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Devwudfw
Lvklkdud vkrzhg/ xvlqj frxqwdeoh fkrlfh/ wkdw zhdn Pdunry*v sulq0

flsoh lv htxlydohqw wr doo uhdo ixqfwlrqv rq d frpsohwh phwulf vsdfh
ehlqj vwurqjo| h{whqvlrqdo1 Lq wklv qrwh zh vkrz wkdw zhdn frxqwdeoh
fkrlfh vx!fhv/ dqg wkdw wkh wkhruhp idlov lq vkhdi prghov ri wkh uhdo
qxpehuv1

Lq ^7` Pdqghonhuq fdoov d uhdo qxpehu S svhxgrsrvlwlyh li iru doo uhdo %
hlwkhu =E% � f� ru =ES � %�1 Lq ^6/ Ohppd 4915` kh vkrzv wkdw li S � � lv
svhxgrsrvlwlyh/ wkhq wkhuh h{lvwv dq lqfuhdvlqj ixqfwlrq s G dfc �o $ dfc �o vxfk
wkdw sEf� ' f dqg sES� ' �1 Fohduo| wkh frqyhuvh lv dovr wuxh= zh pd| h{whqg
s lq d wulyldo zd| wr doo ri +/ dqg hlwkhu sE%� : sEf� ru sE%� 	 sES�1 Wklv
lghd lv uhodwhg wr d zhdn yhuvlrq ri Pdunry*v sulqflsoh/ zklfk Pdqghonhuq
fdoov ZOSH exw zh zloo fdooZPS= hyhu| svhxgrsrvlwlyh qxpehu lv srvlwlyh1
Pdunry*v sulqflsoh lwvhoi/ zklfk Pdqghonhuq fdoov OSH/ vd|v wkdw/ iru doo %/ li
=E% ' f�/ wkhq % 9' f1

Erwk Pdunry*v sulqflsoh dqg ZPS zhuh irupxodwhg lq wkh frqwh{w ri
wkh frxqwdeoh d{lrp ri fkrlfh1 Lq wklv frqwh{w/ wkh| pd| eh lqwhusuhwhg lq
whupv ri elqdu| vhtxhqfhv> lqghhg/ Pdunry*v sulqflsoh zdv ruljlqdoo| vwdwhg lq
whupv ri vhtxhqfhv1 Lq wkh devhqfh ri frxqwdeoh fkrlfh/ hdfk sulqflsoh kdv d
vhtxhqwldo yhuvlrq dqg d uhdo yhuvlrq1 Wkh vhtxhqwldo yhuvlrq fdq eh rewdlqhg
e| uhvwulfwlqj wr Fdxfk| uhdov1 Zh zloo eh frqfhuqhg rqo| zlwk ZPS khuh/
dqg zh zloo phdq wkh uhdo yhuvlrq1

ZPS lv uhodwhg wr vwurqj h{whqvlrqdolw|1 D ixqfwlrq s ehwzhhq phwulf
vsdfhv lv vwurqjo| h{whqvlrqdo li _E%c +� : f zkhqhyhu _EsE%�c sE+�� : f1
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Orrnlqj dw Pdqghonhuq*v ixqfwlrq s deryh/ zh vhh wkdw li s lv vwurqjo| h{whq0
vlrqdo/ wkhq wkh svhxgrsrvlwlyh qxpehu S lv srvlwlyh1 Khqfh li hyhu| ixqfwlrq
iurp + wr + lv vwurqjo| h{whqvlrqdo/ wkhq ZPS krogv1 Frqyhuvho|/ Lvklkdud
^5/ Ohppd 7` suryhg/ xvlqj frxqwdeoh fkrlfh/ wkdw li s pdsv d frpsohwh phwulf
vsdfh wr d phwulf vsdfh/ dqg sE%� 9' sE+�/ wkhq _E%c +� lv svhxgrsrvlwlyh�vr
li ZPS krogv/ wkhq hyhu| pds iurp d frpsohwh phwulf vsdfh wr d phwulf
vsdfh lv vwurqjo| h{whqvlrqdo1 Zkdw kdsshqv zlwkrxw frxqwdeoh fkrlfhB

Wr dqdo|}h Lvklkdud*v ohppd lq d fkrlfh0iuhh hqylurqphqw/ zh �uvw pdnh
wkuhh revhuydwlrqv +Wkhruhpv 4/5/6,1 Fdoo wzr hohphqwv % dqg + ri d vhw
svhxgrdsduw li iru hdfk 5 lq wkh vhw hlwkhu =E5 ' %� ru =E5 ' +�1 Iru
h{dpsoh/ d svhxgrsrvlwlyh qxpehu lv svhxgrdsduw iurp f1

Wkhruhp 4 Li % dqg + duh srlqwv lq d phwulf vsdfh/ dqg _E%c +� lv svhx0
grsrvlwlyh/ wkhq % lv svhxgrdsduw iurp +1

Surri1 Hlwkhu =E_E%c 5� � f� ru =E_E%c +� � _E%c 5��1 Lq wkh �uvw fdvh
=E% ' 5�/ lq wkh vhfrqg =E+ ' 5�1

Wkhruhp 5 Li % lv svhxgrdsduw iurp + lq d phwulf vsdfh/ wkhq i%c +j lv d
forvhg vhw1

Surri1 Vxssrvh 5 lv lq wkh forvxuh ri i%c +j1 Li 5 9' +/ wkhq 5 ' %/ vr
=E5 ' %� lpsolhv 5 ' +1 Vlploduo| =E5 ' +� lpsolhv 5 ' %1

Wkhruhp 6 Li s eh d ixqfwlrq1 Li sE%� dqg sE+� duh svhxgrdsduw/ wkhq %
dqg + duh svhxgrdsduw1 +Hyhu| ixqfwlrq lv vwurqjo| svhxgrh{whqvlrqdo1,

Surri1 Li =EsE5� ' sE%��/ wkhq =E5 ' %�1

Dv d uhvxow ri wkhvh revhuydwlrqv/ zh vhh wkdw li s lv d ixqfwlrq ehwzhhq
phwulf vsdfhv/ dqg _EsE%�c sE+�� : f/ wkhq wkh vhw i%c +j lv forvhg> li wkh
grpdlq ri s lv frpsohwh/ wkhq i%c +j lv frpsohwh/ dqg =E% ' +�1 Vr wkh frp0
sohwh phwulf vsdfh lq Lvklkdud*v ohppd pljkw dv zhoo frqvlvw ri wzr xqhtxdo
srlqwv/ lq zklfk fdvh wkh ohppd zrxog uhdg= Li =E% ' +�/ dqg i%c +j lv d
frpsohwh phwulf vsdfh/ wkhq _E%c +� lv svhxgrsrvlwlyh1 Wkh pds wdnlqj % wr
f dqg + wr _E%c +� lv dq lvrphwu|/ vr zh pljkw dv zhoo dvvxph wkdw % ' f dqg
+ ' S duh uhdo qxpehuv vxfk wkdw =ES � f�1 Wkhq Lvklkdud*v ohppd ehfrphv=

+�, Li ifc Sj lv frpsohwh dqg =ES � f�/ wkhq S lv svhxgrsrvlwlyh1
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Qrwh wkdw wkh frqyhuvh ri +�, lv wuxh e| Wkhruhpv 4 dqg 51 Zh zloo vkrz
wkdw +�, krogv lq wkh suhvhqfh ri d zhdn d{lrp ri frxqwdeoh fkrlfh/ wkdw +�,
idlov lq wkh vwdqgdug vkhdi prgho ri wkh uhdo qxpehuv/ dqg wkdw ZPS krogv
lq wkdw prgho +vr ZPS grhv qrw e| lwvhoi hqwdlo wkdw hyhu| ixqfwlrq iurp d
frpsdfw vxevhw ri + wr + lv vwurqjo| h{whqvlrqdo,1

Wkh vkhdi prgho ri+ rq d wrsrorjlfdo vsdfhf lv rewdlqhg e| lghqwli|lqj
+ zlwk wkh +fodvvlfdo, ulqj ri frqwlqxrxv uhdo ydoxhg ixqfwlrqv rq f +vhh ^8`,1
Wkh Kh|wlqj dojheud ri rshq vxevhwv ri f lv wkh dojheud ri wuxwk ydoxhv iru
wklv prgho1 Wkh wuxwk ydoxh ri @ 	 K lv i% G @E%� 	 KE%�j1 Zh vd| wkdw d
vwdwhphqw krogv dw % 5 f li % lv lq lwv wuxwk ydoxh1 Li d vwdwhphqw fdq eh
suryhg frqvwuxfwlyho| zlwkrxw dsshdo wr wkh d{lrp ri frxqwdeoh fkrlfh/ wkhq
lwv wuxwk ydoxh lv f/ wkdw lv/ lw krogv dw hyhu| %1 Wkhvh vkhdi prghov duh
lqwhuhvwlqj ehfdxvh wkh| jlyh frqfuhwh slfwxuhv ri glvwlqfwlrqv wkdw glvdsshdu
lq wkh suhvhqfh ri frxqwdeoh fkrlfh1 Iru h{dpsoh/ li f lv wkh xqlw lqwhuydo/
wkhq wkh Fdxfk| uhdov fruuhvsrqg wr wkh frqvwdqw ixqfwlrqv rq f1

Wkhruhp 7 Lq wkh vkhdi prgho ri + rq dfc �o/ wkh vwdwhphqw �ifc Sj lv frp0
sohwh dqg =ES � f�� krogv dw % li dqg rqo| li hlwkhu SE%� : f/ ru % lv dq
hqgsrlqw dqg S lv srvlwlyh rq d sxqfwxuhg qhljkerukrrg ri %1

Surri1 Wkh frqglwlrq =ES � f� dw % lv suhflvho| wkdw S lv srvlwlyh rq d
ghqvh vxevhw ri d qhljkerukrrg ri %1 D qxpehu @ lv lq wkh forvxuh ri ifc Sj dw
% h{dfwo| zkhq @E+� 5 ifc SE+�j iru doo + lq d qhljkerukrrg ri %1 Li % lv qrw
dq hqgsrlqw/ dqg SE%� ' f/ zh fdq wdnh @E+� ' f iru + � % dqg @E+� ' SE+�
iru + � %1 Wkhq @ lv lq wkh forvxuh ri ifc Sj dw %/ exw lw lv qrw wuxh wkdw @ ' f
ru @ ' S lq d qhljkerukrrg %1 Li % lv dq hqgsrlqw/ dqg S ydqlvkhv duelwudulo|
forvh wr %/ wkhq zh fdq ohw @ eh S rq lqwhuydov duelwudulo| forvh wr %/ dqg @ eh
f rq lqwhuydov duelwudulo| forvh wr %1 Li % lv dq hqgsrlqw dqg S lv srvlwlyh rq
d sxqfwxuhg qhljkerukrrg ri %/ wkhq li @ lv lq wkh forvxuh ri ifc Sj dw %/ dqg
@ lv qrw }hur lq d qhljkerukrrg ri %/ wkhq @ pxvw eh S lq d qhljkerukrrg ri
%1

Wkhruhp 8 Ohw f eh dq| phwulf vsdfh1 Wkhq ZPS krogv lq wkh vkhdi prgho
ri + rq f1

Surri1 Zh zdqw wr vkrz wkdw/ li S lv svhxgrsrvlwlyh dw %f/ wkhq SE%f� : f1
Li %f lv dq lvrodwhg srlqw wkhuh lv qr sureohp/ vr vxssrvh � � o� : o2 : � � �
frqyhujhv wr f zkhuh o� ' _E%�c %f�1 Zh suryh wkh frqwudsrvlwlyh1 Vxssrvh
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SE%f� ' f dqg ohw s eh d frqwlqxrxv ixqfwlrq iurp Efc �o wr dfc �o vxfk wkdw
sE|� ' f iru | 5 Eoe?n2c oe?� dqg sEoe?n�� ' �1 Vhw

@E%� ' sE_E%c %f��ESE%� n _E%c %f��

iru % 9' %f/ dqg @E%f� ' f1 Wkhq @E%e?n�� : SE%e?n��/ dqg @E%� ' f rq wkh
rshq vhw

i% 5 f G oe?n2 	 _E%c %f� 	 oe?j
zklfk frqwdlqv %e?n�1 Vr =Ef � @� dqg =E@ � S� erwk idlo dw %f1

D zhdn d{lrp ri frxqwdeoh fkrlfh zdv lqwurgxfhg lq ^4`1 Lw lv lpsolhg
e| wkh odz ri h{foxghg plggoh/ dqg vx!fhv iru pdq| vwdqgdug dssolfdwlrqv
ri frxqwdeoh fkrlfh lq frqvwuxfwlyh pdwkhpdwlfv1 Lq sduwlfxodu/ jlyhq d uhdo
qxpehu S/ lw doorzv wkh frqvwuxfwlrq ri d elqdu| vhtxhqfh b? vxfk wkdw li
b? ' f/ wkhq S 	 �*2?/ dqg li b? ' �/ wkhq S : �*E2?n ��1 Lw lv

ZFF1 Ohw �? eh d vhtxhqfh ri qrqhpsw| vhwv1 Vxssrvh wkdw iru ? 9' ?�/ hlwkhu
�? ru �?� lv d vlqjohwrq1 Wkhq wkhuh lv d fkrlfh vhtxhqfh @? 5 �?1

Wkhruhp 9 Dvvxph ZFF1 Ohw S eh d uhdo qxpehu vxfk wkdw =ES � f� dqg
ifc Sj lv frpsohwh1 Wkhq S lv svhxgrsrvlwlyh1

Surri1 Ohw | eh d uhdo qxpehu1 E| d ohppd lq ^4`/ wkhuh lv d elqdu|
vhtxhqfh b? vxfk wkdw li b? ' f/ wkhq S 	 �*2?/ dqg li b? ' �/ wkhq S :
�*E2? n ��1 Vlploduo| >? iru |1 Gh�qh d Fdxfk| vhtxhqfh r? lq ifc Sj e|
vhw r? ' f xqohvv b6 ' f dqg >6n2 ' � iru vrph 6 � ?/ lq zklfk fdvh vhw
r? ' S1

Vxssrvh r? frqyhujhv wr S1 Li | � f/ wkhq >? ' f iru doo ?1 Vr r? ' f
iru doo ?/ d frqwudglfwlrq1 Khqfh =E| � f�1 Rq wkh rwkhu kdqg/ vxssrvh r?
frqyhujhv wr f1 Wkhq r? ' f iru doo ?1 Vxssrvh qrz wkdw | � S1 Li b6 ' �/
wkhq >6n� ' � ohvw S : �*E26n�� dqg | 	 �*E26n2�1 Vr b6 ' f iru doo 6/
d frqwudglfwlrq1 Wkhuhiruh =E| � S�1

Lq wkh devhqfh ri wkh d{lrp ri frxqwdeoh fkrlfh/ zh pxvw glvwlqjxlvk
ehwzhhq d vxevhw ri wkh uhdo qxpehuv ehlqj forvhg +wkdw lv/ frpsohwh, dqg
ehlqj vhtxhqwldoo| forvhg1 Krzhyhu lq wkh suhvhqfh ri ZFF/ wkh wzr frqfhswv
frlqflgh rq �qlwho| hqxphudeoh vxevhwv olnh ifc Sj1
Wkhruhp : Li ZFF krogv/ wkhq wkh vhtxhqwldo forvxuh ri dq| �qlwho| hqx0
phudeoh vxevhw ri d phwulf vsdfh frlqflghv zlwk lwv forvxuh1
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Surri1 Ohw S�c � � � c S& eh srlqwv lq d phwulf vsdfh/ dqg @ lq wkh forvxuh
ri iS�c � � � c S&j1 Iru � ' �c � � � c &/ ohw b�? eh d elqdu| vhtxhqfh vxfk wkdw li
b�? ' f/ wkhq _E@c S�� 	 �*2?/ dqg li b�? ' �/ wkhq _E@c S�� : �*E2? n ��1 Ohw
�? eh wkh vpdoohvw lqgh{ � vxfk wkdw b�? ' f +wkhuh pxvw eh rqh ehfdxvh @ lv
lq wkh forvxuh,/ dqg vhw r? ' S�?1 Wkhq _Er?c @� 	 �*2?1
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