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Devwudfw
Lq wklv sdshu zh jlyh d gluhfw gh�qlwlrq ri wkh yrq Qhxpdqq0

Vfkdwwhq fodvvhv FR lq whupv ri wkh h{lvwhqfh ri d fhuwdlq vxsuhpxp1
Wkh wkhru| lv ghyhorshg zlwkrxw dsshdo wr vhsdudelolw|/ ru wr wkh h{lv0
whqfh ri dq ruwkrqrupdo edvlv/ dqg zlwkrxw xvlqj frxqwdeoh fkrlfh ru
wkh odz ri h{foxghg plggoh1 Zh frqvwuxfw wkh vlqjxodu ydoxhv ri frp0
sdfw rshudwruv/ dqg fkdudfwhul}h frpsdfw rshudwruv/ dqg wkh fodvvhv
FR/ lq whupv ri wkhlu vlqjxodu ydoxhv1

4 Lqwurgxfwlrq
D frqvwuxfwlyh ghyhorsphqw ri wkh wkhru| ri wudfh0fodvv dqg Kloehuw�Vfkplgw
rshudwruv zdv ehjxq lq ^6`1 Lq wkdw sdshu lw zdv uhtxluhg wkdw wkh rshudwruv
kdyh dgmrlqwv +zklfk lv qrw dxwrpdwlf lq frqvwuxfwlyh pdwkhpdwlfv,/ dqg wkdw
wkh Kloehuw vsdfh eh vhsdudeoh1 H{whqvlyh xvh zdv pdgh ri wkh frxqwdeoh d{0
lrp ri fkrlfh/ erwk gluhfwo| dqg wkurxjk dsshdo wr wkhruhpv zkrvh sxeolvkhg
surriv ghshqg rq lwv ydolglw|1

Lq wklv sdshu zh gh�qh wudfh0fodvv dqg Kloehuw0Vfkplgw rshudwruv�wkh
yrq Qhxpdqq0Vfkdwwhq fodvvhv F� dqg F2�zlwkrxw dvvxplqj wkh h{lvwhqfh
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ri dq dgmrlqw ru hyhq dq devroxwh ydoxh1 Lq idfw/ dq rshudwru lv lq wkh fodvv
FR/ iru R 5 d�c4�/ h{dfwo| zkhq d fhuwdlq vxsuhpxp h{lvwv1 Zh suryh wkdw
vxfk rshudwruv duh frpsdfw/ khqfh kdyh dgmrlqwv1 Wkh wkhru| lv ghyhorshg
zlwkrxw dsshdo wr vhsdudelolw|/ ru wr wkh h{lvwhqfh ri dq ruwkrqrupdo edvlv/
dqg zlwkrxw xvlqj frxqwdeoh fkrlfh1 Zh frqvwuxfw wkh vlqjxodu ydoxhv ri
frpsdfw rshudwruv/ dqg fkdudfwhul}h frpsdfw rshudwruv/ dqg wkh fodvvhv FR/
lq whupv ri wkhlu vlqjxodu ydoxhv1

E| frqvwuxfwlyh pdwkhpdwlfv zh phdq pdwkhpdwlfv lq wkh frqwh{w ri
lqwxlwlrqlvwlf orjlf1 Rqh dgydqwdjh ri xvlqj lqwxlwlrqlvwlf orjlf lv wkdw uhvxowv
fdq eh lqwhusuhwhg erwk wudglwlrqdoo| dqg frpsxwdwlrqdoo|/ hlwkhu lqirupdoo|
ru lq frpsxwdwlrqdo prghov vxfk dv uhfxuvlyh dqdo|vlv ^:` dqg Zhlkudxfk*v
WWH ^43`1 Wkh| fdq dovr eh lqwhusuhwhg lq ydulrxv wrsrv prghov/ lqfoxglqj
vkhdi prghov li frxqwdeoh fkrlfh lv dyrlghg1 Iru edfnjurxqg lqirupdwlrq rq
frqvwuxfwlyh pdwkhpdwlfv/ vhh ^4`/ ^5`/ dqg ^7`1

Dqrwkhu dgydqwdjh ri xvlqj lqwxlwlrqlvwlf orjlf/ dqg uhmhfwlqj wkh frxqw0
deoh d{lrp ri fkrlfh/ lv dq dwwulexwh ri dq| jrrg jhqhudol}dwlrq= lw irufhv |rx
wr orrn dw wklqjv fruuhfwo| dqg vhh wkhlu hvvhqfh1 Wkh xvh ri joredo edvhv
wr dqdo|}h dq rshudwru pdvnv wkh idfw wkdw lwv dfwlrq fdq eh vwxglhg zlwk
uhvshfw wr �qlwh0glphqvlrqdo vxevsdfhv zlwkrxw glvwlqjxlvklqj/ dqg kdylqj
wr frqvwuxfw/ d vshfldo doljqhg idplo| ri wkhp1 Dv lw lv qr orqjhu srvvleoh wr
gh�qh vrphwklqj lq whupv ri d edvlv/ dqg wkhq vkrz wkdw lw lv lqghshqghqw ri
wkh sduwlfxodu edvlv fkrvhq/ |rx duh irufhg wr hpsor| d edvlv0iuhh gh�qlwlrq/
zklfk lv suredeo| zkdw |rx vkrxog kdyh grqh dq|zd|1 Dqg ri frxuvh |rx
pljkw kdyh grqh wkdw/ hyhq zrunlqj zlwk fodvvlfdo orjlf dqg frxqwdeoh fkrlfh/
exw |rx glgq*w kdyh wr1

5 Qrupv dqg vlqjxodu ydoxhv
D &0iudph e lq d Kloehuw vsdfh M lv d idplo| e�c � � � c e& ri ruwkrqrupdo
yhfwruv1 Ghqrwh wkh vhw ri doo &0iudphv e| 8&EM�1 Wkhuh duh ydulrxv qrupv
rq d erxqghg rshudwru � iurp M wr d Kloehuw vsdfh g wkdw fdq eh gh�qhg
lq whupv ri &0iudphv1 Iru � � R 	 4 ghqrwh wkh �R0qrup ri dq &0wxsoh ri
frpsoh{ qxpehuv e|

nES�c � � � c S&�nR ' R

t
mS�mR n � � �n mS&mR
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Iru �{hg e 5 8&EM� dqg s 5 8&Eg�/ wkh h{suhvvlrq nEk�e�c s�lc � � � c k�e&c s&l�nR
gh�qhv d vhplqrup rq olqhdu rshudwruv iurp M wr g/ vr

n�nR ' t�T
eM8&EM�
sM8&Eg�
&M/

nEk�e�c s�lc � � � c k�e&c s&l�nR

gh�qhv d qrup/ dw ohdvw li zh doorz n�nR ' 41 Frqvwuxfwlyho| wkh vlwxdwlrq
lv pruh frpsolfdwhg ehfdxvh phuho| erxqglqj wkh whupv lq wkh lqglfdwhg
vxsuhpxp grhv qrw jxdudqwhh wkdw wkh vxsuhpxp h{lvwv1 Zh zloo xvh wkh
qrwdwlrq n�nR hyhq li wkh lqglfdwhg vxsuhpxp grhv qrw h{lvw1 Wkdw lv/ zh
wuhdw n�nR dv d jhqhudol}hg uhdo qxpehu lq wkh vhqvh ri ^8` dqg ^;`1 Iru
h{dpsoh/ lw pdnhv vhqvh wr zulwh n�n � o ru wr zulwh o � n�n iru dq| uhdo
qxpehu o1

Li wkh vxsuhpxp grhv h{lvw/ zh vd| wkdw n�nR h{lvwv ru n�nR lv orfdwhg1
Lw lv hdv| wr vhh wkdw wkh gh�qlqj surshuwlhv ri d qrup krog lq dq| hyhqw=

� n� n�nR � n�nR n n�nR/
� nS�nR ' mSm n�nR li n�nR lv erxqghg ru S 9' f1

Wkh rshudwru qrup lv

n�n ' t�T
eM8�EM�
sM8�Eg�

mk�e�c s�lm

dqg fdq eh wkrxjkw ri dv n�n" exw zh zloo kdyh qr rffdvlrq wr gr wkdw1
Wkh wudfh0fodvv qrup lv n�n� dqg wkh Kloehuw0Vfkplgw qrup lv n�n21
Li n�n� h{lvwv/ wkhq zh vd| wkdw � lv ri wudfh fodvv1 Li n�n2 h{lvwv/ wkhq zh
vd| wkdw � lv d Kloehuw0Vfkplgw rshudwru1 Lq jhqhudo/ li n�nR h{lvwv/ zh
vd| wkdw � lv dq rshudwru lq wkh yrq Qhxpdqq0Vfkdwwhq fodvv FR ^<`1

Zh fdq uh�qh wkh qrup n�nR e| frqvlghulqj wkh qrupv

n�nE?�R ' t�T
eM8&EM�
sM8&Eg�
&$?

nEk�e�c s�lc � � � c k�e&c s&l�nR

iru hdfk srvlwlyh lqwhjhu ?1 Vr

n�nR ' t�T
?M/

n�nE?�R
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D sulrul/ n�nR fdq eh orfdwhg zlwkrxw dq| n�nE?�R ehlqj orfdwhg1 Lw wxuqv

rxw/ krzhyhu/ wkdw li n�nR h{lvwv +lv orfdwhg,/ wkhq hdfk n�nE?�R h{lvwv1
Fohduo|

n�n ' n�nE��R � n�nE2�R � � � � � n�nR
dqg n�nE?�R ' n�nR li hlwkhu M ru g kdv �qlwh glphqvlrq dw prvw ?1 Qrwlfh
wkdw doo wkhvh qrupv duh gh�qhg lq whupv ri k�%c +l/ vr hyhu|wklqj frxog eh
skudvhg lq whupv ri d elolqhdu irup rqM�g/ udwkhu wkdq dq rshudwru iurpM
wr g1 Wklv zrxog sxw wkh grpdlq dqg wkh frgrpdlq rq pruh htxdo irrwlqj1

Zh vd| wkdw � kdv vlqjxodu ydoxhv li n�nE?�� h{lvwv iru hdfk ?1 Wkh
vlqjxodu ydoxhv ri � duh wkhq gh�qhg e| j? ' n�nE?�� � n�nE?3��� / vr

n�nE?�� ' j� n j2 n � � �n j?

Lw lv qrw gl!fxow wr vhh/ iurp wkh qdwxuh ri wkh vxsuhpd/ wkdw j� � j2 � j� �
� � � � f1 Wkh n�nE?�� duh doo frqwlqxrxv lq wkh rshudwru qrup dv n�nE?�� �
? n�n/ vr wkh vlqjxodu ydoxhv duh frqwlqxrxv lq wkh rshudwru qrup1

Wkh vhw ri rshudwruv zlwk vlqjxodu ydoxhv lv forvhg lq wkh rshudwru qrup1
Lq idfw/ li n�nE?�� h{lvwv dqg n���n 	 0/ wkhq

n�nE?�� � ?0 	 n�nE?�� 	 n�nE?�� n ?0

Khuh zh kdyh d judsklf lqvwdqfh ri vkrzlqj wkdw d qrup h{lvwv e| orfdwlqj
lw1

Hdfk ri wkhvh qrupv lv xqlwdulo| lqyduldqw= li L dqg T duh xqlwdu|/ wkhq
� dqg L�T kdyh wkh vdph qrup1

6 Vlqjxodu ydoxh ghfrpsrvlwlrq
Dq rshudwru ehwzhhq �qlwh0glphqvlrqdo vsdfhv fdq eh uhsuhvhqwhg e| d pd0
wul{1 Wkh vlqjxodu ydoxhv ri d srvlwlyh gldjrqdo pdwul{ duh wkh gldjrqdo
hqwulhv/ dw ohdvw zlwklq dq duelwudu| 01 Wklv odvw surylvr lv qhfhvvdu| ehfdxvh
zh qhhg qrw eh deoh wr duudqjh wkh gldjrqdo hqwulhv lq d olqhdu rughu1

Ohppd 4 Ohw � eh dq60e|0? pdwul{/ dqg | ' 4�?E6c?�1 Li � lv d gldjrqdo
pdwul{/ zlwk hqwulhv _� � _2 � � � � � _| � f/ wkhq

�
n�nE&�R

�R
'

&[
�'�

_R�
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iru & ' �c � � � c |1

Surri1 Fohduo|
�
n�nE&�R

�R
� S&

�'� _
R
� 1 Ohw e dqg s eh &0iudphv lq wkh

grpdlq dqg frgrpdlq ri wkh rshudwru �1 Ghqrwh wkh frruglqdwhv ri d yhfwru
� e| ��1 Wkhq E�e��� ' _�e�� vr

k�e�c s�l '
|[

�'�

_�e�� 7s��

dqg/ li �*R n �*^ ' �/ wkhq

mk�e�c s�lm �
|[

�'�

_� me��s��m�*R me��s��m�*^

Kùoghu*v lqhtxdolw| jlyhv

mk�e�c s�lm �
#

|[
�'�

_R� me��s��m
$�*R# |[

�'�

me��s��m
$�*^

Wkh vhfrqg idfwru rq wkh uljkw lv dw prvw � ehfdxvh e� dqg s� duh xqlw yhfwruv/
vr
S?

�'� me��m2 ' � dqg
S6

�'� ms��m2 ' �1 Wkxv

&[
�'�

mk�e�c s�lmR �
&[
�'�

|[
�'�

_R� me��s��m

Qrz
S&

�'� me��m2 � � dqg
S&

�'� ms��m2 � � ehfdxvh e dqg s duh &0iudphv1 VrS&
�'� me��s��m � � iru hdfk �/ dqg

S&
�'�

S|
�'� me��s��m � &/ iurp zklfk wkh

ghvluhg frqfoxvlrq iroorzv hdvlo|1

Wkh fodvvlfdo vlqjxodu0ydoxh ghfrpsrvlwlrq wkhruhp iru �qlwh0glphqvlrqdo
Kloehuw vsdfhv vd|v wkdw li � lv d pdwul{/ wkhq zh fdq frqvwuxfw xqlwdu|
pdwulfhv L dqg T vr wkdw L�T lv d gldjrqdo pdwul{ zlwk qrqqhjdwlyh uhdo
hqwulhv1 Wkh gldjrqdo hqwulhv ri L�T duh wkh vlqjxodu ydoxhv ri � +Ohppd 4,1
Zh fdq*w txlwh gr wklv frqvwuxfwlyho|/ exw zh fdq frqvwuxfw xqlwdu| pdwulfhv
L dqg T vr wkdw L�T lv duelwudulo| forvh wr vxfk d gldjrqdo pdwul{1

8



Ohppd 5 Ohw � eh dq rshudwru dqg ohw e dqg s eh &0iudphv/ & � ?/ vxfk
wkdw

�
n�nE?�R

�R
	

&[
�'�

mk�e�c s�lmR n BR�

Li � lv d xqlw yhfwru ruwkrjrqdo wr wkh vsdq ri e/ wkhq

mk��c s�lm2 	 BE2 mk�e�c s�lmn B�

iru hdfk �1 Li � lv d xqlw yhfwru ruwkrjrqdo wr wkh vsdq ri s / wkhq

mk�e�c �lm2 	 BE2 mk�e�c s�lmn B�

iru hdfk �1

Surri1 Zh vkdoo suryh wkh �uvw lqhtxdolw|1 Zh pd| dvvxph wkdw � ' �1
Li mk��c s�lm lv vx!flhqwo| vpdoo/ wkhq zh duh grqh1 Li mk�e�c s�lm lv vx!0
flhqwo| vpdoo/ wkhq zh duh grqh e| lqgxfwlrq rq &1 Vr zh pd| dvvxph wkdw
k�e�c s�l dqg k��c s�l duh srvlwlyh1 Wkh pd{lpxp ydoxh ri EULt |�k�e�c s�ln
Et�? |�k��c s�l lv

K '
s
k�e�c s�l2 n k��c s�l2

vr

KR n
&[
�'2

mk�e�c s�lmR �
�
n�nE?�R

�R
	

&[
�'�

mk�e�c s�lmR n BR

ehfdxvh zh fdq uhsodfh e� e| EULt |�e�nEt�? |��1 Wkhuhiruh KR 	 k�e�c s�lRnBR
vr s

k�e�c s�l2 n k��c s�l2 ' K 	 k�e�c s�ln B

Wkh �uvw lqhtxdolw| lq wkh frqfoxvlrq iroorzv iurp vtxdulqj erwk vlghv ri wklv
lqhtxdolw|1

Li zh wklqn ri wklv dv d uhvxow derxw elolqhdu irupv/ wkh vhfrqg lqhtxdolw|
lv d frqvhtxhqfh ri wkh �uvw1 Rwkhuzlvh/ zh fdq vlpso| uhshdw wkh fdofxodwlrq
zlwk k�e�c s�l dqg k�e�c �l1
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Wkhruhp 6 +vlqjxodu0ydoxh ghfrpsrvlwlrq, Ohw � G M $ g eh dq rs0
hudwru ehwzhhq Kloehuw vsdfhv M dqg g ri glphqvlrqv 6 dqg ?1 Ohw j� �
j2 � � � � � j4�?E6c?� eh wkh vlqjxodu ydoxhv ri �1 Iru hdfk 0 : f wkhuh h{0
lvw ruwkrqrupdo edvhv Ee�� ri M dqg Es�� ri g vxfk wkdw wkh pdwul{ k�e�c s�l lv
zlwklq 0 ri wkh60e|0? gldjrqdo pdwul{ zlwk gldjrqdo hqwulhv j�c j2c � � � j4�?E6c?�1
Khqfh n�e� � j�s�n 	 0

s
? iru hdfk � � 4�?E6c?�1

Lw iroorzv wkdw
�
n�nE&�R

�R
' jR� n jR2 n � � �n jR& iru hdfk & � 4�?E6c?�1

Surri1 Lw vx!fhv wr duudqjh iru k�e�c s�l wr eh zlwklq 0 ri vrph srvlwlyh
gldjrqdo pdwul{ ehfdxvh vxfk d pdwul{ fdq eh shuwxuehg voljkwo| vr wkdw wkh
gldjrqdo hqwulhv duh glvwlqfw/ dqg wkhq pxowlsolhg e| d shupxwdwlrq pdwul{
vr wkdw wkh gldjrqdo hqwulhv ghfuhdvh1 Ohppd 4 vd|v wkdw wkh hqwulhv lq wkdw
gldjrqdo pdwul{ zloo eh dssur{lpdwho| wkh vlqjxodu ydoxhv ri �1

Surfhhg e| lqgxfwlrq rq 6/ zklfk zh pd| dvvxph lv dw ohdvw �1 Fkrrvh
d xqlw yhfwru e� lq M vr wkdw n�e�n : n�n� B/ zkhuh B lv wr eh ghwhuplqhg1
Li n�e�n 	 0 � B/ wkhq n�n 	 0/ vr wkh pdwul{ k�e�c s�l lv zlwklq 0 ri wkh
}hur pdwul{ iru dq| ruwkrqrupdo edvhv Ee�� dqg Es��1 Vr zh pd| dvvxph wkdw
�e� 9' f/ khqfh �e� ' n�e�n s� iru vrph xqlw yhfwru s� lq g1 Iurp wkh fdvh
? ' � dqg R ' � ri Ohppd 5 lw iroorzv wkdw mk��c s�lm2 	 BE2 n�e�n n B� iru
hdfk xqlw yhfwru � ruwkrjrqdo wr e�1

Ohw Z eh surmhfwlrq rq wkh vsdq ri e�/ dqg b surmhfwlrq rq wkh vsdq
ri s�1 E| lqgxfwlrq zh fdq h{whqg e� dqg s� wr ruwkrqrupdo edvhv Ee��
dqg Es�� vr wkdw wkh pdwul{ k�e�c s�l/ iru 2 � � � 6 dqg 2 � � � ?/ lv
zlwklq 0 ri d srvlwlyh gldjrqdo pdwul{1 Exw k�e�c s�l ' f iru � 9' �/ dqg
mk�e�c s�lm2 	 BE2 n�e�n n B� li � 9' �/ vr iru vx!flhqwo| vpdoo B/ wkh 60e|0?
pdwul{ k�e�c s�l lv zlwklq 0 ri d srvlwlyh gldjrqdo pdwul{1

Wkh odvw fodlp iroorzv iurp wkh �uvw dqg Ohppd 4

Fruroodu| 7 +Frxudqw0Ilvfkhu, Ohw � G M $ g eh dq rshudwru ehwzhhq
Kloehuw vsdfhv M dqg g ri glphqvlrqv 6 dqg ?1 Ohw j� � j2 � � � � �
j4�?E6c?� eh wkh vlqjxodu ydoxhv ri �1 Ohw �T ghqrwh wkh rshudwru � uhvwulfwhg
wr wkh vxevsdfh T 1 Wkhq

j& ' �?u
_�4T'63&n�

n�T n

Surri1 Iru 0 : f/ ohw Ee�� dqg Es�� eh dv lq Wkhruhp 61 Li T lv wkh
vsdq ri e&c � � � c e6/ wkhq n�T n � j& n 0

s
6?1 Lw vx!fhv wr vkrz wkdw j& �

:



n�T n n 0
s
6? iru dq| T ri glphqvlrq 6 � & n �1 Li _�4T ' 6 � & n �/

wkhq wkhuh duh xqlw yhfwruv � lq T wkdw duh duelwudulo| forvh wr wkh vsdq ri
e�c � � � c e&1 Dv n��n � j& � 0

s
6? iru vxfk �/ zh kdyh j& � n�T nn 0

s
6?1

Wkh rwkhu kdoi ri wkh Frxudqw0Ilvfkhu wkhruhp vd|v wkdw zh fdq zulwh

j& ' t�T
_�4T'&

�?u
eM8�ET �

n�e�n

Wklv irupxod/ zklfk zh zloo hvwdeolvk lq Fruroodu| 43/ frxog eh xvhg wr gh�qh
j& gluhfwo|/ dv d vxsuhpxp/ lq wkh jhqhudo fdvh1

7 Ilqlwh0glphqvlrqdo vxevsdfhv
Wkh vhw ri �qlwh0glphqvlrqdo vxevsdfhv ri d Kloehuw vsdfh sod|v d fhqwudo
uroh lq rxu ghyhorsphqw1 Iurp d frqvwuxfwlyh srlqw ri ylhz/ wklv vhw lv qrw
d odwwlfh/ ru hyhq d gluhfwhg vhw1 Vr lw zloo eh lpsruwdqw wr frqvwuxfw d
�qlwh0glphqvlrqdo vxevsdfh wkdw doprvw frqwdlqv wzr jlyhq �qlwh0glphqvlrqdo
vxevsdfhv1

� Ohw L dqg T eh vxevsdfhv ri dq lqqhu surgxfw vsdfh/ dqg 0 : f1 Zh
vd| wkdw L lv 00frqwdlqhg lq T / dqg zulwh L �0 T / li iru hdfk � lq wkh
xqlw edoo ri L / wkhuh lv � 5 T vxfk wkdw n�� �n 	 01

Qrwh wkdw li T lv wkh udqjh ri d surmhfwlrq/ ZT / wkhq L �0 T li dqg rqo| li
n�� ZT �n 	 0 iru hdfk � lq wkh xqlw edoo ri L 1

Wkhruhp 8 Ohw L dqg T eh �qlwh0glphqvlrqdo vxevsdfhv ri dq lqqhu surg0
xfw vsdfh/ dqg 0 : f1 Wkhq wkhuh lv d �qlwh0glphqvlrqdo vxevsdfh ` / ri
glphqvlrq dw prvw _�4L n _�4T / vxfk wkdw L �` dqg T �0 ` 1

Surri1 Wkh xqlw edoo ri T lv wrwdoo| erxqghg/ vr hlwkhu T �0 L / ru wkhuh
lv e lq wkh xqlw edoo ri T vxfk wkdw nE�� ZL�en : f1 Lq wkh iruphu fdvh zh
fdq wdnh ` ' L / vr zh pd| dvvxph wkdw wkhuh lv d xqlw yhfwru e lq T wkdw
lv erxqghg dzd| iurp L 1

Ohw . eh wkh vsdq ri e/ dqg L � ' L n ./ zklfk lv d gluhfw vxp +qrw
qhfhvvdulo| ruwkrjrqdo,/ khqfh �qlwh0glphqvlrqdo1 Wkhq L � ' . � EL � _.z�
dqg T ' .�ET _.z�/ vr _�4L �_.z ' _�4L dqg _�4T _.z ' _�4T ��1

;



E| lqgxfwlrq rq _�4T / wkhuh lv d �qlwh0glphqvlrqdo vxevsdfh ` � ri .z/
frqwdlqlqj L � _ .z dqg 00frqwdlqlqj T _ .z/ vxfk wkdw _�4` � � _�4L n
_�4T � �1 Ohw ` ' . �` �1

Qh{w zh qhhg d whfkqlfdo ohppd derxw ruwkrjrqdol}lqj dssur{lpdwho|
ruwkrqrupdo vhwv ri yhfwruv1

Ohppd 9 Iru hdfk 0 : f dqg & 5 // wkhuh h{lvwv B : f vxfk wkdw li
��c � � � c �& duh yhfwruv lq wkh xqlw edoo ri d Kloehuw vsdfh ri glphqvlrq dw
ohdvw &/ dqg mk��c ��lm � B iru � 9' �/ wkhq wkhuh lv d &0iudph s vxfk wkdw
n�� � k��c s�ls�n � 0 iru � ' �c � � � c &1

Li/ lq dgglwlrq/ n��n2 � �� B/ wkhq n�� � s�n � 01

Surri1 Li t�T� n��n � 0/ wkhq fkrrvh dq| &0iudph s 1 Vr zh pd| dvvxph
wkdw n�&n � 0*21 Zulwh �& ' n�&n s& iru d xqlw yhfwru s&/ dqg vhw ��� '
�� � k��c s&ls& iru � ' �c � � � c & � �1 Qrwh wkdw ��� lv lq wkh xqlw edoo ri wkh
ruwkrjrqdo frpsohphqw ri s&1 Wkhq

n��� � ��n ' mk��c s&lm � B

n�&n �
2B

0

dqg ��k���c ���l�� ' mk��c ��l � k��c s&lks&c ��lm � B n e
B2

02

iru � 9' �1 Fkrrvh B � 02*e vr n��� � ��n � 0*21 E| lqgxfwlrq rq &/ li B lv
vpdoo hqrxjk/ wkhuh h{lvw ruwkrqrupdo yhfwruv s�c � � � c s&3� lq wkh ruwkrjrqdo
frpsohphqw ri s& vxfk wkdw n��� � k���c s�ls�n � 0*2/ vr

n�� � k��c s�ls�n � n�� � k���c s�ls�n
� n��� � ��nn n��� � k���c s�ls�n � 0*2 n 0*2 ' 0

iru � ' �c � � � c & � �1
Wkdw suryhv wkh �uvw sduw ri wkh ohppd1 Wr yhuli| wkh vhfrqg sduw/ qrwh

wkdw zh fdq duudqjh iru k�c sl wr eh srvlwlyh/ li lw lv qrq}hur/ e| pxowlso|lqj
s e| d vxlwdeoh frpsoh{ xqlw1 Wkhq

n� � sn2 ' n�n2 n �� 2k�c sl
dqg

k�c sl '
t
n�n2 � n� � k�c slsn2c

<



vr li n�n lv forvh wr � dqg n� � k�c slsn lv forvh wr f/ wkhq n� � sn lv forvh wr
f1

Zh zloo xvh Ohppd 9 lq wkh iroorzlqj irup1

Ohppd : Iru hdfk 0 : f dqg & 5 // wkhuh h{lvwv B : f vxfk wkdw li T dqg
T � duh vxevsdfhv ri dq lqqhu surgxfw vsdfh zlwk T �B T

�/ dqg e 5 8&ET �/
wkhq wkhuh lv e� 5 8&ET

�� zlwk ne� � e��n 	 0 iru � ' �c � � � c &1

Surri1 Fkrrvh ���c � � � c �
�
& 5 T � vr wkdw n��� � e�n 	 B1 Wkhq

k���c ���l � ke�c e�l ' k��� � e�c e�ln k��� � e�c �
�
� � e�ln ke�c ��� � e�l

vr ��k���c ���l � ke�c e�l
�� � 2B n B2

Qrz dsso| Ohppd 9/ iru vxlwdeoh B 	 0*2/ wr �qg e� 5 8&ET
�� vr wkdw

n��� � e��n 	 0*21

Ohw Z G M $ M dqg b G g $ g eh surmhfwlrqv zlwk lpdjhv T dqg ` 1
Ghqrwh e| `�T wkh rshudwru iurp T wr` wkdw lv wkh uhvwulfwlrq ri b� wr T 1
Wklv lv qrw wkh vdph dv/ dowkrxjk reylrxvo| forvho| uhodwhg wr/ b�Z/ ehfdxvh
wkh odwwhu lv dq rshudwru iurp M wr g udwkhu wkdq iurp T wr ` 1

Wkhruhp ; Ohw R 5 d�c4�1 Iru doo 0 : f dqg ? 5 // wkhuh h{lvwv B : f
vxfk wkdw li T �B T

� dqg ` �B `
�/ wkhq

n`�T nE?�R 	 n` ��T �nE?�R n 0�

Surri1 Fkrrvh & � ? dqg e 5 8&ET � dqg s 5 8&E` � vxfk wkdw

n`�T nE?�R 	 nk�e�c s�lc � � � c k�e&c s&lnR n 0*2�

Iru vx!flhqwo| vpdoo B/ Ohppd : jlyhv e� 5 8&ET
�� dqg s � 5 8&E`

�� vxfk wkdw
n�n ns� � s ��n 	 0*e& dqg n�n ne� � e��n 	 0*e&1 Dv nS�c � � � c S&nR � & t�T mS�m
zh kdyh

n`�T nE?�R 	 nk�e��c s ��lc � � � c k�e�&c s �&lnR n 0 � n` ��T �nE?�R n 0�

Zh fdq qrz suryh dq lq�qlwh irup ri wkh vlqjxodu0ydoxh ghfrpsrvlwlrq1
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Wkhruhp < Ohw � G M $ g eh dq rshudwru zlwk vlqjxodu ydoxhv j� � j2 �
� � � � j|1 Iru hdfk 0 : f wkhuh h{lvwv & � |/ dqg &0iudphv e lq M dqg s lq g
vxfk wkdw j&n� 	 0 li & 	 |/ dqg n�e� � j�s�n 	 0 iru � ' �c � � � c &1 Pruhryhu
zh duudqjh lw vr wkdw n��n 	 j&n� n 0 iru hdfk xqlw yhfwru � ruwkrjrqdo wr
wkh vsdq ri e1

Surri1 Il{ B : f vxemhfw wr odwhu uhylvlrq1 Iru ? ' �c � � � c | zh fdq
�qg �qlwh0glphqvlrqdo vxevsdfhv T? ri M dqg `? ri g vxfk wkdw n�nE?�� 	

n`?
�T?nE?�� n B1 E| Wkhruhp 8 zh fdq �qg �qlwh0glphqvlrqdo vxevsdfhv T

ri M dqg ` ri g vr wkdw T? �B T dqg `? �B ` iru hdfk ?1 Vr Wkhruhp
; vd|v wkdw n�nE?�� 	 n`�T nE?�� n 0� iru ? ' �c � � � c | dqg 0� dv vpdoo dv zh
sohdvh1 Wkhuhiruh wkh �uvw | vlqjxodu ydoxhv j��c � � � c j

�
| ri `�T duh forvh wr

wkh �uvw | vlqjxodu ydoxhv ri �1 Ohw & ' 4�?E_�4Tc _�4`c |�1 Li & 	 | dqg
j&n� : f/ wkhq e| ghfuhdvlqj B zh fdq lqfuhdvh &1 Vr zh pd| dvvxph wkdw
j&n� lv vpdoo li & 	 |1 Wkhruhp 6 vd|v wkhuh h{lvw &0iudphv e ri T dqg s ri`
vr wkdw `�T e� lv forvh wr j��s� iru � ' �c � � � c &1 Ohppd 5 vd|v wkdw k�e�c �l
lv vpdoo iru dq| xqlw yhfwru � ruwkrjrqdo wr wkh vsdq ri s > vr `�T e� lv forvh
wr �e�1 Wkh �uvw frqfoxvlrq iroorzv1

Fohduo| n�nE&�� 	
S&

�'� mk�e�c s�lmn0��/ iru 0�� dv vpdoo dv zh sohdvh1 Ohppd
5 vd|v wkdw k��c s�l lv vpdoo iru dq| xqlw yhfwru � ruwkrjrqdo wr wkh vsdq ri
e1 Li � lv d xqlw yhfwru ruwkrjrqdo wr wkh vsdq ri s / wkhq

&[
�'�

mk�e�c s�lmn mk��c�lm � n�nE&�� n j&n�c

vr mk��c�lm � j&n� n 0��1 Lw iroorzv wkdw zh fdq duudqjh iru wkh vhfrqg
frqfoxvlrq wr krog1

Fruroodu| 43 Ohw � G M $ g eh dq rshudwru zlwk vlqjxodu ydoxhv j� �
j2 � � � � � j|1 Wkhq

j| ' t�T
_�4T'|

�?u
�M8�ET �

n���n

zkhuh T udqjhv ryhu |0glphqvlrqdo vxevsdfhv ri M1

Surri1 Iru 0 : f/ ohw e 5 8&EM� dqg s 5 8&Eg�/ zlwk & � |� �/ eh dv lq
Wkhruhp < +zlwk |� � lq sodfh ri |,1 Li T lv d |0glphqvlrqdo vxevsdfh ri M/
wkhq wkhuh lv d xqlw yhfwru � lq T wkdw lv duelwudulo| forvh wr wkh ruwkrjrqdo
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frpsohphqw ri wkh vsdq ri e1 Vr n��n 	 j&n�n01 Li & 	 |��/ wkhq j&n� 	 01
Wkxv

t�T
_�4T'|

�?u
�M8�ET �

n���n 	 j| n 20

iru dq| 0 : f1
Qrz ohw e 5 8&EM� dqg s 5 8&Eg�/ zlwk & � |/ eh dv lq Wkhruhp </ dqg

ohw T eh wkh vsdq ri e1 Li & 	 |/ wkhq j| � j&n� 	 01 Li & ' |/ dqg � lv d xqlw
yhfwru lq T / wkhq n��n � j| � 0

s
|1 Wkxv

t�T
_�4T'|

�?u
�M8�ET �

n���n � j| � 0
s
|

iru dq| 0 : f1

Zh fdq xvh Fruroodu| 43 wr gh�qh vlqjxodu ydoxhv dv vxsuhpd iru dq|
rshudwru zkdwvrhyhu1 Qrwh wkdw Fruroodu| 43 lpsolhv wkdw wkh vlqjxodu ydoxhv
lqfuhdvh lq wkh vhqvh wkdw wkh vlqjxodu ydoxhv ri � grplqdwh wkh vlqjxodu
ydoxhv ri `�T 1

D vhw Y ri �qlwh0glphqvlrqdo vxevsdfhv ri M lv fr�qdo lq M li iru hdfk
0 : f dqg �qlwh0glphqvlrqdo vxevsdfh L ri M/ wkhuh lv T 5 Y vxfk wkdw
L �0 T 1 Vr Wkhruhp 8 vd|v wkdw li Tf lv d �qlwh0glphqvlrqdo vxevsdfh ri M/
wkhq wkh vhw ri �qlwh0glphqvlrqdo vxevsdfhv ri M wkdw frqwdlq Tf lv fr�qdo
lq M1 Pruh jhqhudoo|/ wkh vhw ri �qlwh0glphqvlrqdo vxevsdfhv wkdw uhvshfw d
jlyhq surmhfwlrq lv fr�qdo1

Wkhruhp 44 Li Z lv d surmhfwlrq rq M/ wkhq wkh vhw ri �qlwh0glphqvlrqdo
vxevsdfhv T ri M vxfk wkdw ZT � T lv fr�qdo lq M1

Surri1 Ohw 0 : f dqg ohw L eh wkh vsdq ri e 5 8?EM�1 Ohw L � eh wkh vsdq
ri e�c � � � c e?3�1

E| lqgxfwlrq rq ? wkhuh lv d �qlwh0glphqvlrqdo vxevsdfh T �

ri M vr wkdw ZT � � T � dqg L � �0 T
�1 Zh zloo frqvwuxfw d �qlwh0glphqvlrqdo

vxevsdfh T �� ri M vr wkdw ZT �� � T �� dqg L �20 T
��1

Li e? lv zlwklq 0 ri T �/ vhw T �� ' T �1 Vr zh pd| dvvxph wkdw e? lv erxqghg
dzd| iurp T �1 Wkhq hlwkhu Ze? ru E�� Z�e? lv erxqghg dzd| iurp T �1 Ohw
� 5 iZe?c E��Z�e?j eh erxqghg dzd| iurp T �/ dqg vhw ` htxdo wr wkh vsdq
ri T � dqg �1 Qrwh wkdw ` lv �qlwh0glphqvlrqdo dqg Z` �` 1 Djdlq/ hlwkhu
e? lv zlwklq 0 ri ` / lq zklfk fdvh zh vhw T �� ' ` / ru e? lv erxqghg dzd|
iurp ` 1 Lq wkh odwwhu fdvh/ ohw T �� eh wkh vsdq ri e? dqg ` / vr T �� lv wkh
vsdq ri T �/ Ze? dqg E� � Z�e?1 Qrwh wkdw T �� lv �qlwh0glphqvlrqdo1 Fohduo|
L � T dqg ZT �� � T ��1
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Wkhruhp 45 Ohw � eh dq rshudwru iurp M wr g/ dqg Y dqg Z fr�qdo vhwv
ri �qlwh0glphqvlrqdo vxevsdfhv ri M dqg g1 Wkhq

n�nE?�R ' t�T
`MZ
T MO

n`�T nE?�R �

Surri1 Fohduo| n�nE?�R � t�T`MZcT MO n`�T nE?�R 1 Iru 0 : f/ ohw e 5
8&EM� dqg s 5 8&Eg� eh vxfk wkdw

n�nE?�R � nk�e�c s�lc � � � c k�e&c s&lnR n 0�

Iru dq| B : f/ wkhuh h{lvw ` 5 Z dqg T 5 Y vxfk wkdw wkh vsdq ri e lv
B0frqwdlqhg lq T dqg wkh vsdq ri s lv B0frqwdlqhg lq ` 1 Vr/ iru vx!flhqwo|
vpdoo B/

nk�e�c s�lc � � � c k�e&c s&lnR � n`�T nE?�R n 0

zkhqfh n�nE?�R � n`�T nE?�R n 201

Wkhruhp 46 Ohw M dqg g eh Kloehuw vsdfhv/ dqg � G M $ g dq rshudwru1
Vxssrvh wkdw � ' b�Z iru surmhfwlrqv b ri g dqg Z ri M1 Wkhq n�nE?�R '

nbg�ZMnE?�R 1

Surri1 Iluvw vxssrvh wkdw M dqg g duh �qlwh0glphqvlrqdo1 Lw vx!fhv wr
vkrz/ iru hdfk 0 : f/ wkdw�

n�nE?�R

�R
�
�
nbg�ZMnE?�R

�R
n 0

Exw/ iurp Wkhruhp 6/ �
n�nE?�R

�R
'
�
n�nE?3��R

�R
n jR?

vr/ e| lqgxfwlrq rq ?/�
n�nE?�R

�R
'
�
nbg�ZMnE?3��R

�R
n jR? �

�
nbg�ZMnE?�R

�R
n jR?

zkhqfh zh duh grqh li jR? 	 01 Wkhuhiruh zh pd| dvvxph wkdw j? : f1
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Jlyhq dq| B : f/ Wkhruhp 6 vd|v wkdw wkhuh h{lvw ?0iudphv e lq M dqg s
lq g vxfk wkdw n�e� � j�s�n 	 B dqg n�Ws� � j�e�n 	 B iru � � ?1 Dv

nj�s� � j�bs�n � nj�s� � �e�nn nb�e� � j�bs�n 	 2Bc

zh kdyh ns� � bs�n 	 2B*j?1 Iru vpdoo hqrxjk B/ Ohppd : vd|v wkdw wkhuh
lv dq ?0iudph s � lq bg/ zlwk ns �� � s�n dv vpdoo dv zh sohdvh1 Vlploduo|/ wkhuh
lv dq ?0iudph e� lq ZM zlwk ne�� � e�n dv vpdoo dv zh sohdvh1 Lw iroorzv wkdw/
iru dq| # : f/ zh fdq/ e| fkrrvlqj B vx!flhqwo| vpdoo/ duudqjh iru

?[
�'�

mk�e��c s ��lmR :
�
n�nE?�R

�R
� #�

Qrz vxssrvh M dqg g duh duelwudu|1 Ohw Y dqg Z eh wkh vhwv ri �qlwh0
glphqvlrqdo vxevsdfhv T ri M dqg` ri g vxfk wkdw ZT � T dqg b` �` 1
Iurp wkh �qlwh0glphqvlrqdo fdvh/ li T 5 Y dqg ` 5 Z/ wkhq

n`�T nE?�R ' nb`�ZT nE?�R �

Iurp Wkhruhpv 44 dqg 45

n�nE?�R ' t�T
`MZ
T MO

n`�T nE?�R

dqg

nbg�ZMnE?�R ' t�T
`MZ
T MO

nb`�ZT nE?�R

� Li Z lv d �qlwh0glphqvlrqdo surmhfwlrq/ wkhq nZnR h{lvwv dqg lv htxdo
wr wkh glphqvlrq ri Z1 Wklv iroorzv iurp Wkhruhp 46 dqg Ohppd
41 Frqyhuvho|/ vxssrvh Z lv d surmhfwlrq vxfk wkdw nZnR h{lvwv dqg lv
htxdo wr r1 Li wkh udqjh ri Z frqwdlqv dq ?0iudph/ wkhq r � ?/ dqg li
? � � 	 r/ wkhq wkh udqjh ri Z frqwdlqv vxfk d vhw1 D uhdo qxpehu r
zlwk wkh surshuw| wkdw ? � � 	 r lpsolhv ? � r lv htxdo wr dq lqwhjhu/
dqg wkdw zloo eh wkh glphqvlrq ri wkh udqjh ri Z1

� Dq rshudwru � rq d �qlwh0glphqvlrqdo Kloehuw vsdfh M lv ri wudfh fodvv1
Lw vx!fhv wr vkrz wkdw n�nE?�� h{lvwv/ iru ? wkh glphqvlrq ri M1 Wkh ?0
glphqvlrqdo vxevsdfh iE%c�%� G % 5 Mj riM�g lv 00frqwdlqhg lqM�
bg iru vrph �qlwh0glphqvlrqdo surmhfwlrq b ri g1 Wkh rshudwru bg�
lv ehwzhhq �qlwh0glphqvlrqdo vsdfhv/ nbg�nE?�� h{lvwv/ dqg Wkhruhp 46
vd|v wkdw nbg�nE?�� � n�nE?�� 	 nbg�nE?�� n 0/ vr n�nE?�� lv orfdwhg1
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8 Frpsdfw rshudwruv
D frpsdfw rshudwru pd| eh gh�qhg e| dq| ri wkh iroorzlqj wkuhh htxlydohqw
frqglwlrqv1

Wkhruhp 47 Ohw � G M $ g eh dq rshudwru ehwzhhq lqqhu surgxfw vsdfhv1
Wkhq wkh iroorzlqj duh htxlydohqw1

41 Wkh lpdjh ri wkh xqlw edoo ri M xqghu � lv wrwdoo| erxqghg1

51 Iru hdfk 0 : f wkhuh duh �qlwh0glphqvlrqdo surmhfwlrqv Z G M $ M dqg
b G g $ g vxfk wkdw n�� b�Zn 	 01

61 Iru hdfk 0 : f wkhuh lv d �qlwh0glphqvlrqdo vxevsdfh T ri M vr wkdw
n�en 	 0 iru hdfk xqlw yhfwru e ruwkrjrqdo wr T 1

Surri1 Zh pd| dvvxph wkdw n�n � �1 Fohduo| +6, iroorzv iurp +5, e|
wdnlqj T wr eh wkh lpdjh ri Z/ vr Ze ' f1 Wr suryh +4, iurp +6, zh qrwh
wkdw li 7 lv dq 00dssur{lpdwlrq wr wkh xqlw edoo T� ri T / wkhq �E7� lv d
200dssur{lpdwlrq wr �EM��1 Lw uhpdlqv wr suryh +5, iurp +4,1

Iurp +4, zh fdq frqvwuxfw d �qlwh0glphqvlrqdo surmhfwlrq b G g $ g
vxfk wkdw n�� b�n 	 0/ vr zh pd| dvvxph wkdw g lv �qlwh0glphqvlrqdo1
Vxssrvh �uvw wkdw g lv rqh0glphqvlrqdo/ vr � lv d olqhdu ixqfwlrqdo1

Dv �EM�� lv wrwdoo| erxqghg/ zh fdq �qg e 5 M� vr wkdw m�em � n�n� B1
Li m�em 	 0� B/ wkhq wdnh Z ' f1 Li e 9' f/ wkhq wdnh Z wr eh wkh surmhfwlrq
rq wkh vsdq ri e1 Li � lv d xqlw yhfwru ruwkrjrqdo wr e/ wkhq Ohppd 5 vd|v
wkdw m��m 	 0 li B lv vpdoo1 Vr n�E�� Z�n 	 01

Qrz vxssrvh g kdv glphqvlrq ?/ dqg ohw b�c � � � c b? eh wkh surmhfwlrqv
zlwk uhvshfw wr vrph ruwkrqrupdo edvlv1 Wkh rshudwruv b�� vdwlvi| +4,/ vr/
iurp wkh rqh0glphqvlrqdo fdvh/ wkhuh h{lvw surmhfwlrqv Z� ri M/ ri glphqvlrq
hlwkhu f ru �/ vr wkdw

nb��� b��Z�n 	 0

E| wzhdnlqj wkh Z�/ zh pd| dvvxph wkdw wkh lpdjhv ri wkh Z� jhqhudwh d
�qlwh0glphqvlrqdo vsdfh zlwk surmhfwlrq Z1 Wkhq

nb��� b��Zn 	 0

dqg/ vlqfh � '
S

b��/

n�� �Zn 	 ?0
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Lw lv fohdu iurp +4, wkdw li � lv frpsdfw/ wkhq n�n h{lvwv1 Lvklkdud ^9`/
xvlqj fkdudfwhul}dwlrq +4,/ suryhg wkh iroorzlqj1

Fruroodu| 48 Wkh vxp ri wzr frpsdfw rshudwruv lv frpsdfw1

Surri1 Zh xvh fkdudfwhul}dwlrq 61 Ohw � dqg � eh frpsdfw1 Wkhq wkhuh
h{lvw �qlwh0glphqvlrqdo vxevsdfh L dqg T vr wkdw n�en 	 0 iru hdfk xqlw
yhfwru e ruwkrjrqdo wr L / dqg n�en 	 0 iru hdfk xqlw yhfwru e ruwkrjrqdo wr
T 1 Ohw ` eh d �qlwh0glphqvlrqdo vxevsdfh vxfk wkdw L � ` dqg T �0 ` 1
Li e lv d xqlw yhfwru ruwkrjrqdo wr` / wkhq e lv ruwkrjrqdo wr L / vr n�en 	 01
Ohw b eh wkh surmhfwlrq rq T 1 Wkhuh lv � 5` vxfk wkdw nbe� �n 	 01 Vr

nben2 ' kbec el ' kbe� �c el � 0�

Wkxv

n�en � n�E�� b�enn n�ben � 0n n�ns0
vr nE� n��en � 20n n�ns0 li e lv d xqlw yhfwru ruwkrjrqdo wr ` 1

Zh fdq dovr fkdudfwhul}h frpsdfw rshudwruv lq whupv ri vlqjxodu ydoxhv1
Iluvw d ohppd1

Ohppd 49 Ohw � G M $ g eh dq rshudwru/ e 5 8&EM� dqg s 5 8&Eg�1 Li

�
n�nE&�R

�R
	

&[
�'�

mk�e�c s�lmR n BR

dqg

�
n�nE&n��R

�R
	

&[
�'�

mk�e�c s�lmR n EB��Rc

wkhq n��n 	 B� n
s
&BE2 n�nn B� iru dq| xqlw yhfwru � ruwkrjrqdo wr wkh

vsdq ri e1

Surri1 Iurp wkh �uvw lqhtxdolw|/ dqg Ohppd 5/ zh jhw mk��c s�lm2 	
BE2 n�nn B�1 Vr ���S&

�'�k��c s�ls� lv ruwkrjrqdo wr s�c � � � c s& dqg zlwklqs
&BE2 n�nn B� ri ��1 Li ���S&

�'�k��c s�ls� lv vpdoo/ wkhq zh*uh grqh1 Li
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lw lv qrq}hur/ wkhq zh fdq zulwh lw dv os&n� zlwk s&n� d xqlw yhfwru ruwkrjrqdo
wr s�c � � � c s&1 Vhwwlqj e&n� ' � zh jhw

&[
�'�

mk�e�c s�lmR n momR �
�
n�nE&n��R

�R

vr mom 	 B�/ iurp wkh vhfrqg lqhtxdolw|/ dqg wkh frqfoxvlrq iroorzv1

Wkhruhp 4: Dq rshudwru lv frpsdfw li dqg rqo| li lw kdv vlqjxodu ydoxhv
wkdw frqyhujh wr }hur1

Surri1 Li � lv d frpsdfw rshudwru/ wkhq � fdq eh dssur{lpdwhg lq wkh
rshudwru qrup e| rshudwruv ri wkh irup b�Z/ zlwk b dqg Z �qlwh0glphqvlrqdo
surmhfwlrqv1 Dv nb�ZnE&�� h{lvwv +e| Wkhruhp 46, vr grhv n�nE&�� / vr � kdv
vlqjxodu ydoxhv1 Zh zloo vkrz wkdw dq rshudwru � zlwk vlqjxodu ydoxhv Ej&�
lv frpsdfw li dqg rqo| li j& $ f1

Li � lv frpsdfw/ wkhq wkhuh lv d vxevsdfh T / ri �qlwh glphqvlrq & � �/
vxfk wkdw � kdv qrup dw prvw 0 rq T z1 Hlwkhu j& � 20/ ru j& : f1 Li
j& : f/ wkhq zh fdq �qg &0iudphv e dqg s vr wkdw

S&
�'� mk�e�c s�lm lv forvh

wr j� n � � � n j&1 Ohw Z eh wkh surmhfwlrq rqwr wkh vsdq . ri e/ dqg b wkh
surmhfwlrq rqwr wkh vsdq ri s 1 Wkhq wkh vlqjxodu ydoxhv j�� ri b�Z duh forvh
wr j� iru � ' �c � � � c &1 Lq sduwlfxodu/ zh pd| duudqjh iru j�& � j&*21 Dv
_�4T ' & � � dqg _�4. ' &/ wkhuh lv d xqlw yhfwru � lq . wkdw lv dv forvh
dv zh sohdvh wr T z1 Iurp Wkhruhpv 46 dqg 6/ zh jhw n��n � j�& � j&*2/ vr
j& � 201

Frqyhuvho|/ vxssrvh
S&

�'� mk�e�c s�lm lv zlwklq B ri j� n � � � n j&/ dqg .
lv wkh vsdq ri e1 Ohppd 49 vd|v wkdw wkh qrup ri � lv ohvv wkdq j&n� n B ns
&BE2j� n B� rq .z1

Wkhruhp 4; Li n�nR h{lvwv/ wkhq � lv frpsdfw1

Surri1 Li
S&

�'� mk�e�c s�lmR lv zlwklq BR ri n�nRR/ dqg . lv wkh vsdq ri
e�c � � � c e&/ wkhq Ohppd 49 vd|v wkh qrup ri � lv ohvv wkdq Bn

s
&BE2 n�nn B�

rq .z1

Zh nqrz zkdw d wudfh0fodvv rshudwru lv/ exw zkdw lv lwv wudfhB Wkdw lv/ li
� lv dq rshudwru iurp M wr M/ zkdw grhv lw phdq wr vd| wkdw |h� ' |B Zh
gh�qh wklv lq whupv ri wudfhv ri �qlwh0glphqvlrqdo rshudwruv1
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� Zh vd| wkdw |h� ' | li/ iru hdfk �qlwh0glphqvlrqdo vxevsdfh 8 �/ wkhuh
lv d �qlwh0glphqvlrqdo vxevsdfh 8 � 8 � vxfk wkdw m|hZ�Z � |m 	 0 iru
hdfk �qlwh0glphqvlrqdo surmhfwlrq Z vxfk wkdw Z8 ' 8 1

Zkdw lv wkh fulwhulrq iru |h� wr h{lvwB

� Iru hdfk �qlwh0glphqvlrqdo vxevsdfh 8 � wkhuh lv d �qlwh0glphqvlrqdo
vxevsdfh 8 � 8 � vxfk wkdw m|hZ�Zm 	 0 iru hdfk �qlwh0glphqvlrqdo
surmhfwlrq Z vxfk wkdw Z8 ' f1

Wklv fulwhulrq frqirupv wr wkh jhqhudo gh�qlwlrq ri zkdw lw phdqv iru d
phwulf vsdfh wr eh frpsohwh1 Lq wkh devhqfh ri frxqwdeoh fkrlfh/ lw lv qrw
hqrxjk wr uhtxluh wkdw hyhu| Fdxfk| vhtxhqfh frqyhujh1 Zkdw |rx qhhg lv
wkdw +urxjko|, zkhqhyhu |rx kdyh d frqvlvwhqw phwkrg iru dssur{lpdwlqj d
srlqw/ wkhq wkhuh lv vrph srlqw wkdw |rx duh dssur{lpdwlqj1 Zk| gr zh
phhw wklv fulwhulrq lq wkh fdvh ri dq rshudwru ri wudfh fodvvB Fkrrvh d �qlwh0
glphqvlrqdo surmhfwlrq )/ zlwk udqjh 8 / vr wkdw n�� )�)n lv vpdoo1 Zh
kdyh wr yhuli| wkdw zh fdq �qg rqh vxfk wkdw 8 frqwdlqv d suhvshfl�hg 8 �1
Wkdw iroorzv iurp Wkhruhp 81 Wkh uhvw lv vwudljkwiruzdug1

9 Wkh yrq Qhxpdqq0Vfkdwwhq lghdov
Wkh rshudwruv � vxfk wkdw n�nR h{lvwv fdq eh fkdudfwhul}hg lq whupv ri wkhlu
vlqjxodu ydoxhv1

Wkhruhp 4< Ohw � eh dq rshudwru zlwk vlqjxodu ydoxhv Ej��1 Wkhq n�nRR 'S
jR� 1 Wkxv n�nR h{lvwv li dqg rqo| li

S
jR� frqyhujhv1

Surri1 Zh kdyh

n�nRR ' t�T
eM8?EM�
sM8?EM�
?M/

?[
�'�

mk�e�c s�lmR �

Iru dq| |/ dqg dq| 0 : f/ Wkhruhp < vd|v wkdw wkhuh h{lvw &0iudphv e dqg s /
zlwk & � |/ vxfk wkdw n�e� � j�s�n 	 0 iru � ' �c � � � c &/ dqg wkdw j&n� 	 0 li
& 	 |1 Vr

n�nRR �
|[

�'�

jR� � E|� &�0R
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zkhqfh n�nRR �
S

jR� 1
Wr jhw wkh lqhtxdolw| wkh rwkhu zd| urxqg/ zh zloo vkrz wkdw

&[
�'�

mk�e��c s ��lmR �
&[
�'�

jR�

iru dq| &0iudphv e dqg s 1 Ohw . dqg 8 eh wkh vsdqv ri e dqg s / dqg ohw
��c � � � c �& eh wkh �uvw & vlqjxodu ydoxhv ri 8�.1 Iurp Fruroodu| 43/ zh kdyh
�� � j�1 Wkhq

&[
�'�

mk�e�c s�lmR �
�
n8�.nE&�R

�R
' � R� n � � �n � R& � jR� n � � �n jR&

Lw iroorzv wkdw li n�nR h{lvwv/ wkhq vr grhv n�nR� iru R� : R1

Wkhruhp 53 Ohw � G M $ g eh frpsdfw zlwk vlqjxodu ydoxhv Ej��/ dqg
� G g $ u erxqghg1 Li E��� duh wkh vlqjxodu ydoxhv ri wkh frpsdfw rshudwru
��/ wkhq �� � n�nj�1

Surri1 Wklv lv lpphgldwh iurp Fruroodu| 431

Lw iroorzv wkdw li n�nR h{lvwv/ wkhq vr grhv n��nR1

Ohppd 54 Li n�nR h{lvwv/ wkhq iru hdfk 0 : f wkhuh duh �qlwh0glphqvlrqdo
surmhfwlrqv b dqg Z vxfk wkdw n�� b�ZnR 	 01 Frqyhuvho|/ wkh vhw ri rshu0
dwruv � iru zklfk wkh qrup n�nR h{lvwv lv forvhg lq wkdw qrup1

Surri1 Vxssrvh n�nR h{lvwv1 Jlyhq B dqg ?/ zh fdq �qg &0iudphv e dqg
s / zlwk & � ?/ vxfk wkdw

n�nRR 	
&[
�'�

mk�e�c s�lmR n B n
"[

�'?n�

jR�

Ohw Z eh surmhfwlrq rq wkh vsdq ri e/ dqg b surmhfwlrq rq wkh vsdq ri s 1 Dv

n�nRR � nb�ZnRR n nE�� b��E�� Z�nRR

4<



zh kdyh

nE�� b��E�� Z�nRR � n�nRR � nb�ZnRR � B n
"[

�'?n�

jR� �

Iurp Ohppd 5

nb�E�� Z�nn nE�� b��Zn 	 2
s
&BE2 n�nn B�

vr

nb�E�� Z�nR n nE�� b��ZnR 	 2&
s
&BE2 n�nn B�

dqg wkh �uvw frqfoxvlrq iroorzv iru vpdoo hqrxjk B1
Qrz vxssrvh n���nR 	 0 zkhuh n�nR h{lvwv1 Wkhq

n�nR � 0 � n�nR � n�nR n 0

vr li vxfk � h{lvwv iru hdfk 0 : f/ wkhq n�nR lv orfdwhg1
Wkhruhp 55 Li n�nR dqg n�nR h{lvw/ wkhq vr grhv n� n�nR1

Surri1 Wkh ohppd surylghv �qlwh0glphqvlrqdo surmhfwlrqv b/ Z/ b�/ dqg
Z� vr wkdw n�� b�ZnR dqg n� � b��Z�nR duh vpdoo1 Vr

n�n� � Eb�Z n b��Z��nR � n�� b�ZnR n n� � b��Z�nR
lv vpdoo1 Iurp wkh vhfrqg sduw ri wkh ohppd/ lw vx!fhv wr vkrz wkdw n�nR
h{lvwv/ iru � ' b�Znb��Z�1 Iurp Wkhruhp 8 zh fdq �qg b�� � b� vxfk wkdw
nE�� b���bn 	 01 Wkhq nb��� � �nR 	 0 n�n _�4Z1 Lw uhpdlqv wr vkrz wkdw
nb���nR h{lvwv1 Lw vx!fhv wr vkrz wkdw � lv frpsdfw dv wkh vlqjxodu ydoxhv
ri b��� duh }hur eh|rqg wkh glphqvlrq ri b/ exw wkdw iroorzv iurp Fruroodu|
48 ehfdxvh � lv d vxp ri frpsdfw rshudwruv1

Vr wkh fodvv FR ri rshudwruv � vxfk wkdw n�nR h{lvwv irupv d ohiw lghdo
lq wkh dojheud ri erxqghg rshudwruv rq M1 Lw lv dq lghdo lq wkh dojheud ri
erxqghg rshudwruv rq M zlwk dgmrlqwv ehfdxvh n�W�WnR h{lvwv/ vr n��nR
h{lvwv1 Krzhyhu lw lv srvvleoh iru � wr eh wudfh fodvv/ � erxqghg/ dqg ��
qrw hyhq frpsdfw1 Ohw M eh d Kloehuw vsdfh zlwk edvlv Ee?�1 Ohw �e? '
@?e�/ zkhuh E@?� lv d elqdu| vhtxhqfh zlwk dw prvw rqh �1 Ohw � ' Z�/ wkh
surmhfwlrq rq wkh vsdq ri e�1 Wkhq �� ' � lv qrw frpsdfw1 Pruh suhflvho|/
li �� lv frpsdfw/ wkhq hlwkhu @? ' � iru vrph ?/ ru @? ' f iru doo ?1
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: D frxqwhuh{dpsoh
Lq ^6` wkhuh duh wzr fodlpv rq sdjh 48 derxw dq duelwudu| wudfh0fodvv rshudwru
�1 Rqh lv/ iru @? dq ruwkrqrupdo edvlv dqg ^ : R/ wkdw

^[
Rn�

mk�@?c @?lm �
^[

Rn�

km�m @?c @?l

Wkh rwkhu lv wkdw m�m � � lv d srvlwlyh rshudwru1 Ohw M eh wzr glphqvlrqdo
dqg frqvlghu wkh rshudwruv jlyhq e| wkh pdwulfhv

Z '

�
f f
f �

�
dqg L '

�s
2

�
� �

�� �

�

Vhw

� ' LZ '
�s
2

�
f �
f �

�

Wkhq L lv xqlwdu| dqg Z ' m�m1 Ohw e eh wkh froxpq yhfwru E� ��|1 Wkhq
�e ' �I

2
e dqg m�m e ' Ef ��|/ vr

k�ec el '
s
2 : � ' km�m ec el

Lq sduwlfxodu/ wkh rshudwru m�m � � lv qrw srvlwlyh1 Ri frxuvh m�m � � fdq
rqo| eh srvlwlyh li � lv d gl�huhqfh ri srvlwlyh rshudwruv/ khqfh Khuplwldq1

Uhihuhqfhv
^4` Elvkrs/ Huuhww/ Irxqgdwlrqv ri Frqvwuxfwlyh Dqdo|vlv/ PfJudz0Kloo/

4<9:1

^5` Elvkrs/ Huuhww/ dqg Grxjodv Eulgjhv/ Frqvwuxfwlyh Dqdo|vlv/
Juxqgohkuhq ghu pdwk1 Zlvvhqvfkdiwhq 5:<+4<;8,/ Vsulqjhu0Yhuodj1

^6` Eulgjhv/ Grxjodv/ D frqvwuxfwlyh orrn dw srvlwlyh olqhdu ixqfwlrqdov
rq uEM�/ Sdfl�f M1 Pdwk1 <8+4<;4,/ 440581

^7` Eulgjhv/ Grxjodv/ dqg Iuhg Ulfkpdq/ Ydulhwlhv ri Frqvwuxfwlyh
Pdwkhpdwlfv/ Orqgrq Pdwk1 Vrf1 Ohfwxuh Qrwhv <:+4<;:,/ Fdpeulgjh
Xqlyhuvlw| Suhvv1

54



^8` Eulgjhv/ Grxjodv/ Iuhg Ulfkpdq/ dqg Zdqj \xfkxdq/ Vhwv/
frpsohphqwv dqg erxqgdulhv/ Lqgdj1 Pdwk1/ :+4<<9,/ 758�7781

^9` Lvklkdud/ Kdmlph/ Frqvwuxfwlyh frpsdfw rshudwruv rq d Kloehuw vsdfh/
Dqqdov ri Sxuh dqg Dssolhg Orjlf/ 85+4<<4, 64�6:1

^:` Nxvkqhu/ Erulv D1/ Ohfwxuhv rq Frqvwuxfwlyh Pdwkhpdwlfdo Dqdo|vlv/
Dphu1 Pdwk1 Vrf1/ Surylghqfh UL/ 4<;81

^;` Ulfkpdq/ Iuhg/ Jhqhudol}hg uhdo qxpehuv lq frqvwuxfwlyh pdwkhpdw0
lfv/ Lqgdj1 Pdwk1 +wr dsshdu,

^<` Ulqjurvh/ Mrkq U1/ Frpsdfw qrq0vhoi0dgmrlqw rshudwruv/ Ydq Qrv0
wudqg 4<:41

^43` Zhlkudxfk/ Nodxv/ Frpsxwdelolw|/ Vsulqjhu0Yhuodj/ 4<;:1

grxjodvCzdlndwr1df1q}
ulfkpdqCidx1hgx
svfkxvwCu}1pdwkhpdwln1xql0pxhqfkhq1gh
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