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Abstract

In this paper we give a direct definition of the von Neumann-
Schatten classes Cp, in terms of the existence of a certain supremum.
The theory is developed without appeal to separability, or to the exis-
tence of an orthonormal basis, and without using countable choice or
the law of excluded middle. We construct the singular values of com-
pact operators, and characterize compact operators, and the classes
Cp, in terms of their singular values.

1 Introduction

A constructive development of the theory of trace-class and Hilbert—Schmidt
operators was begun in [3]. In that paper it was required that the operators
have adjoints (which is not automatic in constructive mathematics), and that
the Hilbert space be separable. Extensive use was made of the countable ax-
iom of choice, both directly and through appeal to theorems whose published
proofs depend on its validity.

In this paper we define trace-class and Hilbert-Schmidt operators—the
von Neumann-Schatten classes C; and Co—without assuming the existence
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of an adjoint or even an absolute value. In fact, an operator is in the class
C,p, for p € [1,00), exactly when a certain supremum exists. We prove that
such operators are compact, hence have adjoints. The theory is developed
without appeal to separability, or to the existence of an orthonormal basis,
and without using countable choice. We construct the singular values of
compact operators, and characterize compact operators, and the classes Cp,
in terms of their singular values.

By constructive mathematics we mean mathematics in the context of
intuitionistic logic. One advantage of using intuitionistic logic is that results
can be interpreted both traditionally and computationally, either informally
or in computational models such as recursive analysis [7] and Weihrauch’s
TTE [10]. They can also be interpreted in various topos models, including
sheaf models if countable choice is avoided. For background information on
constructive mathematics, see [1], [2], and [4].

Another advantage of using intuitionistic logic, and rejecting the count-
able axiom of choice, is an attribute of any good generalization: it forces you
to look at things correctly and see their essence. The use of global bases
to analyze an operator masks the fact that its action can be studied with
respect to finite-dimensional subspaces without distinguishing, and having
to construct, a special aligned family of them. As it is no longer possible to
define something in terms of a basis, and then show that it is independent of
the particular basis chosen, you are forced to employ a basis-free definition,
which is probably what you should have done anyway. And of course you
might have done that, even working with classical logic and countable choice,
but you didn’t have to.

2 Norms and singular values

A k-frame e in a Hilbert space H is a family eq,...,e; of orthonormal
vectors. Denote the set of all k-frames by Fy(H). There are various norms
on a bounded operator A from H to a Hilbert space K that can be defined
in terms of k-frames. For 1 < p < oo denote the ¢,-norm of an k-tuple of
complex numbers by

ler,. - el = {lef’ + -+ e



For fixed e € Fy(H) and f € Fi(K), the expression [|((Aey, f1), ... , (Aex, fi))ll,
defines a seminorm on linear operators from H to K, so

[All, = sup [[((Aex, fr),..., (Aex, fi)l,

ecFy (H)
JEFR(K)
kew
defines a norm, at least if we allow [|A||, = oc. Constructively the situation
is more complicated because merely bounding the terms in the indicated
supremum does not guarantee that the supremum exists. We will use the
notation ||A[|,, even if the indicated supremum does not exist. That is, we
treat ||Al|, as a generalized real number in the sense of [5] and [8]. For
example, it makes sense to write ||A|| < r or to write r < ||A]| for any real
number 7.
If the supremum does exist, we say that [|A||, exists or [|A[|, is located.

It is easy to see that the defining properties of a norm hold in any event:

o [|[A+ BIl, < [IA[l, + 1Bl
o [lcAll, = [c|[|A]l, if |A]l, is bounded or ¢ # 0.
The operator norm is

[All = sup |(Aey, f1)]

eEFl(H)
JeF(K)

and can be thought of as ||A]|,, but we will have no occasion to do that.
The trace-class norm is ||A||; and the Hilbert-Schmidt norm is ||4|,.
If || Al|, exists, then we say that A is of trace class. If || Al|, exists, then we
say that A is a Hilbert-Schmidt operator. In general, if || A[|, exists, we
say that A is an operator in the von Neumann-Schatten class C, [9].

We can refine the norm [|A[|, by considering the norms

AN = sup [|[({Ae, fi),--- s (Aew, i),

EEFk(H)
JEF(K)
k<n

for each positive integer n. So

— (n)
|4, = sup 4
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A priori, ||A]|, can be located without any HAH](;L) being located. It turns

out, however, that if ||A||, exists (is located), then each HAHI()”) exists.
Clearly

1Al = J|AISY < AP < - < Al

and ||A||(”) | All, if either H or K has finite dimension at most n. Notice
that all these norms are defined in terms of (Az,y), so everything could be
phrased in terms of a bilinear form on H x K, rather than an operator from H
to K. This would put the domain and the codomain on more equal footing.

We say that A has singular values if ||A||§n) exists for each n. The

singular values of A are then defined by o, = || 4] — | 4]|""™Y, so
JA| = oy + 09+ -+ + o

It is not difficult to see, from the nature of the suprema, that oy > 05 > o3 >
- > 0. The HAH%”) are all continuous in the operator norm as HAHYZ) <
n || A||, so the singular values are continuous in the operator norm.
The set of operators with singular values is closed in the operator norm.
In fact, if || A||{™ exists and ||[A — B|| < ¢, then

JAIT = ne < BT < A +ne
Here we have a graphic instance of showing that a norm exists by locating
it.
Each of these norms is unitarily invariant: if U and V are unitary, then
A and U AV have the same norm.

3 Singular value decomposition

An operator between finite-dimensional spaces can be represented by a ma-
trix. The singular values of a positive diagonal matrix are the diagonal
entries, at least within an arbitrary €. This last proviso is necessary because
we need not be able to arrange the diagonal entries in a linear order.

Lemma 1 Let A be an m-by-n matriz, andt = min(m,n). If A is a diagonal
matriz, with entries dp > dy > --- > d; > 0, then

(I1a1)” Zf



fork=1...1

d?’. Let e and f be k-frames in the

i=1 """

Proof. Clearly (HAHI(Jk) Z

domain and codomain of the operator A. Denote the coordinates of a vector
v by v;. Then (Ae;); = dje;; so

(Ae;, fi) Zd e”fw

and, if 1/p+1/q =1, then
t
[(Aes, fl <D dy lesfisl 7 e fig
=1

Holder’s inequality gives

t 1/p t 1/q
[(Ae;, fi)| < (Zdﬁ)\@ijfijo (Z!eijfijo

The second factor on the right is at most 1 because e; and f; are unit vectors,
80 25 |eij|2 =land } 7", |fij|2 = 1. Thus

k

S [(Aeq, £i)P < szp\ewf”
i=1

=1 j=1

Now S°F_ Je;|” < 1 and 28, [fi]° < 1 because e and f are k-frames. So
S leifi] < 1 for each j, and S2F Z;=1 leij fij] < k, from which the
desired conclusion follows easily. m

The classical singular-value decomposition theorem for finite-dimensional
Hilbert spaces says that if A is a matrix, then we can construct unitary
matrices U and V' so that UAV is a diagonal matrix with nonnegative real
entries. The diagonal entries of UAV are the singular values of A (Lemma 1).
We can’t quite do this constructively, but we can construct unitary matrices
U and V so that UAV is arbitrarily close to such a diagonal matrix.



Lemma 2 Let A be an operator and let e and f be k-frames, k < n, such
that

k
(14157)" < 3 Ae, fi -+ 7.
i=1

If u is a unit vector orthogonal to the span of e, then
[(Au, )" < 8(2[(Aes, fi)] + 6)

for each i. If v is a unit vector orthogonal to the span of f, then
[(Aes, 0)|* < 6(2|{Aes, fi)] +6)

for each 1.

Proof. We shall prove the first inequality. We may assume that ¢ = 1.
If |(Au, f1)| is sufficiently small, then we are done. If |(Aeq, f1)| is suffi-
ciently small, then we are done by induction on k. So we may assume that
(Aeq, f1) and (Au, f) are positive. The maximum value of (cost)(Aey, f1) +
(sint)(Au, f1) is

b= /(Aey, f1)? + (Au, f1)?

SO

k

k
v+ Y (e f)P < (14157) < (e fP + &7

1=2

because we can replace e; by (cost)e; +(sint)u. Therefore b? < (Aey, f1)P+6P
SO

\/<A€17f1>2 + <A’U,, f1>2 =b< <A€1,f1> +6

The first inequality in the conclusion follows from squaring both sides of this
inequality.
If we think of this as a result about bilinear forms, the second inequality

is a consequence of the first. Otherwise, we can simply repeat the calculation
with (Aey, f1) and (Aej,u). m



Theorem 3 (singular-value decomposition) Let A: H — K be an op-
erator between Hilbert spaces H and K of dimensions m and n. Let oy >
Oy 2 -+ 2 Omin(mm) be the singular values of A. For each ¢ > 0 there ex-
ist orthonormal bases (e;) of H and (f;) of K such that the matriz (Ae;, f;) is
within e of the m-by-n diagonal matrix with diagonal entries oy, 02, . . . Omin(m,n) -
Hence || Ae; — o, fi]| < ev/n for each i < min(m,n).

It follows that (HAH](Jk))p =0 +0h+ -+ o for each k < min(m,n).

Proof. It suffices to arrange for (Ae;, f;) to be within ¢ of some positive
diagonal matrix because such a matrix can be perturbed slightly so that the
diagonal entries are distinct, and then multiplied by a permutation matrix
so that the diagonal entries decrease. Lemma 1 says that the entries in that
diagonal matrix will be approximately the singular values of A.

Proceed by induction on m, which we may assume is at least 1. Choose
a unit vector e; in H so that ||Aei|| > || A|| — 8, where 6 is to be determined.
If ||Aey|| < € — 6, then ||A]| < e, so the matrix (Ae;, f;) is within e of the
zero matrix for any orthonormal bases (e;) and (f;). So we may assume that
Ae; # 0, hence Ae; = ||Aeq|| fi for some unit vector f; in K. From the case
n =1 and p =1 of Lemma 2 it follows that |[(Au, fi)|* < §(2||Ae;|| + &) for
each unit vector u orthogonal to e;.

Let 7 be projection on the span of e;, and A projection on the span
of fi. By induction we can extend e; and f; to orthonormal bases (e;)
and (f;) so that the matrix (Ae;, f;), for 2 < ¢ < mand 2 < j < n, is
within ¢ of a positive diagonal matrix. But (Ae;, f;) = 0 for j # 1, and
[(Aes, fi)[F < 6(2]|Aes|| + 6) if i # 1, so for sufficiently small &, the m-by-n
matrix (Ae;, f;) is within ¢ of a positive diagonal matrix.

The last claim follows from the first and Lemma 1 m

Corollary 4 (Courant-Fischer) Let A : H — K be an operator between
Hilbert spaces H and K of dimensions m and n. Let oy > o9 > --- >
Omin(m,n) e the singular values of A. Let Ay denote the operator A restricted
to the subspace V. Then

O — ) mf HA{/'H
dim V=m—k+1

Proof. For ¢ > 0, let (e;) and (f;) be as in Theorem 3. If V is the
span of eg, ... ,en, then ||Ay|| < o + ey/mn. Tt suffices to show that o <



|Av || + ey/mn for any V of dimension m — k + 1. If dimV =m — k + 1,
then there are unit vectors u in V' that are arbitrarily close to the span of
e, ... e, As | Au|| > or — e/mn for such u, we have o, < || Ay || + e/mn.
]

The other half of the Courant-Fischer theorem says that we can write

o= sup inf ||Ae]|
dim V=k e€F1(V)
This formula, which we will establish in Corollary 10, could be used to define
oy directly, as a supremum, in the general case.

4 Finite-dimensional subspaces

The set of finite-dimensional subspaces of a Hilbert space plays a central
role in our development. From a constructive point of view, this set is not
a lattice, or even a directed set. So it will be important to construct a
finite-dimensional subspace that almost contains two given finite-dimensional
subspaces.

e Let U and V be subspaces of an inner product space, and £ > 0. We
say that U is e-contained in V', and write U C. V, if for each v in the
unit ball of U, there is v € V such that [ju — v|| <e.

Note that if V' is the range of a projection, 7y, then U C. V if and only if
|lu — myul| < e for each u in the unit ball of U.

Theorem 5 Let U and V' be finite-dimensional subspaces of an inner prod-
uct space, and ¢ > 0. Then there is a finite-dimensional subspace W, of
dimension at most dimU + dim V', such that U C W and V C. W.

Proof. The unit ball of V' is totally bounded, so either V' C. U, or there
is e in the unit ball of V' such that ||(1 — 7)e|| > 0. In the former case we
can take W = U, so we may assume that there is a unit vector e in V' that
is bounded away from U.

Let E be the span of e, and U' = U + E, which is a direct sum (not
necessarily orthogonal), hence finite-dimensional. Then U’ = E & (U’ N E+)
andV = E®(VNEY), sodimU'NEY = dimU and dim VNE+ = dimV —1.



By induction on dim V/, there is a finite-dimensional subspace W’ of E*,
containing U’ N E+ and e-containing V N E+, such that dim W’ < dim U +
dmV —1. Let W=FEp W' . m

Next we need a technical lemma about orthogonalizing approximately
orthonormal sets of vectors.

Lemma 6 For each ¢ > 0 and k € w, there exists 6 > 0 such that if
V1, ...,V are vectors in the unit ball of a Hilbert space of dimension at
least k, and |(v;,v;)| < & for i # j, then there is a k-frame f such that

lvi — (vi, fi) fil| < e fori=1,... k.
If, in addition, ||v;]|* > 1 —6, then ||v; — fi|| < e.

Proof. If sup, ||v;]| < e, then choose any k-frame f. So we may assume
that ||vg]| > /2. Write vy = ||vg|| fr for a unit vector fg, and set v, =
v; — (v, fe) fe for i = 1,... ,k — 1. Note that v} is in the unit ball of the
orthogonal complement of f,. Then
) 26

S —
loell = €

[0 = will = [vi, fie)| <

and

52
(00| = [Gvisv) = (v, fi) e vi)| < 6445

for i # j. Choose § < £2/4 so ||v} — v;]| < €/2. By induction on k, if § is
small enough, there exist orthonormal vectors fi, ..., fr_1 in the orthogonal
complement of fi such that ||v] — (v}, fi) fill < €/2, so

lvi = {oi, £ fill < Nlvi = (0l ) £l
< lvf = will + lv; = i, fa) fill < e/2+e/2 =€

fori=1,...  k—1.

That proves the first part of the lemma. To verify the second part, note
that we can arrange for (v, f) to be positive, if it is nonzero, by multiplying
f by a suitable complex unit. Then

lo = £II* = lloll* + 1 = 2(v, )

and

w, £y =/ Iol> = o — (o, PO £,

9



so if ||v]| is close to 1 and ||v — (v, f) f]| is close to 0, then ||v — f|| is close to
0. m

We will use Lemma 6 in the following form.
Lemma 7 For each € > 0 and k € w, there exists 6 > 0 such that if V and

V' are subspaces of an inner product space with V- Cs V', and e € F(V),
then there is ¢’ € Fi, (V') with |le; — €| <e fori=1,... k.

Proof. Choose v},...,v, € V' so that ||v] — e;|| < 6. Then

(v, v;-) — (ei,ej) = (Vi — e, e5) + (v — e, v;- —e;) + (e, v;- — €j)

SO

(], 0}) — (e, €5)| <26+ 6°

1 7]

Now apply Lemma 6, for suitable § < ¢/2, to find € € Fi(V’') so that
vl — €l <e/2. m

Let m: H — H and \ : K — K be projections with images V' and W.
Denote by yw Ay the operator from V' to W that is the restriction of AA to V.
This is not the same as, although obviously closely related to, AAx, because
the latter is an operator from H to K rather than from V to W.

Theorem 8 Let p € [1,00). For alle > 0 and n € w, there exists § > 0
such that if V. Cs V' and W Cg W', then

lw Ay |5 < lwr Ay ISV + €.
Proof. Choose k < n and e € F(V) and f € F(W) such that

lw AvIIS” < [Aex, i), s (Aew, fidll, +2/2.

For sufficiently small ¢, Lemma 7 gives ¢’ € Fy,(V’) and f’ € F,(W’) such that
LA 1fs — £ < =/4k and | A]l le; — el| < £/4k. s |ler,.... ,call, < ksup |

we have
lw Av |57 < [[(Ael, 1), .., (Aek, fOll, + & < lwAv |5 + <.

|
We can now prove an infinite form of the singular-value decomposition.

10



Theorem 9 Let A: H — K be an operator with singular values o1 > o9 >
-+ > 0y. For each € > 0 there exists k < t, and k-frames e in H and f in K
such that o1 < e if k <t, and ||Ae; — o, fi]| < e fori=1,... k. Moreover
we arrange it so that ||Au|| < o1 + € for each unit vector u orthogonal to
the span of e.

Proof. Fix 6 > 0 subject to later revision. For n = 1,... ¢t we can
find finite-dimensional subspaces V;, of H and W,, of K such that ||A||§n) <
lw,, Av;, Hg") + 6. By Theorem 5 we can find finite-dimensional subspaces V'
of H and W of K so that V,, Cs V and W,, Cs W for each n. So Theorem
8 says that ||A||!"” < |wAy||i” +¢ for n = 1,...,t and & as small as we
please. Therefore the first ¢ singular values o}, ... 0} of yw Ay are close to
the first ¢ singular values of A. Let k£ = min(dim V,dim W,¢). If £ < ¢ and
ox+1 > 0, then by decreasing 6 we can increase k. So we may assume that
ors1 is small if £ < ¢t. Theorem 3 says there exist k-frames e of V and f of W
so that y Aye; is close to ol f; for i = 1,... k. Lemma 2 says that (Ae;, w)
is small for any unit vector w orthogonal to the span of f; so y Aye; is close
to Ae;. The first conclusion follows.

Clearly HAHgk) < ¥ [(Aey, fi)|+€", for &” as small as we please. Lemma
2 says that (Au, f;) is small for any unit vector u orthogonal to the span of
e. If w is a unit vector orthogonal to the span of f, then

k

S 1 Aes, f)] + {Au,w)| < AP + oy,

=1

so |[(Au,w)| < opy1 + &”. It follows that we can arrange for the second
conclusion to hold. m

Corollary 10 Let A : H — K be an operator with singular values o1 >
o9 > -+ > 0. Then

o= sup inf ||[Au]|
dim V=t u€F1(V)

where V' ranges over t-dimensional subspaces of H.

Proof. Fore >0, let e € F(H) and f € Fi(K), with £ <t—1, be as in
Theorem 9 (with ¢ — 1 in place of t). If V' is a t-dimensional subspace of H,
then there is a unit vector u in V' that is arbitrarily close to the orthogonal

11



complement of the span of e. So ||Au|| < o1+e. If k <t—1, then oy < €.
Thus

sup inf ||Aw|| <o+ 2¢
dim V=t veF1(V)
for any £ > 0.
Now let e € F(H) and f € Fy(K), with £ <, be as in Theorem 9, and
let V' be the span of e. If k < ¢, then 0, < oy, < e. If k=1, and u is a unit
vector in V, then ||Au|| > o, — ey/t. Thus

sup inf || Aw|| > o — eVt
dim V=t ucF1(V)

for any € > Om

We can use Corollary 10 to define singular values as suprema for any
operator whatsoever. Note that Corollary 10 implies that the singular values
increase in the sense that the singular values of A dominate the singular
values of Ay .

A set V of finite-dimensional subspaces of H is cofinal in H if for each
¢ > 0 and finite-dimensional subspace U of H, there is V € V such that
U C. V. So Theorem 5 says that if ;) is a finite-dimensional subspace of H,
then the set of finite-dimensional subspaces of H that contain Vj is cofinal
in H. More generally, the set of finite-dimensional subspaces that respect a
given projection is cofinal.

Theorem 11 If 7w is a projection on H, then the set of finite-dimensional
subspaces V' of H such that ©V C V is cofinal in H.

Proof. Let e > 0 and let U be the span of e € F,,(H). Let U’ be the span
of e1,...,e,_1. By induction on n there is a finite-dimensional subspace V"’
of H so that 7V’ C V' and U’ C. V'. We will construct a finite-dimensional
subspace V" of H so that #V"” C V" and U Cq, V.

If e,, is within € of V', set V" = V. So we may assume that e, is bounded
away from V’. Then either me,, or (1 — m)e,, is bounded away from V'. Let
v € {me,, (1 —m)e,} be bounded away from V', and set W equal to the span
of V' and v. Note that W is finite-dimensional and 7W C W. Again, either
e, is within € of W, in which case we set V” = W, or e, is bounded away
from W. In the latter case, let V" be the span of e, and W, so V" is the
span of V', me,, and (1 — 7)e,. Note that V" is finite-dimensional. Clearly
UCVandaV"CV'. m

12



Theorem 12 Let A be an operator from H to K, andV and YV cofinal sets
of finite-dimensional subspaces of H and K. Then

1Al = sup [y Av|[;".
wew
vey

Proof. Clearly ||A[” > supyew,vey lwAv|S”. Fore >0, let e €

Fy(H) and f € F(K) be such that

IAISY < [[(Aex, fr), - s (Aeg, fi)l, + &

For any 6 > 0, there exist W € W and V € V such that the span of e is
0-contained in V' and the span of f is é-contained in W. So, for sufficiently
small 6,

I(Aes, f), ., (Aex, fidll, < llwAv[I$Y + 2

whence || A" < [lw Ay ||V +2¢. =

Theorem 13 Let H and K be Hilbert spaces, and A : H — K an operator.
Suppose that A = NAm for projections X of K and m of H. Then HAH](;Z) =

nie Arrr ]|

Proof. First suppose that H and K are finite-dimensional. It suffices to
show, for each € > 0, that

(1417)" < (e Asall )+

But, from Theorem 3,

(1) = (1ang=)" + o

so, by induction on n,

n p n— p n P
(HAH; )) - (HAKA”HH; 1)) +og, < (HAKAWHH](J )) +ob

whence we are done if 0 < e. Therefore we may assume that o, > 0.

13



Given any 6 > 0, Theorem 3 says that there exist n-frames e in H and f
in K such that ||Ae; — o, f;|| < ¢ and ||[A*f; — oue;|| < 6 for i < n. As

loifi = odfill < lloifi = Aei] + [|AAe; — oA fi] < 26,

we have ||f; — Mfi|| < 26/0,. For small enough 6, Lemma 7 says that there
is an n-frame f’ in AK, with || f/ — fi|| as small as we please. Similarly, there
is an n-frame €’ in 7H with ||e] — ;|| as small as we please. It follows that,
for any 1 > 0, we can, by choosing ¢ sufficiently small, arrange for

Soiae, oo > (1) -
=1

Now suppose H and K are arbitrary. Let V and WV be the sets of finite-
dimensional subspaces V' of H and W of K such that 7V C V and \W C W.
From the finite-dimensional case, if V € V and W € W, then

lw Av |5 = [ Aev ]IS

From Theorems 11 and 12

(n) _ (n)
Al —vglelgv\lwz‘lv!!p

Vey
and
i Arr |15 = sup [ Agy ||
wew
vey
n

e If 7 is a finite-dimensional projection, then |7, exists and is equal
to the dimension of w. This follows from Theorem 13 and Lemma
1. Conversely, suppose 7 is a projection such that ||7[|, exists and is
equal to s. If the range of 7w contains an n-frame, then s > n, and if
n — 1 < s, then the range of m contains such a set. A real number s
with the property that n — 1 < s implies n < s is equal to an integer,
and that will be the dimension of the range of .

e An operator A on a finite-dimensional Hilbert space H is of trace class.
It suffices to show that HAHYL) exists, for n the dimension of H. The n-
dimensional subspace {(z, Az) : x € H} of H® K is e-contained in H®
AK for some finite-dimensional projection A of K. The operator ,x A
is between finite-dimensional spaces, || AKA||§”) exists, and Theorem 13

says that ||, A" < JA]IM < LAl + ¢, so A" is located.
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5 Compact operators

A compact operator may be defined by any of the following three equivalent
conditions.

Theorem 14 Let A : H — K be an operator between inner product spaces.
Then the following are equivalent.

1. The image of the unit ball of H under A is totally bounded.

2. For each € > 0 there are finite-dimensional projections m : H — H and

A: K — K such that ||A — MAm|| < e.

3. For each € > 0 there is a finite-dimensional subspace V' of H so that
|Ae|| < e for each unit vector e orthogonal to V.

Proof. We may assume that ||A|| < 1. Clearly (3) follows from (2) by
taking V' to be the image of 7, so me = 0. To prove (1) from (3) we note
that if S is an e-approximation to the unit ball V; of V, then A(S) is a
2e-approximation to A(H;). It remains to prove (2) from (1).

From (1) we can construct a finite-dimensional projection A : K — K
such that ||A — AA|| < &, so we may assume that K is finite-dimensional.
Suppose first that K is one-dimensional, so A is a linear functional.

As A(H,) is totally bounded, we can find e € H; so that |Ae| > || A|| — 6.
If |[Ae| < e — 6, then take m = 0. If e # 0, then take 7 to be the projection
on the span of e. If u is a unit vector orthogonal to e, then Lemma 2 says
that |Au| < € if 6 is small. So ||A(1 — )| <e.

Now suppose K has dimension n, and let \q,... ,\, be the projections
with respect to some orthonormal basis. The operators \; A satisfy (1), so,
from the one-dimensional case, there exist projections m; of H, of dimension
either 0 or 1, so that

By tweaking the m;, we may assume that the images of the m; generate a
finite-dimensional space with projection m. Then

|IMA — NAT|| < e
and, since A =) N A,
|A — An|| < ne

15



L
It is clear from (1) that if A is compact, then ||A|| exists. Ishihara [6],
using characterization (1), proved the following.

Corollary 15 The sum of two compact operators is compact.

Proof. We use characterization 3. Let A and B be compact. Then there
exist finite-dimensional subspace U and V so that ||Ae|| < e for each unit
vector e orthogonal to U, and ||Bel|| < e for each unit vector e orthogonal to
V. Let W be a finite-dimensional subspace such that U C W and V C. W.
If e is a unit vector orthogonal to W, then e is orthogonal to U, so || Ael| < e.
Let X be the projection on V. There is w € W such that ||Ae — w|| < e. So

Iell” = (he,e) = (he —w,e) < e.
Thus
| Bell < IB(1 = Nel| + || BXe|l < e+ [|B]| Ve

so ||(A+ B)e|| < 2¢ + ||B|| /¢ if e is a unit vector orthogonal to W. m

We can also characterize compact operators in terms of singular values.
First a lemma.

Lemma 16 Let A: H — K be an operator, e € F,(H) and f € Fy(K). If

(1) Z| Aei, fi)F + 6

and

(1angy’ Z| Aes, f)P + (8",

then ||Aul| < 8" + \/kO(2||A]| + 6) for any unit vector u orthogonal to the
Y

span of e.

Proof. From the first inequality, and Lemma 2, we get |(Au, f;)|*
S(2||A|l +6). So Au— ¥ (Au, f;) f; is orthogonal to fy, ... , fy and within

VEO(2||A]| +6) of Au. If Au — Zle(Au, fi) fi is small, then we’re done. If

16



it is nonzero, then we can write it as r fr.; with fx,1 a unit vector orthogonal
to fi,..., fr. Setting ex,1 = u we get

k
p
Sl Aes, f P+ 1 < (JlAl)
=1

so |r| < ¢, from the second inequality, and the conclusion follows. m

Theorem 17 An operator is compact if and only if it has singular values
that converge to zero.

Proof. If A is a compact operator, then A can be approximated in the
operator norm by operators of the form AA7w, with A and 7 finite-dimensional
projections. As H)\Angk) exists (by Theorem 13) so does HAHgk), so A has
singular values. We will show that an operator A with singular values (oy)
is compact if and only if o — 0.

If A is compact, then there is a subspace V, of finite dimension k& — 1,
such that A has norm at most ¢ on V*. Either o, < 2¢, or o, > 0. If
op > 0, then we can find k-frames e and f so that 3%  [(Ae,;, fi)] is close
to o1 + - -+ + 0. Let m be the projection onto the span E of e, and A the
projection onto the span of f. Then the singular values o} of AA7 are close
to o; for ¢ = 1,... k. In particular, we may arrange for o}, > 0,/2. As
dimV =k — 1 and dim E' = k, there is a unit vector v in F that is as close
as we please to V. From Theorems 13 and 3, we get ||Au|| > o}, > 0%/2, so
(o S 2¢.

Conversely, suppose Sr , |(Ae;, fi)| is within 6 of oy + - -+ + oy, and E
is the span of e. Lemma 16 says that the norm of A is less than o1 + 6 +

VE6(201 4+ 6) on E+. m

Theorem 18 If [|Al|, exists, then A is compact.

Proof. If S5 |(Ae;, fi)|P is within 67 of |Al[P, and E is the span of
e, ... ,eg, then Lemma 16 says the norm of A is less than §+/ké(2 || 4| + )
on E+. m

We know what a trace-class operator is, but what is its trace? That is, if
A is an operator from H to H, what does it mean to say that tr A = ¢7 We
define this in terms of traces of finite-dimensional operators.

17



e We say that tr A = t if, for each finite-dimensional subspace F”, there
is a finite-dimensional subspace F' O F” such that |tr mAm — t| < ¢ for
each finite-dimensional projection 7 such that 7F = F'.

What is the criterion for tr A to exist?

e For each finite-dimensional subspace F’ there is a finite-dimensional
subspace F' D F’ such that |trmAm| < e for each finite-dimensional
projection 7 such that 7F' = 0.

This criterion conforms to the general definition of what it means for a
metric space to be complete. In the absence of countable choice, it is not
enough to require that every Cauchy sequence converge. What you need is
that (roughly) whenever you have a consistent method for approximating a
point, then there is some point that you are approximating. Why do we
meet this criterion in the case of an operator of trace class? Choose a finite-
dimensional projection ¢, with range F', so that ||A — pAyp|| is small. We
have to verify that we can find one such that F' contains a prespecified F".
That follows from Theorem 5. The rest is straightforward.

6 The von Neumann-Schatten ideals

The operators A such that [|A|, exists can be characterized in terms of their
singular values.

Theorem 19 Let A be an operator with singular values (0;). Then ||A|} =
Y- 0f. Thus ||A|l, exists if and only if ) o} converges.

Proof. We have

JAIP = sup > [(Ae;, fi) P
P ecln(H) ;4
fEFn(H)
ncw

For any ¢, and any € > 0, Theorem 9 says that there exist k-frames e and f,
with k& < t, such that ||Ae; — o, fi|| < e fori=1,... k, and that o1 < e if
k <t. So

t
1AL =Y ot = (t = k)e?
i=1

18



whence [|A[[? > 3" o7,
To get the inequality the other way round, we will show that

k

k
Do IAel, P <) ot
i=1

=1

for any k-frames e and f. Let E and F' be the spans of e and f, and let
T1,...,Tr be the first k singular values of pAp. From Corollary 10, we have
Ti S ;. Then

k
p

Z [(Aei, fi) I < (||FAE||](3k)) =+ 4 <o+ 4oh

i1

It follows that if [|Al|, exists, then so does [|Al|,, for p" > p.

Theorem 20 Let A : H — K be compact with singular values (o), and
B : K — L bounded. If (1;) are the singular values of the compact operator
BA, then 1; < ||B|| o;.

Proof. This is immediate from Corollary 10. m

It follows that if || A, exists, then so does [[BA]|,,.

Lemma 21 If ||A||, exists, then for each ¢ > 0 there are finite-dimensional
projections A and m such that ||A — AAr|| , < e. Conversely, the set of oper-
ators A for which the norm ||A||, exists is closed in that norm.

Proof. Suppose ||A]|,, exists. Given é and n, we can find k-frames e and
f, with k£ < n, such that

k o0
A2 < " (Aes, f)F +6+ Y of
=1 =n-+1

Let 7 be projection on the span of e, and A\ projection on the span of f. As

[Ally = (AT + (11 = A AL = )]l
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we have

11 =NAQ =m)[ly < |Al}) — MR < 6+ ) o

1=n+1

From Lemma 2

[AAL = )| + [I(1 = A)Axl| < 24/k6(2 [ Al + 6)

SO

[AAL =), + [[(1 = A)Ar[|,, < 2k+/kO(2[|All + 6)

and the first conclusion follows for small enough 6.
Now suppose [|A — B||, < ¢ where || B||, exists. Then

1B, = < lIAll, < lIBll, +¢
so if such B exists for each ¢ > 0, then [|Al|, is located. m

Theorem 22 If ||Al, and ||B|, ezist, then so does ||A + B,

Proof. The lemma provides finite-dimensional projections A, 7, X', and
7' so that [[A — AAr||, and ||B — N'An’[|, are small. So

A+ B — (AAr + NBr)||, < [|[A = NA7x|, + || B — N Ax'||,

is small. From the second part of the lemma, it suffices to show that ||C|],
exists, for C' = AAm + N Bn’. From Theorem 5 we can find A’ D X such that
[(1 = A)A|l <e. Then |[N'C —C|, <e||Aldimn. It remains to show that
[A"C]|, exists. It suffices to show that C is compact as the singular values
of \"C' are zero beyond the dimension of A\, but that follows from Corollary
15 because C' is a sum of compact operators. m

So the class C, of operators A such that [|Al, exists forms a left ideal
in the algebra of bounded operators on H. It is an ideal in the algebra of
bounded operators on H with adjoints because ||B*A*||, exists, so [|AB],
exists. However it is possible for A to be trace class, B bounded, and AB
not even compact. Let H be a Hilbert space with basis (e,). Let Be, =
anpei1, where (a,) is a binary sequence with at most one 1. Let A = 7y, the
projection on the span of e;. Then AB = B is not compact. More precisely,
if AB is compact, then either a,, = 1 for some n, or a,, = 0 for all n.
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7 A counterexample
In [3] there are two claims on page 15 about an arbitrary trace-class operator
A. One is, for a, an orthonormal basis and ¢ > p, that

q

D (Aan, an)| < (Al an, an)

p+1 p+l

The other is that |A| — A is a positive operator. Let H be two dimensional
and consider the operators given by the matrices

00 1 11
77—(0 1) and U_ﬁ(—l 1)

I (01
t=ve=5(5 1)

Then U is unitary and m = |A|. Let e be the column vector (1 1)*. Then
Ae = %e and |A]e = (0 1), so

Set

(Ae,e) =2 >1=(|A]e,e)

In particular, the operator |A| — A is not positive. Of course |A| — A can
only be positive if A is a difference of positive operators, hence Hermitian.
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