
Zhdno| lqwhjudoo| forvhg grpdlqv=
plqlpxp sro|qrpldov ri pdwulfhv
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4: Qryhpehu 4<<<

Devwudfw

Pxvw wkh frh!flhqwv ri wkh plqlpxp sro|qrpldo ri d pdwul{ ryhu
d grpdlq olh lq wkdw grpdlqB Wklv txhvwlrq ohdgv wr wkh qrwlrq ri
d zhdno| lqwhjudoo| forvhg grpdlq/ ryhu zklfk wkh dqvzhu lv �|hv�
iru 60e|06 pdwulfhv1 Lw lv vkrzq wkdw fhuwdlq vxedojheudv ri n^w` duh
zhdno| lqwhjudoo| forvhg/ dv duh ulqjv frqvlvwlqj ri txdgudwlf dojheudlf
qxpehuv1

4 Plqlpxp sro|qrpldov ri pdwulfhv
Ohw � eh dq ?0e|0? pdwul{ zlwk hqwulhv lq d frppxwdwlyh lqwhjudo grpdlq -
zlwk txrwlhqw �hog 8 1 Zh duh lqwhuhvwhg lq wkh txhvwlrq ri zkhq wkh +prqlf,
plqlpxp sro|qrpldo ri � ryhu 8 kdv doo lwv frh!flhqwv lq -1 Wklv lv wuxh
li - lv lqwhjudoo| forvhg ehfdxvh wkh plqlpxp sro|qrpldo lv d idfwru ri wkh
fkdudfwhulvwlf sro|qrpldo1 Lw lv dovr wuxh lq wkh iroorzlqj wzr vlpsoh fdvhv=

� Li wkh fkdudfwhulvwlf sro|qrpldo ri � lv wkh plqlpxp sro|qrpldo1

� Li � lv d vfdodu pdwul{1

Wkhvh duh wkh rqo| fdvhv iru ? ' 2/ vr hyhu| 20e|02 pdwul{ kdv wklv surshuw|1
Iru d �0e|0� pdwul{ wkhuh lv rqh rwkhu fdvh= Wkh fkdudfwhulvwlf sro|qrpldo ri
� lv Ef � @�2Ef � K� dqg wkh plqlpxp sro|qrpldo lv Ef � @�Ef � K� zlwk



@c K 5 8 lqwhjudo ryhu - +srvvleo| @ ' K,1 Lq ^4/ H{dpsoh 516` Zlooldp F1
Eurzq frqvlghuhg wkh pdwul{
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zlwk hqwulhv lq wkh ulqj - ' &dd|�c |eoo/ zkhuh & lv wkh wzr0hohphqw �hog1 Wkh
plqlpxp sro|qrpldo ri � lv f2 � |Df/ dqg lwv frh!flhqwv gr qrw olh lq -1
Wkh prwlydwlrq iru wklv sdshu zdv wr xqghuvwdqg Eurzq*v h{dpsoh1

Zh vdz wkdw wkh txhvwlrq iru �0e|0� pdwulfhv uhgxfhv wr wkh fdvh zkhuh
wkh plqlpxp sro|qrpldo lv txdgudwlf1 Ohw xv vd| wkdw - lv �0forvhg li wkh
plqlpxp sro|qrpldo ri hyhu| �0e|0� pdwul{ ryhu - kdv lwv frh!flhqwv lq -/
dqg wkdw - lv txdgudwlfdoo| forvhg li wkdw lv wuxh iru txdgudwlf plqlpxp
sro|qrpldov ri dq| vtxduh pdwul{ ryhu -1 Vr li - lv txdgudwlfdoo| forvhg/
wkhq - lv �0forvhg1

5 Eurzq*v h{dpsoh h{whqghg
Ohw ( eh d grpdlq dqg � d vxeprqrlg ri |� ' i|? G ? 5 �j/ zkhuh | lv dq
lqghwhuplqdwh1 Frqvlghu wkh prqrlg dojheud - ' (d� o1 Zh fdq uhsuhvhqw
� e| dq lq�qlwh elqdu| vwulqj/ olnh �f��� � � � iru wkh prqrlg jhqhudwhg e| |2

dqg |�1 Eurzq*v h{dpsoh ri wkh suhfhglqj vhfwlrq fdq eh hoderudwhg xsrq1

Wkhruhp 4 Li wkh elqdu| vwulqj ri wkh prqrlg� frqwdlqv wkh sdwwhuq ��f��/
wkhq wkh prqrlg dojheud - ' (d� o lv qrw �0forvhg1

Surri1 Vxssrvh wkh sdwwhuq ��f�� vwduwv dw srvlwlrq & +iru wkdw wr kds0
shq/ & pxvw eh dw ohdvw �,1 Frqvlghu wkh pdwul{
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Qrwh wkdw �2 ' |2� n 2|eU/ vr

�2 ' |2&�2 ' |2&n2� n 2|2&neU ' |&n2�n 2|2&neU�

Wkxv wkh plqlpxp sro|qrpldo ri � lv f2� |&n2f � 2|2&ne/ dqg |&n2 *5 -1
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Vlploduo|/ uhsodflqj | e| |? lq �/ zh vhh wkdw dq| vwulqj frqwdlqlqj &/
& n ?/ & n �?/ & n e? dqg plvvlqj & n 2?/ lv qrw �0forvhg1 Vr wkh sdwwhuq

� � � � � � f � � � � � �

lv h{foxghg1
Iru wkh sxusrvh ri ghflglqj zkhwkhu ru qrw (d� o lv �0forvhg/ zh pljkw

dv zhoo dvvxph wkdw wkh vwulqj iru � hqgv lq doo �*v1 Rwkhuzlvh/ � ' E� ��?/
zkhuh ? : �/ dqg (d� o �' (d� �o1

514 Wkh ulqj ~d 6
s
�So

Li zh orrn dw Eurzq*v h{dpsoh iurp dqrwkhu dqjoh/ zh fdq frqvwuxfw d qxpehu
ulqj wkdw lv qrw �0forvhg1 Lqvwhdg ri wklqnlqj ri &d|�c |eo/ zh fdq wklqn ri
&d%c +o*E%e � +��1 Lq wkh odwwhu ulqj zh fdq lghqwli| | dv +*% ' |e*|�1 Vr zh
orrn iru d qxpehu ulqj zlwk hohphqwv % dqg + vr wkdw %e ' +�1

Ohw k ' �
s
�S/ vr k� ' 2e/ zkhqfh Ek*2�� ' 21 Ohw | ' k*2/ vr |� ' 2 dqg

|e ' k duh lq ~dko/ dqg |D ' k2*2 lv qrw lq ~dko1 Rxu pdwul{ lv
3
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f 2 k
2k f e
e k f
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D

zklfk vdwlv�hv wkh txdgudwlf sro|qrpldo f2 � |Df � 2|�f1 Wkdw lv/ f2 �
Ek2*2�f � Hk1

Wklv vxppdul}hv zkdw zh nqrz ri wkh qhjdwlyh vlgh ri wkh sureohp1 Zh
qrz wxuq wr wkh srvlwlyh vlgh1

6 Zhdno| lqwhjudoo| forvhg grpdlqv
Ohw - � -� eh lqwhjudo grpdlqv1 Zh vd| wkdw dq hohphqw % 5 -� lv vwurqjo|
lqwhjudo ryhu - li wkhuh lv d qrq}hur �qlwho| jhqhudwhg lghdo a ri - vxfk
wkdw %a � a21 Lq sduwlfxodu/ li % lv vwurqjo| lqwhjudo ryhu -/ wkhq % lv lq
wkh txrwlhqw �hog ri -/ dqg % lv lqwhjudo ryhu -1 Zh vd| wkdw - lv zhdno|
lqwhjudoo| forvhg lq -� li hdfk hohphqw ri -� wkdw lv vwurqjo| lqwhjudo ryhu
- lv lq -1 E| wkh suhfhglqj revhuydwlrq/ li - lv dq lqwhjudoo| forvhg grpdlq/
wkhq - lv zhdno| lqwhjudoo| forvhg lq -�1
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Wkhruhp 5

41 +Lqwhuvhfwlrqv, Li hdfk phpehu lq d idplo| ri vxeulqjv -� ri -� lv zhdno|
lqwhjudoo| forvhg lq -�/ wkhq

W
�-� lv zhdno| lqwhjudoo| forvhg lq -�1

51 +Wudqvlwlylw|, Li - lv zhdno| lqwhjudoo| forvhg lq -�/ dqg -� lv zhdno|
lqwhjudoo| forvhg lq -��/ wkhq - lv zhdno| lqwhjudoo| forvhg lq -��1

61 +Zhdnqhvv, Li - lv lqwhjudoo| forvhg lq -�/ wkhq - lv zhdno| lqwhjudoo|
forvhg lq -�1

71 +Orfdol}dwlrq,

+d, Li - lv zhdno| lqwhjudoo| forvhg lq -�/ wkhq -7 lv zhdno| lqwhjudoo|
forvhg lq -�

7 iru dq| pxowlsolfdwlyho| forvhg vxevhw ri - qrw frq0
wdlqlqj }hur1

+e, Li -� lv zhdno| lqwhjudoo| forvhg lq -�
� iru hyhu| pd{lpdo lghdo

� ri -/ wkhq - lv zhdno| lqwhjudoo| forvhg lq -�1

Surri1 Vxssrvh a lv d qrq}hur �qlwho| jhqhudwhg lghdo ri
W

�-�/ dqg
%a � a2 iru vrph % 5 -�1 Ohw a� ' -�a / d qrq}hur �qlwho| jhqhudwhg lghdo
ri -�1 Wkhq %a� � a2

� iru hdfk �/ vr % 5 W�-�1 Wklv suryhv +4,1
Wr vkrz +5,/ ohw a eh d qrq}hur �qlwho| jhqhudwhg lghdo ri - vxfk wkdw

%a � a2 iru % 5 -��1 Wkhq a � ' -�a lv d qrq}hur �qlwho| jhqhudwhg lghdo ri
-� vxfk wkdw %a � � a �2/ vr % 5 -�/ vr % 5 -1

Ohw a eh d qrq}hur �qlwho| jhqhudwhg lghdo ri - dqg %a � a2 iru vrph
% 5 -�1 Wkhq %a � a / vr % lv lqwhjudo ryhu -/ zkhqfh % 5 -1 Wklv suryhv
+6,1

Wr vkrz +7d,/ vxssrvh - lv zhdno| lqwhjudoo| forvhg lq -�1 Ohw % 5 -�
7 dqg

a eh d qrq}hur �qlwho| jhqhudwhg lghdo ri -71 Wkhuh lv r 5 7 vxfk wkdw ra lv
d �qlwho| jhqhudwhg lghdo ri -/ dqg r% 5 -�1 Li %a � a2/ wkhq r%ra � Era�2/
vr r% 5 - zkhqfh % 5 -71 Wkhuhiruh -7 lv zhdno| lqwhjudoo| forvhg lq -�

71
Iru +7e,/ vxssrvh -� lv zhdno| lqwhjudoo| forvhg lq -�

� iru hyhu| pd{lpdo
lghdo � ri -1 Ohw % 5 -� dqg a eh d qrq}hur �qlwho| jhqhudwhg lghdo ri -
vxfk wkdw %a � a21 Ohw � ' io 5 - G o% 5 -j1 Li � lv dq| pd{lpdo lghdo
ri -/ wkhq % 5 -� / vr o% 5 - iru vrph o 5 - q� 1 Wkhuhiruh � lv qrw
frqwdlqhg lq � iru dq| pd{lpdo lghdo � / vr � ' -/ zkhqfh % 5 -1

Ehfdxvh ri +4, zh fdq wdon derxw wkh zhdn lqwhjudo forvxuh ri - lq -�1
Li - lv zhdno| lqwhjudoo| forvhg lq lwv txrwlhqw �hog/ wkhq zh vd| vlpso| wkdw
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- lv zhdno| lqwhjudoo| forvhg1 Zh vkdoo vhh odwhu wkdw wkh zhdn lqwhjudo
forvxuh qhhg qrw frlqflgh zlwk wkh vhw ri vwurqjo| lqwhjudo hohphqwv +H{dpsoh
4,1

Wkhruhp 6 Li - lv zhdno| lqwhjudoo| forvhg/ wkhq - lv txdgudwlfdoo| forvhg1
Wkdw lv/ li � lv d qrq}hur vtxduh pdwul{ zlwk hqwulhv lq - wkdw vdwlv�hv d
prqlf txdgudwlf sro|qrpldo zlwk frh!flhqwv lq wkh txrwlhqw �hog ri -/ wkhq
wkrvh frh!flhqwv duh lq -1

Surri1 Vxssrvh

�2 n %�n +U ' f

dqg zh zdqw wr vkrz wkdw % 5 -/ dqg vr + 5 -1 Wkh pdwul{ � � oU/ zlwk
o 5 -/ vdwlv�hv wkh sro|qrpldo htxdwlrq

f2 n E%n 2o�f n + n o2 n %o ' f

vr zh pd| dvvxph wkdw vrph gldjrqdo hqwu| ri � lv }hur1 Ohw a eh wkh lghdo
jhqhudwhg e| wkh hqwulhv ri �1 Qrwh wkdw + 5 a21 Wkhq %a � a2/ vr % 5 -1

Vr(d|�c |eo lv qrw zhdno| lqwhjudoo| forvhg/ ehfdxvh lw lv qrw �0forvhg/ ehlqj
d prqrlg dojheud zlwk vwulqj �ff��f��� � � � 1

Zkdw duh vrph h{dpsohv ri ulqjv wkdw duh zhdno| lqwhjudoo| forvhg exw
qrw lqwhjudoo| forvhgB Iru prqrlg dojheudv/ wkh iroorzlqj lv rxu ehvw srvlwlyh
uhvxow1 Iluvw d ohppd1

Ohppd 7 Li ( lv dq lqwhjudoo| forvhg grpdlq zlwk txrwlhqw �hog g/ dqg �
lv d vxeprqrlg ri |�/ wkhq (d� o lv zhdno| lqwhjudoo| forvhg li dqg rqo| li
gd� o lv1

Surri1 Zh kdyh (d� o ' gd� o _ (d|o/ dqg (d|o lv lqwhjudoo| forvhg1
Wkxv li gd� o lv zhdno| lqwhjudoo| forvhg/ vr lv (d� o1 Frqyhuvho|/ gd� o lv d
orfdol}dwlrq ri (d� o1

Wkhruhp 8 Ohw ( eh dq lqwhjudoo| forvhg grpdlq dqg | dq lqghwhuplqdwh1
Wkhq wkh grpdlq

-�c6 ' (d|�c |6c |6n�c |6n2c � � � o

lv zhdno| lqwhjudoo| forvhg iru hdfk sdlu ri qdwxudo qxpehuv � dqg 61
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Surri1 Iurp Ohppd 7/ zh pd| dvvxph wkdw ( lv d �hog1
Wkh wkhruhp lv fohduo| wuxh iru � ' � ru 6 ' �1 Il{ � : �/ zulwh -6 iru

-�c6/ dqg surfhhg e| lqgxfwlrq rq 61 Qrwh wkdw

(d|o ' -� � -2 � -� � � � �

Qrwh wkdw -� lv lqwhjudoo| forvhg lq wkh frpprq txrwlhqw �hog (E|�1 Zh
zloo vkrz wkdw -6 lv zhdno| lqwhjudoo| forvhg lq -63�/ iru 6 : �1 Ohw %
eh dq hohphqw ri -63� dqg a d �qlwho| jhqhudwhg qrq}hur lghdo ri -6 vxfk
wkdw %a � a21 Li 6 � �4L_ �/ wkhq -6 ' -63�/ vr zh pd| dvvxph wkdw
6 9� �4L_ �1

Iru dq| hohphqw e 5 (d|o ohw e ' efn e�|n e2|
2n � � � dqg gh�qh wkh ydoxh

�|Ee� wr eh wkh ohdvw � vxfk wkdw e� 9' f1 Ohw ? eh wkh plqlpxp ri �|Ee�/ dv e
udqjhv ryhu a 1 Dv �|E%e� � 2? iru hdfk e 5 a / lw iroorzv wkdw �|E%� � ?1

Zh sdxvh iru dq revhuydwlrq1 Ohw @ 5 -63� dqg K 5 -61 Vxssrvh
�|E@� � ? dqg �|EK� � ?/ zkhuh ? 	 6/ dqg � glylghv ?1 Wkhq

E@K�63�n? ' @63�K? n
[

f	�$63�3?

@63�3�K?n��

Dv � grhv qrw glylgh 6� � n ?/ hlwkhu � grhv qrw glylgh 6� �� � 	 6� �/
ru � grhv qrw glylgh ?n � 	 6� �1 Wkxv @63�3�K?n� ' f iru hdfk �/ vr

E@K�63�n? ' @63�K?�

Qrz vxssrvh ? 	 6/ vr ? lv d pxowlsoh ri �1 Uhfdoo wkdw �|E%� � ?1 Li
e dqg e� duh lq a / wkhq Eee��63�n? ' e63�e

�
? ' f/ e| wkh revhuydwlrq deryh1

Vr li s lv dq| hohphqw ri a2/ wkhq s63�n? ' f1 Wkhuhiruh/ li e 5 a / wkhq
E%e�63�n? ' f1

Li e 5 a kdv ydoxh ?/ wkhq f ' E%e�63�n? ' %63�e? iurp wkh revhuydwlrq
djdlq1 Vr %63� ' f/ zkhqfh % 5 -61

Zh fdq jhw d vlpsoh fkdudfwhul}dwlrq ri zkhq(d|6c |?o lv zhdno| lqwhjudoo|
forvhg +ru �0forvhg, zkhq ( lv lqwhjudoo| forvhg1

Wkhruhp 9 Ohw - ' (d|6c |?o zlwk ( d grpdlq dqg � � 6 	 ?1 Li 6
glylghv 2?/ dqg ( lv lqwhjudoo| forvhg/ wkhq - lv zhdno| lqwhjudoo| forvhg1 Li
6 grhv qrw glylgh 2?/ wkhq - lv qrw �0forvhg1
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Surri1 Dv wkh k|srwkhvlv dqg wkh frqfoxvlrq duh lqyduldqw xqghu glylglqj
6 dqg ? e| d frpprq idfwru/ zh pd| dvvxph wkdw 6 dqg ? duh uhodwlyho|
sulph1 Li 6 glylghv 2?/ wkhq 6 glylghv 2/ vr 6 ' � ru 6 ' 21 Li 6 ' �/
wkhq - ' (d|o lv lqwhjudoo| forvhg/ khqfh zhdno| lqwhjudoo| forvhg1 Li 6 ' 2/
wkhq - ' (d|2c |?o zkhuh ? lv rgg1 Wkhq Wkhruhp 8 vkrzv wkdw - lv zhdno|
lqwhjudoo| forvhg1

Vr vxssrvh wkdw 6 � � lv uhodwlyho| sulph wr ? : 61 Zh zloo vkrz wkdw
- lv qrw �0forvhg e| �qglqj wkh sdwwhuq ��f�� lq wkh elqdu| vwulqj ri wkh
prqrlg � jhqhudwhg e| 6 dqg ? +Wkhruhp 4,1 Frqvlghu wkh 60e|0? duud|

f � 2 � � � ?� �
? � � � � � � 2?� �

2? � � � � � � �?� �
111

111
E6� 2�? � � � � � � E6� ��?� �
E6� ��? � � � � � � 6?� �

Hdfk froxpq frqwdlqv dq hohphqw glylvleoh e| 6/ ehfdxvh E6c?� ' �1 Vr
hyhu| lqwhjhu iurp E6� ��? rq lv lq � / ehfdxvh zh fdq vxewudfw d pxowlsoh
ri ? iurp lw dqg jhw d pxowlsoh ri 61

Li ? ' 6 n �/ wkhq wkh �uvw froxpq ri wkh vpdoohu duud|/ dqg qr rwkhu/
frqvlvwv hqwluho| ri qxpehuv wkdw duh qrw glylvleoh e| 61 Dv wkh �uvw hqwu|
ri wkh odvw froxpq lv htxdo wr 6/ wklv phdqv wkdw E6� 2�? n � lv qrw lq � /
zkloh wkh irxu lqwhjhuv forvhvw wr lw duh lq � +wklv xvhv 6 : 2,= wkh sdwwhuq
��f��1

Li ? : 6n �/ wkhq wkhuh lv d froxpq ri wkh vpdoohu duud|/ rwkhu wkdq wkh
�uvw/ zklfk frqvlvwv ri qxpehuv wkdw duh qrw glylvleoh 61 Slfn wkh uljkwprvw
vxfk froxpq1 Lwv odvw hqwu| lv wkh f ri ��f��1

Wkh zhdn lqwhjudo forvxuh grhv qrw dozd|v frlqflgh zlwk wkh vhw ri vwurqjo|
lqwhjudo hohphqwv/ zklfk qhhg qrw eh forvhg xqghu dgglwlrq +exw lv forvhg
xqghu pxowlsolfdwlrq,1

H{dpsoh 4 Ohw ( eh dq lqwhjudoo| forvhg grpdlq1 Wkh zhdn lqwhjudo forvxuh
ri - ' (d|�c |eo lv -� ' (d|�c |ec |Do1 Wkh vhw ri hohphqwv lq -� wkdw duh
vwurqjo| lqwhjudo ryhu - lv - ^� �/ zkhuh � � ' is 5 -� G sEf� ' fj1

Surri1 Zh vhh iurp Wkhruhp 8 wkdw -� lv zhdno| lqwhjudoo| forvhg1 Ohw
� ' � � _ -1 Li % 5 � �/ wkhq %� � �2/ zkloh li % 5 -/ wkhq %- � -2/ vr

:



wkh hohphqwv ri -^� � duh vwurqjo| lqwhjudo ryhu -/ dqg -� ' (�� � lv wkh
zhdn lqwhjudo forvxuh ri -1

Qrz vxssrvh % 5 -� exw qrw lq - ^� �/ dqg a lv d qrq}hur lghdo ri -1
Li a lv qrw frqwdlqhg lq � / wkhq %a lv qrw frqwdlqhg lq -1 Li a � � / ohw
wkh vpdoohvw |0ydoxh ri dq hohphqw ri a eh & � �1 Wkh vpdoohvw |0ydoxh ri dq
hohphqw ri a2 lv wkhq 2& : &/ vr %a fdqqrw eh frqwdlqhg lq a21

Lq sduwlfxodu/ dowkrxjk � dqg |D duh vwurqjo| lqwhjudo ryhu (d|�c |eo/ wkh
vxp � n |D lv qrw1

614 Vx!flhqw frqglwlrqv

Uhfdoo wkdw wkh lqwhjudo forvxuh ri dq lghdo U lq d ulqj - frqvlvwv ri wkrvh
hohphqwv % 5 - wkdw vdwlvi| dq htxdwlrq ri wkh irup

%? n @�%
?3� n � � �n @?3�%n @? ' f

zlwk @� 5 U �1 Wkh lqwhuvhfwlrq ri lqwhjudoo| forvhg lghdov lv lqwhjudoo| forvhg1
Pd{lpdo lghdov duh lqwhjudoo| forvhg1 Dq| lghdo lq d Ghghnlqg grpdlq lv
lqwhjudoo| forvhg1 Li U lv lqwhjudoo| forvhg lq -/ wkhq U7 lv lqwhjudoo| forvhg lq
-71

Wkh frqgxfwru ri - lq -� lv i% 5 - G %-� � -j1 Lw lv wkh odujhvw -�0
lghdo frqwdlqhg lq -1 Khuh lv d jhqhudo vx!flhqw frqglwlrq iru - wr eh zhdno|
lqwhjudoo| forvhg lq -�1

Wkhruhp : Ohw - � -� eh lqwhjudo grpdlqv/ dqg � wkh frqgxfwru ri - lq
-�1 Vxssrvh wkdw

� � ' io 5 - G o% 5 -j iru hdfk % 5 -� q-/
� � lv lqwhjudoo| forvhg lq -�1

Wkhq - lv zhdno| lqwhjudoo| forvhg lq -�1

Surri1 Ohw a eh d �qlwho| jhqhudwhg qrq}hur lghdo ri -/ dqg % 5 -� vxfk
wkdw %a � a21 Vxssrvh % *5 -1 Dv � ' io 5 - G o% 5 -j/ zh kdyh a � �1
Dv %a � a2/ wkh hohphqw % lv lqwhjudo ryhu �/ khqfh lq � � -1

Qrwh wkdw wkh �uvw frqglwlrq lq Wkhruhp : krogv li � lv d pd{lpdo lghdo
lq -1

;



Fruroodu| ; Li wkh frqgxfwru ri - lq -� lv d �qlwh lqwhuvhfwlrq ri pd{lpdo
lghdov ri -/ dqg lv lqwhjudoo| forvhg lq -�/ wkhq - lv zhdno| lqwhjudoo| forvhg
lq -�1

Surri1 E| Wkhruhp 5 lw vx!fhv wr suryh wkdw -� lv zhdno| lqwhjudoo|
forvhg lq -�

� iru hdfk pd{lpdo lghdo � ri -1 Ohw � eh wkh frqgxfwru ri
- lq -�1 Li � grhv qrw frqwdlq �/ wkhq -�

� ' -� ehfdxvh o-� � - iru
dq| o 5 � q� 1 Li � frqwdlqv �/ wkhq �-� ' �-� ehfdxvh � lv d �qlwh
lqwhuvhfwlrq ri pd{lpdo lghdov1 Pruhryhu/ wkh pd{lpdo lghdo �-� lv wkh
frqgxfwru ri -� lq -�

� 1 Ilqdoo|/ �-� lv lqwhjudoo| forvhg dv dq lghdo ri -�
�

ehfdxvh � lv lqwhjudoo| forvhg dv dq lghdo ri -�1 Wkh uhvxow qrz iroorzv iurp
Wkhruhp :1

Fruroodu| < Li -� lv d Ghghnlqg grpdlq/ dqg wkh frqgxfwru ri - lq -� lv d
�qlwh lqwhuvhfwlrq ri pd{lpdo lghdov ri -/ wkhq - lv zhdno| lqwhjudoo| forvhg
lq -�1

Fruroodu| < fryhuv wkh ulqjv gd|6c |6n�c |6n2c � � � o/ iru g d �hog +dqg vr
iru g lqwhjudoo| forvhg,/ dqg dovr wkh ulqjv ~d

s
_o zkhuh _ lv vtxduh0iuhh dqg

frqjuxhqw wr � prgxor e/ dv zh zloo vhh lq wkh qh{w vhfwlrq1 Zh fdq xvh
Wkhruhp : wr h{whqg Wkhruhp 8 yld wkh qh{w wkhruhp1

Wkhruhp 43 Ohw � eh d vxeprqrlg ri |� dqg |6 wkh vpdoohvw qrqxqlw
srzhu ri | lq � 1 Ohw ( eh dq lqwhjudoo| forvhg grpdlq/ - ' (d� q i|6jo
dqg -� ' (d� o1 Li -� lv zhdno| lqwhjudoo| forvhg/ wkhq vr lv -1

Surri1 Iurp Ohppd 7 zh pd| dvvxph wkdw( lv d �hog1 Wkh frqgxfwru �
ri - lq -� lv wkh olqhdu vsdq ri � q i�c |6j/ d pd{lpdo lghdo lq -1 Pruhryhu/
wkh reylrxv glvfuhwh ydoxdwlrq � rq -� kdv wkh surshuw| wkdw � ' io 5
-� G �o : 6j/ vr � lv lqwhjudoo| forvhg lq -�1 Wkh uhvxow qrz iroorzv iurp
Fruroodu| ;1

Lwhudwlqj wklv wkhruhp jlyhv |hw dqrwkhu surri wkdw (d|6c |6n�c |6n2c � � � o
lv zhdno| lqwhjudoo| forvhg/ li ( lv lqwhjudoo| forvhg/ e| ghohwlqj |c |2c � � � c |63�

vxffhvvlyho| iurp (d|o1 Zh fdq dovr dsso| lw wr wkh rwkhu ulqjv lq Wkhruhp
8 wr vkrz/ iru h{dpsoh/ wkdw (d|ec |Sc |bc |��o lv zhdno| lqwhjudoo| forvhg +iurp
(d|2c |bo e| ghohwlqj |2,1

<



7 Txdgudwlf h{whqvlrqv ri Ghghnlqg grpdlqv
Ohw �c w eh dq lqwhjudo edvlv iru wkh lqwhjhuv lq d txdgudwlf �hog "Ew�1 Dq|
vxeulqj ri wkh lqwhjhuv ri "Ew� kdv wkh irup - ' ~d?wo ' ~ � ?~w1 Lq
sduwlfxodu/ zkhq _ lv vtxduh0iuhh dqg frqjuxhqw wr � prgxor e/ wkhq ~d

s
_o '

~d2wo zkhuh w ' E� n
s
_�*21 Wkh frqgxfwru ri - lq lwv lqwhjudo forvxuh ~dwo

lv � ' ?~dwo/ dqg -*� lv lvrprusklf wr ~*?~1 Vr wkh frqgxfwru lv pd{lpdo
lq - li dqg rqo| li ? lv d sulph/ lq zklfk fdvh - lv zhdno| lqwhjudoo| forvhg
e| Fruroodu| <1

Zkdw derxw ~de�oB Lw vx!fhv wr vkrz wkdw ~de�o lv zhdno| lqwhjudoo|
forvhg lq ~d2�o1 Wkh frqgxfwru lv wkh xqltxh pd{lpdo lghdo � ' 2~� e~� '
2~d2�o ri ~de�o wkdw frqwdlqv 21 Lv � lqwhjudoo| forvhg lq ~d2�oB Qr ehfdxvh
E2��2 ' �22 5�2 vkrzv wkdw 2� lv lqwhjudo ryhu� 1 Vr wklv lv qrw fryhuhg e|
Wkhruhp :1 Qhyhuwkhohvv/ ~de�o lv zhdno| lqwhjudoo| forvhg/ dv zh vkdoo vhh1

Li ( lv d vxeulqj ri dq lqwhjudo grpdlq -/ zh vd| wkdw - lv d vhsdudeoh
txdgudwlf h{whqvlrq ri ( li - lv d vxeulqj ri d vhsdudeoh txdgudwlf h{whq0
vlrq �hog ri wkh txrwlhqw �hog g ri (1 E| wkh sulplwlyh hohphqw wkhruhp/
lw vx!fhv wr uhtxluh wkdw hdfk hohphqw ri - vdwlv�hv d vhsdudeoh txdgudwlf
sro|qrpldo ryhu g1

Wkhruhp 44 Dq| vhsdudeoh txdgudwlf lqwhjudo h{whqvlrq ri d glvfuhwh ydox0
dwlrq grpdlq lv zhdno| lqwhjudoo| forvhg1

Surri1 Ohw ( eh d glvfuhwh ydoxdwlrq grpdlq zlwk sulph R/ dqg - d
vhsdudeoh txdgudwlf lqwhjudo h{whqvlrq ri (1 Ohw �c w eh dq lqwhjudo edvlv iru
wkh lqwhjudo forvxuh (dwo ri - +vhh ^5/ Fruroodu| 5/ sdjh 598`,1 Wkhq hlwkhu
- ' (dwo/ zklfk lv lqwhjudoo| forvhg/ ru - ' (dR&n�wo iru vrph qrqqhjdwlyh
lqwhjhu &1 E| lqgxfwlrq dqg wudqvlwlylw|/ lw vx!fhv wr vkrz wkdw- ' (dR&n�wo
lv zhdno| lqwhjudoo| forvhg lq -� ' (dR&wo1

Qrwh wkdw (dwo lv d sulqflsdo lghdo grpdlq zlwk dw prvw wzr sulphv1 Qrwh
dovr wkdw - lv d orfdo ulqj/ dqg lwv xqltxh pd{lpdo lghdo/ R-�/ lv wkh frqgxfwru
ri - lq -�1

Zulwh w2 ' rn |w zkhuh rc | 5 (1 Vxssrvh a lv d surshu �qlwho| jhqhudwhg
lghdo ri -1 Iru % 5 (/ ohw �% ghqrwh wkh ydoxh ri %1 Zh fdq jhqhudwh a dv d
(0prgxoh e| @ n Kw dqg S/ zkhuh �@ � � dqg �K � & n �1 Zh pd| dvvxph
wkdw a lv qrw sulqflsdo/ vr S 9' f1 Li �S � �@/ wkhq zh pd|/ dqg gr/ wdnh @ ' f1
Qrwh wkdw a2 lv jhqhudwhg e| @2 n rK2 n E2@Kn |K2�w/ dqg S2 dqg S@n SKw1

Vxssrvh Eo n R&w�a � a21 Wkhq @n Kw 5 a dqg

Eo n R&w�E@n Kw� ' o@n rR&Kn EoKn R&@n |R&K�w 5 a2�
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Li �@ � &/ vr �S : �@/ wkhq a2 � R2�@( � R�@n&n�(w/ vr

�Eo@n rR&K� � 2�@ dqg �EoKn R&@ n |R&K� � �@n & n ��

Wkh vhfrqg lqhtxdolw| jlyhv �o n �K ' �@ n & vr �o 	 �@1 Vr wkh �uvw jlyhv
�o n �@ ' �r n & n �K � 2& n �/ vr �@ : &1 Zkdw li @ ' fB Zdqw �S : &1
Li �S � &/ wkhq a ' R�S( � R�K(w dqg a2 ' R2�S( � R�Sn�K(w1 Frqvlghu
Eo n R&w�S 5 a21 Vr & n �S � �Sn �K/ d frqwudglfwlrq1

Vr zh pd| dvvxph wkdw �@ : & dqg �S : &1 Qrwh wkdw R&n� grhv qrw
glylgh on R&w1 Ohw Z eh wkh sulph lq (dwo wkdw glylghv on R&w wkh ohdvw1 Ohw
? eh wkh Z0ydoxh ri R1 Wkhq wkh Z0ydoxh ri o n R&w lv ohvv wkdq ?E& n ��1 Dv
�@ : & dqg �S : &/ zh kdyh a � Z6(dwo q Z6n�(dwo iru vrph 6 � ?E& n ��1
Vr a2 � Z26(dwo exw Eo n R&w�a lv qrw frqwdlqhg lq Z26(dwo1

Zh fdq holplqdwh wkh uhtxluhphqw wkdw wkh h{whqvlrq eh lqwhjudo lq Wkh0
ruhp 441

Wkhruhp 45 Dq| vhsdudeoh txdgudwlf h{whqvlrq ri d glvfuhwh ydoxdwlrq gr0
pdlq lv hlwkhu lqwhjudo/ d �hog/ ru d sulqflsdo lghdo grpdlq1

Surri1 Vxssrvh ( lv d glvfuhwh ydoxdwlrq grpdlq zlwk sulph R dqg
txrwlhqw �hog g/ dqg - lv d vhsdudeoh txdgudwlf h{whqvlrq ri (1 Vxssrvh
(dwo ' (�(w lv lqwhjudoo| forvhg/ zkhuh w 5 g- ' gdwo/ wkh txrwlhqw �hog
ri -/ dqg w2 ' rw n | zlwk rc | 5 (1 Ohw b eh dq hohphqw ri - � gdwo1 Zh
zloo vkrz wkdw li b lv qrw lq (dwo/ wkhq (dbo frqwdlqv hlwkhu g ru w1 Wkxv
hlwkhu - � (dwo/ lq zklfk fdvh - lv lqwhjudo ryhu (> ru - frqwdlqv g/ lq
zklfk fdvh - ' g- lv d �hog> ru - frqwdlqv w/ lq zklfk fdvh - lv ehwzhhq
(dwo/ d sulqflsdo lghdo grpdlq/ dqg lwv txrwlhqw �hog gdwo/ vr lv d sulqflsdo
lghdo grpdlq1

Pxowlso|lqj b e| dq dssursuldwh srzhu ri R zh pd| dvvxph wkdw

b '
@ n Kw

R

zkhuh R grhv qrw glylgh erwk @ dqg K1 Li R grhv qrw glylgh K/ wkhq w '
ERb � @�*K 5 (dbo/ vr zh pd| dvvxph wkdw R glylghv K dqg wkdw R grhv qrw
glylgh @1 Dgglqj dq hohphqw ri ( wr d pxowlsoh ri b/ zh pd| dvvxph wkdw
@ ' �1 Wkhq

Rb2 '
� n K2|n E2Kn K2r�w

R
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vr

Rb2 � E2 n Kr�b '
� n K2|� E2 n Kr�

R
'
�� n KEK|� r�

R

zkhqfh �*R 5 (dbo/ vr (dbo frqwdlqv g1

Kdylqj grqh wkh glvfuhwh ydoxdwlrq grpdlq fdvh/ zh surfhhg wr wkh joredo
fdvh1

Wkhruhp 46 Ohw -� eh d vhsdudeoh txdgudwlf h{whqvlrq ri d grpdlq -1 Ohw
I eh d idplo| ri sulph lghdov ri - vxfk wkdw -� lv d glvfuhwh ydoxdwlrq grpdlq
iru hdfk � 5 I1 Li -� '

W
�M5 -

�
� / wkhq -� lv zhdno| lqwhjudoo| forvhg1

Surri1 Lw vx!fhv wr vkrz wkdw -�
� lv zhdno| lqwhjudoo| forvhg iru hdfk

� lq I 1 Exw -�
� lv d vhsdudeoh txdgudwlf h{whqvlrq ri wkh glvfuhwh ydoxdwlrq

grpdlq -� 1

Fruroodu| 47 Ohw -� eh d vhsdudeoh txdgudwlf h{whqvlrq ri d Nuxoo grpdlq
-1 Li - lv d Ghghnlqg grpdlq/ ru li -� lv d iuhh -0prgxoh/ wkhq -� lv zhdno|
lqwhjudoo| forvhg1

Surri1 Ohw I eh wkh vhw ri khljkw0rqh sulph lghdov ri -1 Lq erwk fdvhv/
orfdol}dwlrq dw dq lghdo lq I jlyhv d glvfuhwh ydoxdwlrq grpdlq1 Zkhq - lv
Ghghnlqg/ wkhvh lghdov duh pd{lpdo/ vr -� lv htxdo wr wkh lqglfdwhg lqwhuvhf0
wlrq1 Zkhq -� lv d iuhh -0prgxoh/ wklv htxdolw| iroorzv iurp wkh idfw wkdw
- '

W
�M5 -� 1

Fruroodu| 48 Li - lv d Ghghnlqg grpdlq zlwk txrwlhqw �hog g/ dqg u lv d
vhsdudeoh txdgudwlf h{whqvlrq ri g/ wkhq dq| ulqj ehwzhhq - dqg u lv zhdno|
lqwhjudoo| forvhg1 Lq sduwlfxodu/ dq| ulqj ri txdgudwlf dojheudlf qxpehuv lv
zhdno| lqwhjudoo| forvhg1

Uhfdoo iurp Vhfwlrq 514 wkdw wkh ulqj ~d �
s
�So/ zklfk lv d iuhh fxelf h{whq0

vlrq ri ~/ lv qrw zhdno| lqwhjudoo| forvhg1
Wkh frqgxfwru/ � ' R-�/ ri - lq -� qhhg qrw eh lqwhjudoo| forvhg iru

ulqjv ri txdgudwlf lqwhjhuv1 Iru ~dR�o � ~d�o/ wkh frqgxfwru lv pd{lpdo dqg
lqwhjudoo| forvhg1 Iru ~dR2�o � ~dR�o/ wkh frqgxfwru lv pd{lpdo exw qrw
lqwhjudoo| forvhg dv ER��2 ' R2 5 �21 Vr Wkhruhp : grhv qrw dsso|1 Iru
~dR2�o � ~d�o wkh frqgxfwru R2~d�o lv lqwhjudoo| forvhg exw qrw pd{lpdo1
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Dv d qrqlqwhjudo h{dpsoh ri Fruroodu| 48/ frqvlghu wkh ulqj ~dE�ne��*Do1
Li zh orfdol}h dw d sulph rwkhu wkdq 2 ru D zh jhw ~ER�d�o/ zklfk lv lqwhjudoo|
forvhg1 Orfdol}lqj dw 2 jlyhv ~E2�de�o/ zklfk lv zhdno| lqwhjudoo| forvhg1 Li
zh orfdol}h dw D zh jhw ~d�o orfdol}hg dw wkh sulph lghdo E2 n ��/ d glvfuhwh
ydoxdwlrq grpdlq/ vr lqwhjudoo| forvhg1

8 Lqkhulwdqfh e| sro|qrpldo ulqjv
Zh dgguhvv wkh txhvwlrq dv wr zkhwkhu -dfo lv zhdno| lqwhjudoo| forvhg zkhq0
hyhu - lv1 Iluvw zh revhuyh wkdw doo ri rxu frqvwuxfwlrqv ri zhdno| lqwhjudoo|
forvhg grpdlqv- kdyh wkh surshuw| wkdw-dfo lv dovr zhdno| lqwhjudoo| forvhg1

Li - lv d vhsdudeoh txdgudwlf lqwhjudo h{whqvlrq ri d glvfuhwh ydoxdwlrq
grpdlq (/ wkhq - lv iuhh ryhu (/ vr -dfo lv d iuhh vhsdudeoh txdgudwlf
h{whqvlrq ri wkh Nuxoo grpdlq (dfo1 Vr -dfo lv zhdno| lqwhjudoo| forvhg1
Wklv dovr zrunv iru rwkhu vhsdudeoh txdgudwlf h{whqvlrqv - ri glvfuhwh ydox0
dwlrq grpdlqv dv wkhvh duh hlwkhu �hogv ru sulqflsdo lghdo grpdlqv1 Li ( lv d
Ghghnlqg grpdlq/ wkhq -� dfo lv zhdno| lqwhjudoo| forvhg iru hdfk pd{lpdo
lghdo � ri (/ vr -dfo lv zhdno| lqwhjudoo| forvhg1

Dv iru wkh prqrlg ulqjv/ li - ' (d� o zkhuh ( lv lqwhjudoo| forvhg/ wkhq
-dfo ' (dfod� o dqg (dfo lv lqwhjudoo| forvhg1

Khuh duh vrph jhqhudo idfwv derxw ehlqj vwurqjo| lqwhjudo ryhu -dfo zklfk
idoo vkruw ri vkrzlqj wkdw -dfo lv zhdno| lqwhjudoo| forvhg zkhqhyhu - lv1

Ohppd 49 Ohw - � -� eh lqwhjudo grpdlqv1 Li s lq -�dfo lv vwurqjo| lqwhjudo
ryhu -dfo/ wkhq sEo� lv vwurqjo| lqwhjudo ryhu - iru hdfk hohphqw o lq -1

Surri1 Ohw a eh d qrq}hur �qlwho| jhqhudwhg lghdo ri -dfo dqg s 5 -�dfo
vxfk wkdw sa � a21 Iru o lq -/ ohw ao eh wkh lpdjh ri a lq - xqghu hydoxdwlrq
dw o1 Wkhq ao lv d �qlwho| jhqhudwhg lghdo ri -1 Zulwh a ' Ef � o�6U zkhuh
U lv �qlwho| jhqhudwhg/ 6 � f/ dqg Uo 9' f1 Wkhq s �Ef�o�6U � Ef�o�26U2/
vr sU � U21 Dv sEo�Uo � U2o / lw iroorzv wkdw sEo� lv vwurqjo| lqwhjudo ryhu -1

Wkhruhp 4: Ohw - eh d grpdlq wkdw frqwdlqv dq lq�qlwh vhw L / doo ri zkrvh
qrq}hur gl�huhqfhv duh xqlwv1 Li - lv zhdno| lqwhjudoo| forvhg lq -�/ wkhq -dfo
lv zhdno| lqwhjudoo| forvhg lq -�dfo1

Surri1 Li s 5 -�dfo lv vwurqjo| lqwhjudo ryhu -dfo/ wkhq lw iroorzv iurp
wkh ohppd wkdw sE�� 5 - iru hdfk � lq L 1 Xvlqj �n_i} s ri wkhvh hohphqwv/
d Ydqghuprqgh ghwhuplqdqw dujxphqw vkrzv wkdw s 5 -dfo1
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Fruroodu| 4; Li - lv d zhdno| lqwhjudoo| forvhg grpdlq wkdw frqwdlqv dq
lq�qlwh �hog/ wkhq -dfo lv zhdno| lqwhjudoo| forvhg1

Wkh ulqj - qhhg qrw frqwdlq dq lq�qlwh �hog wr vdwlvi| wkh frqglwlrq ri
Wkhruhp 4:1 Frqvlghu wkh vxeulqj- ri wkh �hog"Ef� frqvlvwlqj ri txrwlhqwv
@*K ri sro|qrpldov lq ~dfo zkhuh K lv sulplwlyh1 Zh fdq ohw L eh wkh vhw
i�c � nfc � nf nf2c � � � j1 Ri frxuvh - lv lqwhjudoo| forvhg/ ehlqj d xqltxh
idfwrul}dwlrq grpdlq/ exw wkh ulqj -d2�o lv qrw/ dqg -d2�o lv zhdno| lqwhjudoo|
forvhg ehfdxvh lw lv d iuhh txdgudwlf h{whqvlrq ri wkh Nuxoo grpdlq -1

Wkhruhp 4< Li - lv d Qrhwkhuldq grpdlq/ dqg s lv vwurqjo| lqwhjudo ryhu
-dfo/ wkhq wkh ohdglqj frh!flhqw ri s lv vwurqjo| lqwhjudo ryhu -1

Surri1 Vxssrvh sa � a2 iru a d qrq}hur �qlwho| jhqhudwhg lghdo ri -dfo1
Ohw U eh wkh lghdo lq - ri ohdglqj frh!flhqwv ri a 1 Dv - lv Qrhwkhuldq/ U lv
�qlwho| jhqhudwhg1 Wkh lghdo ri ohdglqj frh!flhqwv ri a2 lv U21 Vr li @ lv wkh
ohdglqj frh!flhqw ri s / wkhq @U � U2/ zkhqfh @ lv vwurqjo| lqwhjudo ryhu -1

Fruroodu| 53 Li - lv d Qrhwkhuldq zhdno| lqwhjudoo| forvhg grpdlq/ dqg s
lv vwurqjo| lqwhjudo ryhu -dfo zlwk _i} s � 2/ wkhq s 5 -dfo1

Surri1 Ohw s ' @f n @�f n @2f
21 Wkhq @2 5 - dv lv sEf� ' @f dqg

sE�� ' @f n @� n @21

9 Rshq sureohpv
� Fkdudfwhul}h wkh zhdno| lqwhjudoo| forvhg dojheudv &d� o zkhuh � lv d
vxeprqrlg ri wkh iuhh prqrlg rq rqh jhqhudwru/ dqg & lv d �hog1 Dw
ohdvw gr wklv iru & wkh wzr0hohphqw �hog1 Lv &d|ec |Dc |��o zhdno| lqwhjudoo|
forvhgB Lv lw hqrxjk wr h{foxgh wkh sdwwhuqv ri Wkhruhp 4 dqg wkh
uhpdun iroorzlqjB

� Duh zhdno| lqwhjudoo| forvhg grpdlqv e0forvhgB Lv &d|2c |�o e0forvhgB

� Vdph txhvwlrq iru fxelfdoo| forvhg +zklfk lv srvvleo| vwurqjhu,1

� Duh wkhuh �0forvhg grpdlqv wkdw duh qrw zhdno| lqwhjudoo| forvhgB
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� Zkhq lv wkh surshuw| ri ehlqj zhdno| lqwhjudoo| forvhg lqkhulwhgB Iru
h{dpsoh/ duh sro|qrpldo ulqjv ryhu zhdno| lqwhjudoo| forvhg grpdlqv
zhdno| lqwhjudoo| forvhgB Lw lv qrw lqkhulwhg e| lqwhjudo txdgudwlf h{0
whqvlrqv=

&d|�c |Sc |.c |Hc � � � o � &d|�c |eo�

Zkdw derxw lqwhjudo txdgudwlf h{whqvlrqv ri lqwhjudoo| forvhg grpdlqvB
Ri +qrqglvfuhwh, ydoxdwlrq grpdlqvB

� Zkdw fdq eh vdlg derxw frpsohwlrqvB +Eurzq*v h{dpsoh zdv &dd|�c |eoo,1

� Grhv wkh zhdn lqwhjudo forvxuh ri d grpdlq frqvlvw ri vxpv ri vwurqjo|
lqwhjudo hohphqwvB

Uhihuhqfhv
^4` Eurzq/ Zlooldp F1/ Qxoo lghdov dqg vsdqqlqj udqnv ri pdwulfhv/ Frp0

pxqlfdwlrqv lq Dojheud 59 +4<<;,/ 5734�574:

^5` ]dulvnl/ Rvfdu dqg Slhuuh Vdpxho/ Frppxwdwlyh dojheud/ Ydq
Qrvwudqg 4<8;1
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