq e| d sduwldo uhfxuvlyh ixqfwlrq
wkdw frqyhujhv rq 7/ dqg srvvleo| hovhzkhuh1 Sduwldo uhfxuvlyh ixqfwlrqv fdq
eh frghg dv qdwxudo qxpehuv�wkh Uxvvldqv dfwxdoo| xvh Pdunry dojrulwkpv
udwkhu wkdq sduwldo uhfxuvlyh ixqfwlrqv1 Wkh h{suhvvlrq �iru doo % 5 f wkhuh lv
+ 5 t vxfk wkdw � E%c +�� lv wdnhq wr eh v|qrq|prxv zlwk �wkhuh lv d sduwldo
uhfxuvlyh ixqfwlrq wkdw frqyhujhv rq wkh hohphqwv ri f/ wdnhv f lqwr t / dqg
� E%c sE%�� krogv iru doo % 5 f1� Vhh ^9/ s1 4<`1 Lq wklv vhwwlqj/ li f lv wkh vhw
ri doo qdwxudo qxpehuv zlwk wkh xvxdo htxdolw|/ wkhq wkh ixqfwlrq s lv wrwdo
dqg surylghv wkh fkrlfh ixqfwlrq1

Elvkrs dovr vhhpv wr eh wklqnlqj ri d pruh vwuxfwxuhg prgho ri wklv nlqg1
Wkh uroh ri wkh sduwldo uhfxuvlyh ixqfwlrqv lq Uxvvldq frqvwuxfwlyh pdwkh0
pdwlfv lv sod|hg e| Elvkrs*v qrwlrq ri dq rshudwlrq/ zklfk fdq eh wkrxjkw
ri dv d ixqfwlrq iurp suhvhqwdwlrqv wr suhvhqwdwlrqv1 Lq ^4` kh vd|v/ �fkrlfh
lv lpsolhg e| wkh yhu| phdqlqj ri h{lvwhqfh1� L wdnh wklv wr eh uhihuulqj wr
wkh suhvhqwdwlrq ohyho�Elvkrs zdv yhu| dzduh ri wkh glvwlqfwlrq ehwzhhq d
ixqfwlrq wkdw lv phuho| rqwr/ dqg rqh wkdw dgplwv d furvv vhfwlrq +d fkrlfh
ixqfwlrq,/ fdoolqj wkh iruphu d vxumhfwlrq dqg rqo| wkh odwwhu rqwr1

L zdqw wr dujxh khuh iru gursslqj dsshdov wr frxqwdeoh fkrlfh lq frq0
vwuxfwlyh pdwkhpdwlfv1 Dprqj �dsshdov wr frxqwdeoh fkrlfh� L lqfoxgh dq|
lpphgldwh sdvvdjh iurp dq lqvwdqfh ri +4, wr wkh fruuhvsrqglqj lqvwdqfh ri
+5,1 Rq wklv ylhz/ rqh pd| dsshdo wr frxqwdeoh fkrlfh zlwkrxw frqvlghulqj
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rqhvhoi wr eh grlqj wkdw1 Zkhq Elvkrs ^4/ sdjh 59` gh�qhv zkdw lw phdqv iru
d vhtxhqfh i%?j ri uhdo qxpehuv wr frqyhujh wr d uhdo qxpehu %f/ kh vd|v �li
iru hdfk & lq ~n wkhuh h{lvwv �& lq ~n zlwk m%? � %fm � �*& iru doo ? � �&1�
Wkh zruglqj lqglfdwhv wkdw wklv lv phdqw wr eh dq lqvwdqfh ri +4,/ exw wkh
qrwdwlrq lpsolhv wkdw zh pd| wklqn ri wkh �& dv iruplqj d vhtxhqfh wkdw
vdwlv�hv +5,1 Lqghhg/ Elvkrs zdqwv xv wr wklqn wkdw zd|1

L suhihu d eodfn0er{ phwdskru iru +4,1 L grq*w wklqn lw qdwxudo wr frqvlghu
krz zh pljkw frph wr nqrz +4,/ ru krz +4, pljkw kdyh ehhq suryhg1 Udwkhu
L frqvlghu +4, wr phdq vlpso| wkdw zh fdq ghpdqg dq % vxfk wkdw E%c ?� 5 7
iru dq| ? 5 � wkdw zh fkrrvh1 Wkhuh lv qr jxdudqwhh wkdw wkh % zh jhw zloo
eh ghwhuplqhg e| ?�lw pd| ghshqg rq vrph rwkhu txdqwlw| wkdw zh duh qrw
hyhq dzduh ri/ dqg wkh qh{w wlph zh dvn zh pd| jhw d gl�huhqw % iru wkh vdph
?1 Wklv lv wkh plqlpdolvw lqwhusuhwdwlrq ri +4,�dvvxplqj pruh lv frqwudu|
wr krz L dfwxdoo| wklqn ri +4, lq sudfwlfh1

Lq d frpsohwho| frpsxwdwlrqdo prgho zh fdq wklqn ri d eodfn er{ dv d
oleudu| urxwlqh wkdw lv rqo| jxdudqwhhg wr uhwxuq d vxlwdeoh %1 Lw*v qrqh ri
rxu exvlqhvv krz wkh urxwlqh lv lpsohphqwhg1 Li wkh frgh orrnv dw dq lqwhuqdo
forfn wr ghflgh zkdw wr gr/ wkdw*v �qh1 Ru lw fdq orrn dw wkh vwdwxv ri vrph
rwkhu phpru| orfdwlrq1 Doo zh fdq frxqw rq lv wkdw lw zloo uhwxuq d vxlwdeoh %1
Lq wkh frpsxwdwlrqdo prgho hyhu|wklqj fdq eh wkrxjkw ri dv ehlqj d qdwxudo
qxpehu�uhdo qxpehuv fruuhvsrqg wr Jùgho qxpehuv ri surjudpv/ dqg vr
rq1 Wkxv doo ixqfwlrq duh sduwldoo| gh�qhg ixqfwlrqv iurp � wr �1 Wklv vwloo
doorzv oleudulhv wr frqwdlq qrqghwhuplqlvwlf ru qrqfrpsxwdeoh ixqfwlrqv�
rudfohv�zklfk duh wkh prghov iru rxu eodfn er{hv1 Lqghhg/ li zh gr qrw
doorz eodfn er{hv/ lw lv gl!fxow wr mxvwli| uhmhfwlqj Fkxufk*v wkhvlv/ zklfk lv
fodvvlfdoo| idovh lq lwv frqvwuxfwlyh irupxodwlrq= hyhu| ixqfwlrq iurp � wr �
lv uhfxuvlyh1 Wkh dgrswlrq ri Fkxufk*v wkhvlv lq frqvwuxfwlyh pdwkhpdwlfv
uhvxowv lq frqvwuxfwlyh surriv ri wkhruhpv wkdw duh fodvvlfdoo| uhixwdeoh�
dq xqghvludeoh vwdwh ri d�dluv wr p| plqg ehfdxvh L wklqn ri frqvwuxfwlyh
pdwkhpdwlfv dv d jhqhudol}dwlrq ri fodvvlfdo pdwkhpdwlfv1

L kdyh orqj ihow xqfrpiruwdeoh zlwk dujxphqwv wkdw xvh frxqwdeoh fkrlfh1
Vxfk dujxphqwv duh hpsor|hg lq surylqj wkh Edluh fdwhjru| wkhruhp/ wkh
h{lvwhqfh ri d srlqw lq d frpsdfw vhw � zkrvh glvwdqfh wr d jlyhq srlqw R
lv srvlwlyh rqo| li wkh glvwdqfh iurp R wr � lv srvlwlyh/ dqg wkh lqwhuphgldwh
ydoxh wkhruhp iru uhdo sro|qrpldov1 Lq hdfk fdvh |rx duh vxssrvhg wr eh
frqvwuxfwlqj d gh�qlwh vhtxhqfh/ exw lw orrnv olnh |rx duh mxvw yhuli|lqj wkh
srvvlelolw| ri frqwlqxlqj dw hdfk vwhs1 Lqlwldoo| L wkrxjkw wkdw p| dqwlsdwk|
wr wkhvh dujxphqwv vwhpphg iurp wkh idfw wkdw wkh| uho| rq frpsohwhqhvv/
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exw qrz L vxvshfw wkdw lw kdv wr gr zlwk fkrlfh1

5 Zkdw*v wkh sureohp zlwk wkh IWDB
Frxqwdeoh fkrlfh lv uhtxluhg mxvw wr frqvwuxfw d urrw ri wkh sro|qrpldo f2�@
iru duelwudu| frpsoh{ @1 Frqvlghu wkh iroorzlqj yhu| zhdn frxqwdeoh0fkrlfh
sulqflsoh1

Ohw �? eh d vhtxhqfh ri vhwv/ hdfk ri zklfk lv hlwkhu ifj ru frqvlvwv
ri d sdlu ri dqwlsrgdo srlqwv rq wkh xqlw flufoh1 Vxssrvh wkdw li
�? 9' ifj/ wkhq �? ' �?n�1 Wkhq wkhuh h{lvwv d vhtxhqfh @? vxfk
wkdw @? 5 �? iru doo ?1

Gr zh uhdoo| qhhg frxqwdeoh fkrlfh wr gr wkdwB Zhoo/ lw*v zhoo nqrzq wkdw zh
fdq*w frqvwuxfw d ixqfwlrq wkdw fkrrvhv rqh srlqw rxw ri hdfk sdlu ri dqwlsrgdo
srlqwv rq wkh flufoh1 Li zh frxog/ wkhq e| Eurxzhu*v sulqflsoh ri frqwlqxlw|/
wkh ixqfwlrq zrxog jlyh d xqlirupo| frqwlqxrxv ixqfwlrq iurp wkh flufoh wr
lwvhoi wkdw wdnhv hdfk sdlu ri dqwlsrghv wr rqh ri wkhp�exw wkdw*v fohduo|
lpsrvvleoh1 Ri frxuvh d glvfrqwlqxrxv fkrlfh ixqfwlrq fdq eh frqvwuxfwhg/
xvlqj wkh odz ri h{foxghg plggoh/ e| fkrrvlqj wkh dqwlsrgh zkrvh dqjoh lv
lq dfc Z�1 Exw jlyhq wkdw zh fdq*w pdnh doo wkrvh fkrlfhv vlpxowdqhrxvo|/ lw
vhhpv suhww| xqolnho| wkdw zh fdq pdnh d jhqhulf rqh dw vrph xqnqrzq srlqw
lq d vhtxhqfh/ dv lq wkh deryh sulqflsoh/ zlwkrxw vrphwklqj olnh frxqwdeoh
fkrlfh1

Vr zh pd| whqwdwlyho| dvvxph wkdw wklv sulqflsoh fdqqrw eh ghulyhg zlwk0
rxw hlwkhu fkrlfh ru h{foxghg plggoh1 Exw wkh h{lvwhqfh ri d frpsoh{ vtxduh
urrw ri hyhu| frpsoh{ qxpehu lpsolhv wklv sulqflsoh/ dv zh fdq hdvlo| vhh1 Ohw
S? eh wkh vtxduh ri dq| hohphqw lq �? +wkh vtxduhv ri dqwlsrgdo srlqwv duh
htxdo,1 Ohw K? ' f xqohvv S6 9' f iru vrph 6 � ?/ lq zklfk fdvh K? ' S6*6

21
Wkhq wkh vhtxhqfh K? frqyhujhv wr vrph frpsoh{ qxpehu K1 Ohw o2 ' K1
Wkhq zh fdq ohw @? ' ?o li S? 9' f/ dqg f rwkhuzlvh1 Lqwxlwlyho|/ wkh sureohp
lv wkdw li zh kdyh d frpsoh{ qxpehu K wkdw lv yhu| qhdu }hur/ zh kdyh qr
phfkdqlvp iru fkrrvlqj/ lq dgydqfh/ ehwzhhq lwv wzr vtxduh urrwv vkrxog lw
wxuq rxw wkdw K 9' f1

Zkdw derxw �qglqj frpsoh{ urrwv ri uhdo fxelf sro|qrpldovB Vxssrvh zh
kdyh fxelf sro|qrpldo zlwk uhdo frh!flhqwv/ dqg zh jhw wkh iroorzlqj urrwv wr
zlwklq rqh0kdoi= �/ �/ dqg �1 Wkhq zh fdofxodwh vrph ehwwhu dssur{lpdwlrqv/
dqg jhw/ wr zlwklq rqh0hljkwk= ��

e
/ ��

e
/ dqg �

e
1 Qrz fohduo| wkh ��

e
lv wkh vdph
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urrw dv wkh �1 Exw zklfk � grhv wkh ��
e
jr zlwkB Rqh lv whpswhg wr dqvzhu

wklv zlwk d txhvwlrq/ ru udwkhu wzr txhvwlrqv= �Zkr nqrzvB� dqg �Zkr
fduhvB� Krzhyhu/ wklv lv h{dfwo| wkh nlqg ri txhvwlrq zh pxvw dqvzhu li zh
duh wr fdofxodwh d vshfl�f urrw ri wkh sro|qrpldo lq wkh qhljkerukrrg ri �1

Lq wklv sduwlfxodu fdvh zh frxog uhvroyh wkh dpeljxlw| e| frpsxwlqj wkh
+qhfhvvdulo| uhdo, urrw qhdu � dqg uhgxflqj wkh sro|qrpldo wr d uhdo txdgudwlf1
Iru d uhdo txdgudwlf f2 n 2Kf n S zh fdq slfn rxw d frpsoh{ urrw o frqwlq0
xrxvo| e| vhwwlqj

o '

;?
=
�Kn �

s
S� K2 li K2 � S

�Kns
K2 � S li K2 � S

Dowkrxjk o lv qrw gh�qhg iru doo sdluv ri uhdo qxpehuv EKc S�/ lw lv gh�qhg rq
d ghqvh vhw/ dqg lv xqlirupo| frqwlqxrxv rq erxqghg vhwv/ vr lw h{whqgv wr doo
uhdo qxpehuv1 Wkh gl�huhqfh khuh lv wkdw wkh frh!flhqwv duh uhdo1 \rx fdq
frqvwuxfw d vtxduh urrw ri dq duelwudu| uhdo qxpehu/ exw qrw ri dq duelwudu|
frpsoh{ qxpehu1

Suhvxpdeo| |rx fdq*w gr wklv zlwk d jhqhudo uhdo fxelf zkhq |rx kdyh
wkuhh urrwv qhdu }hur1 \rx pljkw wu| wr slfn rxw wkh xqltxh uhdo urrw/ ru wkh
lq�pxp ri wkuhh uhdo urrwv1 Exw lw orrnv olnh |rx fdq*w1 Li ?E@� 	 ?EK�c?ES�/
wkhq @ lv d uhdo urrw/ exw K dqg S pd| ru pd| qrw eh frpsoh{ frqmxjdwhv1 Li
@E@� 	 @EK�/ vd| @E@� 	 f/ wkhq @ dqg 7@ duh frpsoh{ urrwv dqg wkh rwkhu lv
uhdo/ exw |rx grq*w nqrz zkhuh lw vlwv1

Zkdw vhhpv wr eh jrlqj rq lv wkdw frxqwdeoh fkrlfh lv wkh vrxufh ri
glvfrqwlqxlwlhv�wkdw zlwkrxw lw |rx dozd|v kdyh frqwlqxrxv orfdo lqyhuvhv1
Wklv lv vrphzkdw frq�uphg e| orrnlqj dw d vkhdi prgho ri wkh uhdov�
prgholqj uhdo qxpehuv dv frqwlqxrxv ixqfwlrqv rq d wrsrorjlfdo vsdfh�zkhuh
frxqwdeoh fkrlfh idlov1 Zh fdq wklqn ri wkh frh!flhqw @ lq wkh sro|qrpldo
f2 � @ dv d frqwlqxrxv ixqfwlrq +wkh lghqwlw|, lq d qhljkerukrrg ri }hur ri
wkh frpsoh{ sodqh1 Wkhq d urrw ri f2 � @ zrxog frqvwlwxwh d frqwlqxrxv
lqyhuvh ri wkh ixqfwlrq 52 lq d qhljkerukrrg ri }hur1

Wkh vdph skhqrphqrq rffxuv zlwk uhvshfw wr wkh lqwhuphgldwh ydoxh wkh0
ruhp iru uhdo sro|qrpldov/ zklfk lpsolhv wkdw dq| fxelf sro|qrpldo kdv d
uhdo urrw +vhh ^8`,1 Il{ d vpdoo srvlwlyh qxpehu @ dqg frqvlghu wkh sro|qr0
pldo RKE%� ' 2%� n �@%2 n K zklfk kdv d orfdo pd{lpxp dw �@ dqg d orfdo
plqlpxp dw f1 Wu| wr frqvwuxfw d frqwlqxrxv ixqfwlrq o rq E�@c @� vr wkdw
oEK� lv dozd|v d urrw ri RKE%�1 Iru K : f wkhuh lv h{dfwo| rqh urrw ri RKE%�/

9



dqg lw lv ohvv wkdq ��@*21 Iru K ' f wkhuh duh wzr urrwv/ ��@*2 dqg f1 Iru
�@2E�� 2@� 	 K 	 f wkhuh duh wkuhh urrwv/ rqh ohvv wkdq �@/ rqh lq E�@c f�/
dqg rqh juhdwhu wkdq f1 Pruhryhu/ wkh rqh lq E�@c f� lv vwulfwo| lqfuhdvlqj lq
K1 Vr oEK� 	 �@ iru �@2E� � 2@� 	 K 	 @1 Exw li K 	 �@2E� � 2@� wkhuh lv
rqo| rqh urrw/ dqg lw lv srvlwlyh/ vr qr vxfk frqwlqxrxv ixqfwlrq o h{lvwv1

Dq h{dpsoh zkhuh |rx gr kdyh frqwlqxrxv orfdo furvv vhfwlrqv lv wkh
wkhruhp wkdw iru hdfk uhdo qxpehu % wkhuh lv d qdwxudo qxpehu ? zlwk % 	 ?1
Fohduo|/ iru %f uhdo/ wkhuh lv d qhljkerukrrg L ri %f dqg d qdwxudo qxpehu ?
vr wkdw % 	 ? iru doo % lq L 1

Lq dq| hyhqw/ lw lv qrw p| sxusrvh wr ghprqvwudwh frqfoxvlyho| wkdw frxqw0
deoh fkrlfh lv uhtxluhg iru wkh ixqgdphqwdo wkhruhp ri dojheud dv qrupdoo|
vwdwhg1 L zdqw wr vhh zkdw zh fdq suryh zlwkrxw frxqwdeoh fkrlfh1 Lq rughu
wr surfhhg/ zh kdyh wr lqglfdwh krz wr ghdo zlwk uhdo qxpehuv lq d fkrlfhohvv
hqylurqphqw1

6 Uhdo/ frpsoh{/ dqg dojheudlf qxpehuv
Lq d fkrlfh0iuhh ghyhorsphqw/ zh grq*w zdqw wr gh�qh uhdo qxpehuv wr eh
Fdxfk| vhtxhqfhv +Fdxfk| uhdov,1 Li zh glg wkdw/ zh zrxog qhhg fkrlfh wr
suryh wkdw d Fdxfk| vhtxhqfh ri uhdo qxpehuv frqyhujhv1 Wkh plqlpxp zh
zdqw ri d uhdo qxpehu lv wr eh deoh wr frpsxwh 00dssur{lpdwlrqv iru hdfk 01
Wklv dprxqwv wr vshfli|lqj orfdwhg Ghghnlqg fxwv/ dv lq ^4/ Fkds1 5 H{hu1
9` ru ^46/ 515` +Ghghnlqg uhdov,1

Vr gh�qh d uhdo qxpehu wr eh d qrqhpsw| vxevhw 7 ri wkh udwlrqdo qxpehuv
vdwlvi|lqj

41 Li % 	 + 5 7/ wkhq % 5 7 +orzhu,1

51 Wkhuh lv dq % *5 7 +erxqghg,1

61 Li % 	 + duh udwlrqdo qxpehuv/ wkhq hlwkhu % 5 7 ru + *5 7 +orfdwhg,1

71 Li % 5 7/ wkhq wkhuh lv + : % dovr lq 7 +rshq,1

Iru h{dpsoh/ li @? lv d Fdxfk| vhtxhqfh ri udwlrqdo qxpehuv/ gh�qh 7 e|
% 5 7 li wkhuh h{lvwv � / dqg udwlrqdo + : %/ vxfk wkdw + 	 @? iru doo ? � �
+wkdw lv/ % lv hyhqwxdoo| erxqghg ehorz @?,1

Wkhvh Ghghnlqg fxwv jlyh dq lqwhuqdo fkdudfwhul}dwlrq ri wkh vhwv i% 5
" G % 	 oj/ iru o d uhdo qxpehu1 Dowhuqdwlyho| zh frxog xvh wkh vhwv 7? '

:



i% 5 " G m%� om � �*?j/ iru hdfk srvlwlyh lqwhjhu ?/ dv d prgho1 Wkh| duh
qrqhpsw|/ dqg kdyh wkh surshuw| wkdw li % 5 7� dqg + 5 7�/ wkhq m%� +m �
�*� n �*�1 Wklv dssurdfk kdv wkh yluwxh wkdw lw dssolhv xqfkdqjhg wr dq|
phwulf vsdfh/ vr zh fdq frpsohwh dq duelwudu| phwulf vsdfh lq wkh vdph zd|
zh sdvv iurp " wr +1

Kdylqj frqvwuxfwhg wkh uhdo qxpehuv/ zh frqvwuxfw wkh frpsoh{ qxpehuv
lq wkh xvxdo zd| e| frqvlghulqj +21 Qhlwkhu ri wkhvh �hogv lv glvfuhwh/ lq wkh
vhqvh wkdw jlyhq % dqg +/ hlwkhu % ' + ru % 9' +1 Wkh dojheudlf qxpehuv/ rq
wkh rwkhu kdqg/ irup d glvfuhwh �hog1

Dq dojheudlf qxpehu lv d frpsoh{ qxpehu wkdw vdwlv�hv d sro|qrpldo zlwk
udwlrqdo frh!flhqwv1 Li . lv dq| ulqj zlwk qr qlosrwhqw hohphqwv rwkhu wkdq
f/ dqg qr lghpsrwhqwv rwkhu wkdq f ru �/ dqg & lv d glvfuhwh vxe�hog ri ./
wkhq wkh hohphqwv lq . wkdw duh dojheudlf ryhu & irup d glvfuhwh vxe�hog ri
. ^:/ Wkhruhp YL141<`1 Lq sduwlfxodu/ wdnlqj & wr eh wkh udwlrqdo qxpehuv
dqg . wr eh wkh frpsoh{ qxpehuv/ wkh dojheudlf qxpehuv irup d glvfuhwh
�hog�wkh h{wud lqirupdwlrq fduulhg e| wkh sro|qrpldo doorzv |rx wr glvwlq0
jxlvk gl�huhqw hohphqwv/ hyhq wkrxjk wkh sro|qrpldo lv qrw lqyroyhg lq wkh
gh�qlwlrq ri htxdolw|1 Wkh vlpsohvw ghqvh/ glvfuhwh vxe�hog ri wkh frpsoh{
qxpehuv lv wkh �hog ri Jdxvvldq qxpehuv/ "E��1

Zkhq zh frqvwuxfw d frpsoh{ urrw ri d sro|qrpldo zlwk frh!flhqwv lq
wkh dojheudlf qxpehuv/ zh zdqw wr nqrz wkdw lw lv dq dojheudlf qxpehu1
Wklv iroorzv iurp yhu| jhqhudo dojheudlf frqvlghudwlrqv= li - � . � 8 duh
frppxwdwlyh ulqjv/ dqg . lv lqwhjudo ryhu - +hyhu| hohphqw ri . vdwlv�hv
d prqlf sro|qrpldo zlwk frh!flhqwv lq -,/ wkhq hyhu| hohphqw ri 8 wkdw lv
lqwhjudo ryhu . lv dovr lqwhjudo ryhu - ^:/ Fruroodu| YL1418`1

7 Wkh IWD iru dojheudlf qxpehuv
Elvkrs fdoohg d vhw i%�c %2c � � � c %?j d vxe�qlwh vhw1 Vxfk d vhw gl�huv iurp d
�qlwh vhw lq wkdw lw qhhg qrw eh glvfuhwh�lw lv fkdudfwhul}hg dv ehlqj dq
lpdjh ri d �qlwh vhw1 Ud| Plqhv vxjjhvwhg wkh pruh ghvfulswlyh skudvh
�qlwho| hqxphudeoh vhw1 Zh zloo fkdqjh wkh srlqw ri ylhz d olwwoh dqg frqvlghu
i%�c %2c � � � c %?j wr eh d �qlwh pxowlvhw/ ru dq ?0pxowlvhw1 Wkh gl�huhqfh lv
wkdw wzr �qlwh pxowlvhwv %�c %2c � � � c %? dqg +�c +2c � � � c +6 duh htxdo li 6 ' ?
dqg wkhuh h{lvwv d shupxwdwlrq j ri i�c 2c � � � c ?j vxfk wkdw %� ' +jE�� iru
hdfk �1 Wkh �qlwho| hqxphudeoh vhwv i�c �c 2j dqg i�c 2c 2j duh htxdo> wkh
�qlwh pxowlvhwv i�c �c 2j dqg i�c 2c 2j duh qrw1

;



Zh fdq gh�qh wkh glvwdqfh ehwzhhq wzr ?0pxowlvhwv %�c %2c � � � c %? dqg
+�c +2c � � � c +? lq d phwulf vsdfh wr eh �?uj t�T� _E%�c +jE���/ zkhuh j udqjhv
ryhu wkh shupxwdwlrqv ri i�c 2c � � � c ?j1 Wkh vhw ri ?0pxowlvhwv lq d phwulf
vsdfh/ htxlsshg zlwk wklv glvwdqfh/ irupv d phwulf vsdfh1 Wkhuh lv d sureohp
khuh zlwk htxdolw| ehfdxvh wkh glvwdqfh ehwzhhq wzr pxowlvhwv frxog eh }hur
zlwkrxw wkhlu ehlqj htxdo1 Wkh fodvvlf h{dpsoh lv i@c Kj dqg i@ b Kc @ a Kj
lq wkh uhdo qxpehuv/ wkh sureohp ehlqj wkdw surylqj wkh htxdolw| ri wkrvh
wzr vhwv uhtxluhv wkh odz ri h{foxghg plggoh1 Wkdw*v dqqr|lqj1 Krzhyhu
li zh uhvwulfw rxuvhoyhv wr glvfuhwh phwulf vsdfhv�olnh wkh vhw ri dojheudlf
qxpehuv�wkhq wklv sureohp grhv qrw dulvh1 Iru wkh jhqhudo fdvh/ zh pxvw
eh frqwhqw wkdw wkh vhw ri ?0pxowlvhwv lq d phwulf vsdfh irupv d svhxgr0phwulf
vsdfh1

Ohw �?E�� eh wkh vhw ri ?0pxowlvhwv ri dojheudlf qxpehuv �/ dqg Z?E��
wkh vhw ri prqlf sro|qrpldov ri ghjuhh ? ryhu wkh dojheudlf qxpehuv1 Sxw dq|
ri wkh htxlydohqw vwdqgdug phwulfv rq Z?E��/ zklfk lv vlpso| �?1 Jlyhq dq
?0pxowlvhw io�c � � � c o?j lq �?E��/ zh fdq irup wkh sro|qrpldo

T?
�'�Ef � o��

lq Z?E��1 Zh zdqw wr vkrz wkdw wklv pds jlyhv d rqh0wr0rqh fruuhvsrqghqfh
ehwzhhq �?E�� dqg Z?E�� wkdw lv xqlirupo| frqwlqxrxv lq erwk gluhfwlrqv
rq erxqghg vxevhwv1

Wkdw wkh pds lv rqh0wr0rqh iroorzv iurp dq hdv| lqgxfwlyh dujxphqw
xvlqj wkh idfw wkdw wkh dojheudlf qxpehuv irup d glvfuhwh �hog1 Wkdw wkh
pds lv rqwr lv wkh ixqgdphqwdo wkhruhp ri dojheud iru sro|qrpldov ryhu wkh
dojheudlf qxpehuv1 Fkrlfhohvv surriv ri wklv wkhruhp duh dydlodeoh lq wkh
olwhudwxuh ^:/ Fruroodu| [LL1616/ sdjh 5<9`/ dowkrxjk rqh pxvw jr edfn dqg
yhuli| wkdw fkrlfh zdv qrw lqyroyhg�frxqwdeoh fkrlfh lv d eolqg vsrw iru
frqvwuxfwlyh pdwkhpdwlfldqv lq pxfk wkh vdph zd| dv h{foxghg plggoh lv
iru fodvvlfdo pdwkhpdwlfldqv1 Wkh xqlirup frqwlqxlw| lv qhfhvvdu| lq rughu
wr jlyh d fkrlfhohvv yhuvlrq ri wkh ixqgdphqwdo wkhruhp ri dojheud iru prqlf
sro|qrpldov ryhu wkh frpsoh{ qxpehuv1

Krz gr |rx vkrz wkdw dq| qrqfrqvwdqw sro|qrpldo ryhu d glvfuhwh vxe�hog
& ri wkh frpsoh{ qxpehuv kdv d frpsoh{ urrwB Iluvw uhgxfh wr wkh fdvh
zkhuh wkh sro|qrpldo lv vhsdudeoh�uhodwlyho| sulph wr lwv irupdo ghulydwlyh1
Ehfdxvh & lv glvfuhwh/ zh fdq uhshdwhgo| xvh wkh Hxfolghdq dojrulwkp wr zulwh
wkh sro|qrpldo dv d surgxfw ri vhsdudeoh sro|qrpldov/ khqfh wkh sro|qrpldo
lwvhoi pd| eh dvvxphg vhsdudeoh1 Wklv lv h{dfwo| zkhuh wklqjv jr zurqj
li & lv qrw glvfuhwh= lw*v wkh srvvlelolw| ri lqglvwlqjxlvkdeoh urrwv wkdw fdxvhv
sureohpv1 Li d vhsdudeoh sro|qrpldo lv vpdoo dw vrph srlqw/ wkhq lwv ghulydwlyh
lv erxqghg dzd| iurp }hur wkhuh1 Wkxv li |rx fdq �qg d sodfh zkhuh lw lv vpdoo
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hqrxjk/ |rx fdq frqvwuxfw d urrw ri lw lq wkh frpsohwlrq ri & e| Qhzwrq*v
phwkrg ^:/ Wkhruhp [LL1614/ sdjh 5<8`1 E| frqvlghulqj zlqglqj qxpehuv/
|rx fdq vkrz wkdw lw pxvw jhw duelwudulo| vpdoo/ dv Eurxzhu dqg gh Orru glg
lq ^5`1

Fohduo| wkh pds iurp�?E�� wr Z?E�� lv xqlirupo| frqwlqxrxv rq erxqghg
vxevhwv1 Wr suryh wkh xqlirup frqwlqxlw| lq wkh rwkhu gluhfwlrq/ zh zloo xvh
d vlpsoh jhrphwulf ohppd/ zklfk zh jlyh lq d yhu| fuxgh irup iru hdvh ri
surri1

Ohppd 4 Ohw � eh d vhw ri ? dojheudlf qxpehuv lq wkh frpsoh{ sodqh1 Iru
hdfk srvlwlyh udwlrqdo qxpehu 4/ zh fdq fryhu � zlwk d �qlwh qxpehu ri
glvmrlqw sro|jrqv/ hdfk ri gldphwhu dw prvw .2?4/ vxfk wkdw hdfk srlqw lq �
lv dw ohdvw 4 dzd| iurp wkh erxqgdulhv ri wkh sro|jrqv1

Surri1 Whvvhoodwh d vx!flhqwo| odujh sruwlrq ri wkh frpsoh{ sodqh zlwk
vtxduhv kdylqj Jdxvvldq qxpehuv dv yhuwlfhv dqg vlghv ri ohqjwk 41 Froru
uhg hdfk vtxduh wkdw frqwdlqv d srlqw ri � +zh fdq �jxuh wklv rxw ehfdxvh
wkh yhuwlfhv ri wkh vtxduhv/ dqg wkh srlqwv lq � / duh dojheudlf qxpehuv,1 Vr
dw prvw e? vtxduhv duh uhg1 Qrz froru uhg hdfk vtxduh wkdw wrxfkhv d uhg
vtxduh1 Qrz dw prvw �S? vtxduhv duh uhg1 Wkh uhg vtxduhv euhdn xs lqwr
frqqhfwhg slhfhv/ hdfk ri gldphwhu dw prvw .2?41 Ehfdxvh zh froruhg wkrvh
wrxfklqj vtxduhv uhg/ hdfk srlqw lq � lv dw ohdvw 4 dzd| iurp wkh erxqgdulhv
ri wkh frqqhfwhg slhfhv1 Zh fdq �oo lq dq| krohv lq wkh frqqhfwhg slhfhv
zlwkrxw fkdqjlqj wkhlu gldphwhuv/ li zh zdqw wkh sro|jrqv wr kdyh frqqhfwhg
erxqgdulhv1

Wkhruhp 5 Wkh pds iurp wkh vhw �?E�� ri ?0pxowlvhwv ri dojheudlf qxp0
ehuv wr wkh vhw Z?E�� ri prqlf sro|qrpldov ri ghjuhh ? jlyhq e| wdnlqj
io�c o2c � � � c o?j wr

T?
�'�Ef � o�� lv d rqh0wr0rqh fruuhvsrqghqfh wkdw lv xql0

irupo| elfrqwlqxrxv rq erxqghg vxevhwv1

Surri1 Wkh rqo| wklqj ohiw wr suryh lv wkh xqlirup frqwlqxlw| rq erxqghg
vxevhwv iru wkh pds iurp

T?
�'�Ef�o�� wr io�c o2c � � � c o?j1 Vr vxssrvh zh duh

jlyhq � dqg 0 : f1 Zh pxvw vkrz wkdw wkhuh h{lvwv B : f vxfk wkdw li

sEf� ' f? n @?3�f
?3� n � � �n @�f n @f '

?\
�'�

Ef � o��

}Ef� ' f? n K?3�f
?3� n � � �n K�f n Kf '

?\
�'�

Ef � r��
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duh vxfk wkdw m@�m c mK�m 	 � dqg m@� � K�m 	 B/ wkhq wkhuh h{lvwv d shupxwdwlrq
j ri i�c 2c � � � c ?j vxfk wkdw mo� � rj�m 	 0 iru doo �1

Ohw

�|Ef� ' E�� |�sEf� n |}Ef� ' f? n S?3�f
?3� n � � �n S�f n Sf

iru f � | � �/ vr �f ' s dqg �� ' }1 Dovr mS�m � 4@ Em@�m c mK�m� dqg
m@� � S�m � m@� � K�m �

Iurp wkh ohppd zh fdq fryhu io�c o2c � � � c o?j zlwk d �qlwh qxpehu ri
glvmrlqw sro|jrqv/ hdfk ri gldphwhu dw prvw 0/ vr wkdw o� lv dw ohdvw 0*.2?
dzd| iurp {/ wkh erxqgdulhv ri wkh sro|jrqv1 Wkxv msE%�m � E0*.2?�? iru %
rq {1 Fkrrvh � � �/ ghshqglqj rqo| rq ?/ 0 dqg �/ vxfk wkdw m%m � � li %
lv rq {1 Wkhq

msE%�� �|E%�m � Et�T m@� � K�m�?�?3�

li % lv rq {/ vr li zh wdnh

B '
E0*.2?�?

2?�?3�

wkhq li t�T m@� � K�m 	 B/ zh kdyh msE%�� �|E%�m � E0*.2?�?*2 iru % rq {/ vr
m�|E%�m � E0*.2?�?*21 Dv � surylghv d krprwrs| ehwzhhq s dqg }/ zklfk

lv erxqghg dzd| iurp }hur rq {/ wkh zlqglqj qxpehuv �
2Z�

L
s �E5�
sE5�

_5 dqg

�
2Z�

L
}�E5�
}E5�

_5 duh htxdo/ zkhuh wkh lqwhjudo lv wdnhq frxqwhuforfnzlvh durxqg

wkh erxqgdu| ri dq| ri wkh sro|jrqv1 Vr li d sro|jrq frqwdlqv h{dfwo| 6
urrwv ri s / lw pxvw dovr frqwdlq h{dfwo| 6 urrwv ri }1 Khqfh zh fdq frqvwuxfw
d shupxwdwlrq j ri i�c 2c � � � c ?j vxfk wkdw o� dqg rj� olh lq wkh vdph sro|jrq
iru hdfk �/ dqg wklv j grhv wkh wulfn1

8 Frpsohwlrqv ri phwulf vsdfhv
Zh zdqw wr surfhhg iurp d pxowlvhw ri urrwv ri d sro|qrpldo zlwk frh!flhqwv
lq wkh dojheudlf qxpehuv/ wr d pxowlvhw ri urrwv ri d sro|qrpldo zlwk frhi0
�flhqwv lq wkh frpsoh{ qxpehuv1 Ri frxuvh zh nqrz wkdw zh fdq*w txlwh gr
wkdw ehfdxvh zh qhhg qrw eh deoh wr frqvwuxfw urrwv ri vxfk sro|qrpldov1 Exw
zkloh zh pljkw qrw eh deoh wr dssur{lpdwh d vlqjoh urrw/ zh fdq dssur{lpdwh
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wkh hqwluh pxowlvhw ri urrwv�li zh prgli| rxu qrwlrq ri zkdw wkdw pxowlvhw
lv1 Wkh lghd lv wr wklqn ri lw dv dq hohphqw ri wkh frpsohwlrq ri wkh vsdfh ri
pxowlvhwv ri hohphqwv ri d vsdfh f/ udwkhu wkdq d pxowlvhw lq wkh frpsohwlrq
ri f1 Zh qhhg wr ghyhors d fkrlfhohvv wkhru| ri frpsohwlrqv ehfdxvh wkh
xvxdo wkhru| xvhv Fdxfk| vhtxhqfhv dqg grhvq*w hyhq zrun iru frpsohwlqj
wkh udwlrqdo qxpehuv1

Ohw 7 eh d phwulf vsdfh1 E| d orfdwlrq lq 7 zh phdq d uhdo ydoxhg ixqfwlrq
s rq 7 zlwk wkh surshuwlhv

41 sE%� � msE+�� _E%c +�m iru doo %c + 5 7/

51 �?u%M7 sE%� ' f1

Qrwh wkdw +4, lv htxlydohqw wr _E%c +� � sE%�nsE+� dqg sE+� � sE%�n_E%c +�/
dqg wkdw lw lpsolhv s lv qrqqhjdwlyh dqg xqlirupo| frqwlqxrxv1 Pruhryhu li
% 9' +/ wkdw lv/ li _E%c +� : f/ wkhq hlwkhu sE%� : f ru sE+� : f/ vr s ydqlvkhv
rq dw prvw rqh srlqw1 Hyhu| srlqw 5 lq 7 jlyhv ulvh wr wkh orfdwlrq s gh�qhg
e| sE%� ' _E%c 5�1

Qrwh wkdw sE+� ' *�4sE%�<f _E%c +�1 Wklv lv lpphgldwh iurp wkh wzr surs0
huwlhv ri d orfdwlrq1

Zh fdq gh�qh d qdwxudo phwulf rq wkh vhw e7 ri orfdwlrqv lq 71

Wkhruhp 6 Li s dqg } duh orfdwlrqv rq d phwulf vsdfh 7/ wkhq

_Esc }� ' t�T
+M7

msE+�� }E+�m ' �?u
%M7

EsE%� n }E%��

h{lvwv dqg gh�qhv d phwulf rq e71 Wkh qdwxudo pds ri 7 lqwr e7 lv dq lvrphwu|
rqwr d ghqvh vxevhw ri e7/ dqg hyhu| orfdwlrq rq e7 lv jlyhq e| d srlqw ri e71

Surri1 Iru dq| % dqg + zh kdyh msE+�� _E%c +�m � sE%� dqg m}E+�� _E%c +�m �
}E%�/ vr

msE+�� }E+�m � sE%� n }E%�

Pruhryhu/ e| fkrrvlqj % ' + vxfk wkdw }E%� lv vpdoo/ zh fdq pdnh wkh ohiw
kdqg vlgh dv forvh wr wkh uljkw dv zh sohdvh1 Khqfh wkh vxsuhpxp ri wkh ohiw
kdqg vlgh/ dqg wkh lq�pxp ri wkh uljkw kdqg vlgh/ h{lvw dqg duh htxdo1 Wkxv
_Esc }� h{lvwv dqg lv wkh phwulf ghulyhg ri wkh vxsuhpxp qrup1
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Dv _E+c 5� ' �?u%M7E_E+c %�n_E5c %��/ wkh pds iurp 7 lqwr 	7 lv dq lvrphwu|1
Li s 5 e7/ wkhq msE+�� _E%c +�m � sE%� vr wkh glvwdqfh iurp s wr wkh lpdjh ri
% lv h{dfwo| sE%�1 Dv wkh odwwhu fdq eh pdgh duelwudulo| vpdoo/ wkh lpdjh ri
7 lv ghqvh lq e71 Ilqdoo| vxssrvh ) lv d orfdwlrq rq e71 Wkhq ) uhvwulfwhg wr
7 lv d orfdwlrq s rq 71 Dv ) djuhhv zlwk wkh lpdjh ri s rq d ghqvh vxevhw rie7/ lw pxvw htxdo wkdw lpdjh1

Zh vd| wkdw e7 lv wkh frpsohwlrq ri 71 D phwulf vsdfh 7 lv frpsohwh li
wkh qdwxudo pds iurp 7 wr e7 lv rqwr/ wkdw lv/ li hyhu| orfdwlrq rq 7 lv jlyhq
e| d srlqw ri 71 Wkh uhdo qxpehuv +/ gh�qhg dv orfdwhg Ghghnlqg fxwv/ duh
frpsohwh lq wklv vhqvh= li s lv d orfdwlrq rq +/ wkhq

o ' i^ 5 " G wkhuh lv ? vxfk wkdw ^ 	 % zkhqhyhu sE%� 	 �*?j
lv d orfdwhg Ghghnlqg fxw lq wkh udwlrqdo qxpehuv vxfk wkdw sE%� ' m%� om1
+Vhh ^47/ ss1 :;;�:;<` iru d vkhdi prgho zkhuh wkh Fdxfk| uhdov duh qrw
frpsohwh/ dqg rqh zkhuh frxqwdeoh fkrlfh idlov |hw wkh Fdxfk| uhdov dqg wkh
Ghghnlqg uhdov frlqflgh1,

Dv dq looxvwudwlrq ri wklv wkhru|/ dq lqwhjudeoh ixqfwlrq s rq dfc �o lv lghqwl0
�hg zlwk wkh ixqfwlrq

U �
f
msE%�� }E%�m _% zkhuh } udqjhv ryhu wkh xqlirupo|

frqwlqxrxv ixqfwlrqv rq dfc �o1 Vr wkh fkdudfwhulvwlf ixqfwlrq ri dfc �*2o lv
jlyhq e|

U �*2
f

m�� }E%�m _%n U �
�*2
m}E%�m _%/ dqg +�qlwh, vwhs ixqfwlrqv duh gh0

�qhg vlploduo|1 Zkdw*v dq lqwhjudeoh vhw lq jhqhudoB D orfdwlrq lq wkh forvxuh
ri wkh }hur0rqh ydoxhg vwhs ixqfwlrqv1

Wkhruhp 7 Li ) G �$ � lv xqlirupo| frqwlqxrxv rq erxqghg vxevhwv/ wkhq
) h{whqgv xqltxho| wr d pds iurp e� wr e� wkdw lv xqlirupo| frqwlqxrxv rq
erxqghg vxevhwv1 Li � lv d forvhg vxevhw ri �/ dqg � lv frpsohwh/ wkhq � lv
frpsohwh1

Surri1 Ohw s eh d orfdwlrq rq �1 Gh�qh d orfdwlrq } rq � e| }EK� '
*�4sE@�<f _E)@c K�1 Wr vhh wkdw wklv olplw h{lvwv/ qrwh wkdw 7 ' i@ G sE@� 	 �j
lv erxqghg/ vr iru @c @� 5 7/ li _E@c @�� lv vpdoo/ wkhq _E)@c )@�� lv vpdoo1 Wkh
uhvxow wkhq iroorzv iurp

m_E)@c K�� _E)@�c K�m � _E)@c )@�� dqg _E@c @�� � sE@� n sE@���

Wkh lqhtxdolw|

}EK� � m}EK��� _EKc K��m
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iroorzv iurp wkh lqhtxdolw| _E)@c K� � m_E)@c K��� _EKc K��m1 Wkh pds ) lv
xqltxh ehfdxvh � lv ghqvh lq e�1

Qrz vxssrvh wkdw � lv d vxevhw ri wkh frpsohwh vsdfh �/ dqg s lv d
orfdwlrq rq �1 Ohw } eh wkh lpdjh ri s xqghu wkh lqfoxvlrq pds ri � lqwr �1
Wkhq wkhuh h{lvwv Kf lq � vxfk wkdw }EK� ' _EKc Kf�1 Khqfh sE@� ' _E@c Kf�1
Exw sE@� fdq eh pdgh duelwudulo| vpdoo1 Vr Kf lv lq wkh forvxuh ri �/ khqfh
lq � li � lv forvhg1

Lqvwhdg ri xvlqj orfdwlrqv wr frqvwuxfw wkh frpsohwlrq ri d phwulf vsdfh
f/ zh frxog xvh uhjxodu vhtxhqfhv ri vxevhwv1 D vhtxhqfh ri qrqhpsw| vxevhwv
7? ri f lv uhjxodu li _E%c +� � �*6n �*? iru hdfk % 5 76 dqg + 5 7?1 Wzr
uhjxodu vhtxhqfhv 7 dqg A duh htxlydohqw li _E%c +� � 2*? iru hdfk % 5 7?

dqg + 5 A?1 Jlyhq d orfdwlrq s rq f zh jhw d +fdqrqlfdo, uhjxodu vhtxhqfh
7? ' i% G sE%� � �*?j1 Frqyhuvho|/ jlyhq d uhjxodu vhtxhqfh 7?/ dqg dq
hohphqw % lq f/ wkhq wkh vhw ri ^ 5 " vxfk wkdw ^ 	 _E%c +� iru doo + 5 76

iru vx!flhqwo| odujh 6/ gh�qhv d uhdo qxpehu sE%� dv Ghghnlqg fxw/ dqg wkh
ixqfwlrq s lv d orfdwlrq1

Vwro}hqehuj ^45` vxjjhvwhg d vlplodu zd| wr vshfli| dq hohphqw 1 ri wkh
frpsohwlrq ri d phwulf vsdfh f1 Frqvwuxfw d vhw P frqvlvwlqj ri sdluv E%c S�
zkhuh % lv lq f dqg S lv d qrqqhjdwlyh uhdo qxpehu�wklqn ri % dv dssur{0
lpdwlqj 1 wr zlwklq S1 Zh uhtxluh wkdw wkhuh eh hohphqwv E%c S� lq P zlwk
S duelwudulo| vpdoo +exw qrw qhfhvvdulo| f,/ dqg wkdw P vdwlvi| wkh Fdxfk|
frqglwlrq wkdw li E%c S� dqg E%�c S�� duh lq P/ wkhq _E%c %�� � Sn S�1

9 Wkh IWD iru prqlf sro|qrpldov
Zh fdq qrz sxw wkh slhfhv wrjhwkhu1 Dv ehiruh/ ohw �?E�� ghqrwh wkh vhw
ri ?0pxowlvhwv ri dojheudlf qxpehuv dqg Z?E�� wkh vhw ri prqlf sro|qrpldov
ri ghjuhh ? ryhu wkh dojheudlf qxpehuv1 Wkh qdwxudo pds iurp �?E�� wr
Z?E�� lv d rqh0wr0rqh fruuhvsrqghqfh wkdw lv elfrqwlqxrxv rq erxqghg vxe0
vhwv1 Vr wklv pds h{whqgv xqltxho| wr d rqh0wr0rqh fruuhvsrqghqfh ehwzhhq
wkh frpsohwlrqv f�?E�� ' f�?E�� dqg eZ?E�� ' Z?E��1 Wklv lv wkh ixqgd0
phqwdo wkhruhp ri dojheud iru prqlf sro|qrpldov ryhu wkh frpsoh{ qxpehuv1
Wkh vsdfh eZ?E�� ' Z?E�� lv vlpso| wkh vhw ri prqlf sro|qrpldov ri ghjuhh
? zlwk frpsoh{ frh!flhqwv1 Zkdw h{dfwo| lv wkh vsdfh f�?E��B

Wkhvh duh wkh olplw ?0pxowlvhwv ri hohphqwv ri � +ru ri ��1 E| wkhlu
dssur{lpdwlrqv |rx vkdoo nqrz wkhp1 Jlyhq d prqlf sro|qrpldo REf� zlwk
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frpsoh{ frh!flhqwv�wkdw lv/ dq hohphqw ri Z?E���zkdw lv wkh fruuhvsrqg0
lqj hohphqw > ri f�?E��B Wkh dssur{lpdwlrqv wr > duh pxowlvhwv io�c o2c � � � c o?j
ri dojheudlf qxpehuv vxfk wkdw

T?
�'�Ef � o�� dssur{lpdwhv REf�1 Wkdw lv/

> surylghv d frkhuhqw phwkrg ri dssur{lpdwho| idfwrulqj REf� lqwr olqhdu
idfwruv1 Lq sudfwlfh/ wkdw*v zkdw |rx gr= iru dq| 0 : f/ |rx fdofxodwh d idf0
wrul}dwlrq ri REf� wr zlwklq 01 Wkh lvvxh ri frplqj xs zlwk d vshfl�f urrw/
lq wkh vhqvh wkdw |rx fdq lghqwli| +lq dgydqfh, wkh dssur{lpdwlrq wr lw lq dq|
ri wkhvh dssur{lpdwh idfwrul}dwlrqv/ qhyhu dulvhv1 Wkxv wkh frqvwuxfwlrq ri
dq hohphqw ri f�?E�� iurp REf� fruuhvsrqgv pruh forvho| wr rxu qxphulfdo
sudfwlfh ri wkh ixqgdphqwdo wkhruhp ri dojheud wkdq grhv frqvwuxfwlqj urrwv
ri REf�1

Hyhq lq wkh suhvhqfh ri frxqwdeoh fkrlfh/ zh fdq*w txlwh lghqwli| f�?E��
zlwk wkh vsdfh �?E�� ri pxowlvhwv ri frpsoh{ qxpehuv1 Uhfdoo wkh pxowlvhwv
ri uhdo qxpehuv i@c Kj dqg i@ b Kc @ a Kj +zkhuh @ dqg K duh yhu| forvh,1
Zh fdq*w vkrz wkdw wkhvh pxowlvhwv duh htxdo/ lq wkh vhqvh zh fdq vd| wkdw
@ ' @ b K ru @ ' @ a K/ exw wkh glvwdqfh ehwzhhq wkhp dv hohphqwv ri f�2E��

lv htxdo wr }hur/ vr wkh| uhsuhvhqw wkh vdph hohphqw ri f�2E��1 Wkh| duh
hdfk d pxowlvhw ri urrwv ri wkh sro|qrpldo f2 � E@ n K�f n @K1 Vr hyhq li
zh ex| frxqwdeoh fkrlfh/ wkhuh lv d yluwxh wr frqvlghulqj wkh vhw ri urrwv ri d
sro|qrpldo wr eh dq hohphqw ri f�?E���rwkhuzlvh lw lv qrw xqltxho| gh�qhg1

Dv d yduldwlrq rq wklv wkhph ri frpsohwlqj d vsdfh ri �qlwh vhwv/ revhuyh
wkdw d frpsdfw vxevhw ri d frpsohwh phwulf vsdfh f pd| eh lghqwl�hg zlwk
dq hohphqw ri wkh frpsohwlrq e8 ri wkh vhw ri �qlwh vxevhwv ri f xqghu wkh
Kdxvgru� phwulf1 Fohduo| dq| frpsdfw vxevhw lv duelwudulo| forvh wr d �qlwh
vxevhw/ dqg li wkh glvwdqfh ehwzhhq wzr frpsdfw vxevhwv lv }hur/ wkhq wkh|
duh htxdo1 Krzhyhu/ frxqwdeoh fkrlfh lv qhhghg wr sdvv iurp dq hohphqw rie8 wr d frpsdfw vxevhw ri f1 Lqghhg wkh hohphqw ri f�2E�� fruuhvsrqglqj wr
wkh sro|qrpldo f2 � @ dovr gh�qhv dq hohphqw ri wkh frpsohwlrq ri �2E��
lq wkh Kdxvgru� phwulf1

Wkhvh frpsdfw vhwv wkdw zh jhw iurp e8 fdq eh dssur{lpdwhg e| �qlwh vhwv/
exw qrw qhfhvvdulo| iurp zlwklq1 Wklv lv vlplodu wr zkdw kdsshqv fodvvlfdoo|
lq d vsdfh wkdw lv qrw frpsohwh�zh fdq dssur{lpdwh wklqjv wkdw duh qrw lq
wkh vsdfh1 Wkh vxevhw 7 ri f fruuhvsrqglqj wr > lq e8 frqvlvwv ri wkrvh srlqwv
lq f wkdw duh forvh wr dq| �qlwh vxevhw wkdw lv forvh wr > lq e8 1 Wkh sureohp
lv wkdw d �qlwh vxevhw pd| eh forvh wr > lq e8 exw qrw +frqvwuxfwlyho|, forvh
wr 7 lq wkh Kdxvgru� phwulf1

Lv lw qhfhvvdu| wkdw d frpsdfw vxevhw eh dssur{lpdeoh iurp zlwklq e|

48



�qlwh vxevhwvB Zh frxog gh�qh d frpsdfw vxevhw ri f wr eh dq hohphqw rie8 1 Li zh gr wkdw/ wkhq wkh vhw ri +frpsoh{, }hurv ri d sro|qrpldo lv d frpsdfw
vxevhw/ hyhq wkrxjk |rx pd| qrw eh deoh wr jhw krog ri dq| ri lwv hohphqwv1
L fodlp wkdw wklv lv dfwxdoo| qrw frqwudu| wr rxu lqwxlwlrq uhjduglqj wkh vhw
ri }hurv1 Zh fdq/ iru dq| ghjuhh ri dssur{lpdwlrq/ �qg d vhw ri dssur{lpdwh
urrwv/ hyhq li zh fdqqrw vshfli| d vlqjoh urrw1

: Krprjhql}lqj
Zkdw derxw wkh uhvwulfwlrq wr prqlf sro|qrpldovB Elvkrs/ diwhu doo/ suryhg
wkdw dq| qrqfrqvwdqw sro|qrpldo zlwk frpsoh{ frh!flhqwv kdv d frpsoh{
urrw/ dv glg Eurxzhu ^6`1 Lq wkh jhqhudo fdvh/ zkhuh wkh irupdo ohdglqj
frh!flhqw pljkw eh }hur/ zh uhdoo| qhhg wr sdvv wr wkh frpsoh{ surmhfwlyh
olqh +wkh Ulhpdqq vskhuh,/ dqg krprjhqhrxv sro|qrpldov lq wzr yduldeohv1
D sro|qrpldo zkrvh irupdo ohdglqj frh!flhqw lv }hur kdv d urrw dw lq�qlw|1
Lqghhg/ ydq ghu Frusxw ^7`/ iroorzlqj Eurxzhu ^6`/ vkrzhg wkdw |rx frxog
idfwru dq duelwudu| qrq}hur sro|qrpldo sEf� ' @f n @�f n � � �n @?f

? dv

sEf� ' @Ef � o�� � � � Ef � o6�E�� o6n�f� � � � E�� o?f�

zkhuh 6 lv dq| lqwhjhu ehwzhhq r dqg | vxfk wkdw @r dqg @| duh qrq}hur1
Qrz wkh remhfwv ri vwxg| duh qrq}hur sro|qrpldov ri irupdo ghjuhh ?/

dqg zh grq*w sduwlfxoduo| zdqw wr glvwlqjxlvk ehwzhhq d sro|qrpldo dqg d
qrq}hur pxowlsoh ri wkdw sro|qrpldo ehfdxvh wkh wzr sro|qrpldov kdyh wkh
vdph urrwv1 Vr rxu sro|qrpldov olyh lq � ?E��/ frpsoh{ surmhfwlyh vsdfh ri
glphqvlrq ?�wkh vhw ri rqh0glphqvlrqdo vxevsdfhv ri�?n�1 Iru dq| qrup rq
�?n�/ zh gh�qh d phwulf rq � ?E�� e| vhwwlqj _ELc T � ' �?u n�� �n/ zkhuh
� dqg � udqjh ryhu wkh hohphqwv ri qrup � ri wkh rqh0glphqvlrqdo vxevsdfhv
L dqg T ri �?n�1 Lw lv hdv| wr yhuli| wkdw wklv phwulf lv lghqwlfdo wr wkh
Kdxvgru� phwulf rq wkh xqlw edoov ri wkh rqh0glphqvlrqdo vxevsdfhv1

Zkdw derxw wkh urrwvB Wr dffrpprgdwh srlqwv dw lq�qlw|/ zh zdqw wr
wklqn ri rxu sro|qrpldov dv krprjhqhrxv sro|qrpldov ri ghjuhh ? lq wzr
yduldeohv1 Wklv lv pruh hohjdqw dq|zd| ehfdxvh zh fdq glvfdug wkh lghd ri d
irupdo ghjuhh1 Wkh urrwv zloo wkhq eh hohphqwv ri � �E��/ dqg fruuhvsrqg wr
krprjhqhrxv idfwruv ri ghjuhh �1

Zkdw qrupzloo zh xvhB Rq�2 zh zloo zrun zlwk wkh �20qrup/
t
m@m2 n mKm21

Wkhq wkh glvwdqfh ehwzhhq wzr xqlw yhfwruv � dqg � lq �2/ ylhzhg dv hoh0
phqwv ri � �E��/ lv jlyhq e|

s
2� 2 mk�c �lm1 Qrwh wkdw wklv qrup rq �2 lv wkh
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vdph dv wkdw rewdlqhg e| frqvlghulqj dq hohphqw ri �2 dv d olqhdu ixqfwlrq
sEfc t � ' @f n Kt dqg wdnlqj wkh vxsuhpxp ri msE�c ��m ryhu doo xqlw yhf0
wruv E�c �� lq �21 Rq �?n�/ zklfk zh wklqn ri dv wkh vsdfh ri krprjhqhrxv
sro|qrpldov lq wzr yduldeohv ri ghjuhh ?/ zh zloo dovr xvh wklv ixqfwlrqdo qrup
t�TimsE�c ��m G m�m2 n m�m2 ' �j ' t�TimsE�c ��m G m�m2 n m�m2 � �j1

Wkh ixqfwlrqdo qrup rq �?n� lv htxlydohqw wr wkh vxsuhpxp qrup xvhg
lq wkh surri ri Wkhruhp 51 Lqghhg/ vxssrvh sEfc t � '

S?
�'f @�f

�t ?3�1 Ohw
�f ' t�T� m@�m dqg �� ' t�TimsE�c ��m G m�m2 n m�m2 ' �j1 Fohduo| �� �
E?n ���f1 Wr jr wkh rwkhu zd| zh qrwh wkdw/ iru m5m � �/

msE5c ��m ' s
2
?
����s
�

5s
2
c
�s
2

����� � s
2
?
��

zkloh/ e| wkh Fdxfk| lqwhjudo irupxod/

m@&m '
���� �

2Z�

L
sE5c ��

5&n�
_5

���� � t�T
�5�'�

msE5c ��m

vr �f �
s
2
?
��1

Zh kdyh wkh frppxwdwlyh gldjudp

E�2�? $ �?n�

& &
� �E��? $ � ?E��

wkh wrs pds ehlqj wkh ?0irog surgxfw/ zkhuh zh wklqn ri �2 dv frqvlvwlqj
ri krprjhqhrxv olqhdu sro|qrpldov/ dqg �?n� dv frqvlvwlqj ri krprjhqrxv
sro|qrpldov ri ghjuhh ?1 Wkh wzr vlgh pdsv duh wkh qdwxudo rqhv/ dqg wkh
erwwrp pds lv lqgxfhg iurp wkh wrs rqh1 Li zh uhvwulfw wr dojheudlf qxpehuv/

E�2�? $ �?n�

& &
� �E��? $ � ?E��

wkhq zh nqrz wkdw wkh wrs pds lv rqwr1
Qrz frqvlghu wkh ohiw froxpq ri wklv gldjudp wr eh v|pphwul}hg�wkdw

lv/ wkh remhfwv wkhuh duh ?0pxowlvhwv ri hohphqwv ri �2 dqg � �E��1 Ehfdxvh
wkh wrs pds lv pxowlsolfdwlrq/ wklv pdnhv vhqvh1 Rxu wdvn lv wr vkrz wkdw wkh
erwwrp pds lv xqlirupo| elfrqwlqxrxv1
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Li k G �2 $ �2 lv d xqlwdu| wudqvirupdwlrq/ wkhq k lqgxfhv lvrphwulhv dw
doo irxu fruqhuv ri wkh gldjudp +zh sxw wkh ixqfwlrqdo qrup rq �?n�,1 Zh
zloo xvh Wkhruhp 5/ wrjhwkhu zlwk wklv delolw| wr pryh wkh srlqw dw lq�qlw|
ri � �E��/ wr vkrz xqlirup elfrqwlqxlw| ri wkh erwwrp pds1

Frqvlghu wkh pds iurp � wr � �E�� jlyhq e| wdnlqj o wr E�c�o�1 Wklv
fdq eh wkrxjkw ri dv wdnlqj wkh frpsoh{ qxpehu o wr wkh krprjhqhrxv
sro|qrpldo f � ot zkrvh fruuhvsrqglqj lqkrprjhqhrxv sro|qrpldo f � o
kdv o dv d urrw1 Wklv pds wdnhv wkh forvhg edoo ri udglxv - durxqg f lq
� xqlirupo| elfrqwlqxrxvo| rqwr wkh frpsohphqw ri wkh rshq edoo ri udglxvu
2� 2-

� n-2
durxqg 4 ' Efc �� lq � �E��1

Qrz zh kdyh d eljjhu frppxwdwlyh gldjudp

�? #$ �?

& &
E�2�? $ �?n�

& &
� �E��? $ � ?E��

zkhuh wkh �uvw froxpq lv v|pphwul}hg ryhu ?/ wkdw lv/ wkhvh duh dfwxdoo|
?0pxowlvhwv ri hohphqwv ri �/ �2 dqg � �E��1

Wkh wrs pds wdnhv Eo�c � � � c o?� wr wkh qrqohdglqj frh!flhqwv ri wkh prqlf
sro|qrpldo

T?
�'�Ef � o��1 Wklv lv wkh fruuhvsrqghqfh ehwzhhq �?E�� dqg

Z?E�� wkdw zh kdyh vhhq lv xqlirupo| elfrqwlqxrxv rq erxqghg vxevhwv +Wkh0
ruhp 5,1 Wkh pds grzq iurp �? wr E�2�? lv lqgxfhg e| wkh pds iurp
� wr �2 wkdw wdnhv o wr E�c�o�1 Wkh pds grzq iurp �? wr �?n� wdnhv
ESfc S�c � � � c S?3�� wr ESfc S�c � � � c S?3�c ��1

Vr zh nqrz wkdw wkh erwwrp pds lv xqlirupo| elfrqwlqxrxv li zh vwd|
erxqghg dzd| iurp wkh srlqw dw lq�qlw|1 Wkh lghd lv wr dfw rq � �E��/
zlwk xqlwdu| wudqvirupdwlrqv ri �2/ vr wkdw dq| ?0pxowlvhw ri urrwv fdq eh
xqlirupo| erxqghg dzd| iurp wkh srlqw dw lq�qlw|1 Dv wkh +dojheudlf, xqlwdu|
jurxs dfwv wudqvlwlyho| rq � �E��/ lw vx!fhv wr �qg dq hohphqw lq � �E�� wkdw
lv idu dzd| iurp d jlyhq ?0pxowlvhw1

Ohppd 8 Ohw 5�c � � � c 5? eh hohphqwv ri �2 ri qrup �1 Wkhq wkhuh h{lvwv dq
hohphqw ri �2 ri qrup � zkrvh glvwdqfh wr i5�c � � � c 5?j lq � �E�� lv dw ohdvw
�*2?1

Surri1 Wklv iroorzv iurp wkh idfw wkdw � �E�� lv frqqhfwhg/ wrwdoo|
erxqghg/ dqg kdv gldphwhu

s
2/ dqg wkdw � �E�� lv ghqvh lq � �E��1 Li 8
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lv d �qlwh B0dssur{lpdwlrq wr � �E��/ wkhq hlwkhu wkhuh h{lvwv dq hohphqw ri
8 wkdw lv dw ohdvw �*2? iurp hdfk 5�/ lq zklfk fdvh zh duh grqh/ ru hyhu| hoh0
phqw ri 8 lv zlwklq ���
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ri vrph 5�/ vr wkh 5� irup d

�
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n B
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0dssur{lpdwlrq

wr � �1 Dv � � lv frqqhfwhg/ dqg kdv gldphwhu
s
2/ zh fdq �qg d �qlwh vh0

txhqfh ri hohphqwv vr wkdw wkh glvwdqfh ehwzhhq dq| wzr dgmdfhqw hohphqwv
lv ohvv wkdq B/ dqg wkh glvwdqfh ehwzhhq wkh �uvw dqg odvw lv

s
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fruuhvsrqglqj vhtxhqfh ri dssur{lpdwlqj 5�*v vr wkdw wkh glvwdqfh ehwzhhq
dgmdfhqw hohphqwv lv ohvv wkdq ���
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dqg zh fdq fkrrvh B vr wkdw grhv qrw kdsshq1

Vr/ jlyhq hohphqwv 5�c � � � c 5? ri �2/ hdfk ri qrup �/ zh fdq �qg d xqlwdu|
wudqvirupdwlrq k ri �2 vr wkdw k5�c � � � c k5? duh erxqghg dzd| e| �*2? iurp
wkh srlqw dw lq�qlw| lq � �E��1

Khuh lv wkh ixoo0eorzq ixqgdphqwdo wkhruhp ri dojheud1

Wkhruhp 9 Ohw � �E�� ghqrwh wkh vhw ri qrq}hur krprjhqhrxv sro|qrpldov
ri ghjuhh � lq wzr yduldeohv ryhu wkh frpsoh{ qxpehuv/ ylhzhg dv d surmhfwlyh
vsdfh ri glphqvlrq �1 Wkh pds f�?E�

�E��� $ � ?E�� iurp wkh vhw ri olplw
?0pxowlvhwv ri � �E�� wr � ?E�� wkdw lv lqgxfhg e| wdnlqj Eo�f n r�tc o2f n
r2tc � � � c o?f n r?t � wr
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�'�Er�f n o�t �/ lv d xqlirupo| elfrqwlqxrxv rqh0

wr0rqh fruuhvsrqghqfh1

Surri1 Lw vx!fhv wr vkrz wkdw wkh pds �?E�
�E��� $ � ?E�� lv d

xqlirupo| elfrqwlqxrxv rqh0wr0rqh fruuhvsrqghqfh1 Jlyhq wkh ixqgdphqwdo
wkhruhp ri dojheud iru dojheudlf qxpehuv/ wkh rqo| sureohp lv wkh xqlirup
elfrqwlqxlw|1 Vxssrvh Eo�f n r�tc o2f n r2tc � � � c o?f n r?t � uhsuhvhqwv
dq hohphqw ri �?E�

�E���1 Dv dq| xqlwdu| wudqvirupdwlrq ri �2 lqgxfhv
dq lvrphwu| rq � �E��/ xqghu wkh ixqfwlrqdo qrup/ zh pd| dvvxph wkdw
o�f n r�t 5 � �E�� lv erxqghg dzd| e| �*2? iurp t / wkh srlqw dw lq�qlw|1
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ri � �E�� wkdw duh erxqghg dzd| iurp wkh srlqw dw lq�qlw| e|
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vr iru vxlwdeoh - frqwdlqv doo wkrvh srlqwv erxqghg dzd| iurp wkh srlqw dw
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