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Devwudfw

Dq dssurdfk wr fkrlfh0iuhh pdwkhpdwlfv xvlqj vsuhdgv= Li frq0
vwuxfwlqj d srlqw vdwlvi|lqj surshuw| S uhtxluhv fkrlfh/ uhsodfh wklv
sureohp e| wkdw ri frqvwuxfwlqj d qrqhpsw| vhw ri hohphqwv vdwlvi|lqj
S 1 Wkhq frqvwuxfw d vsuhdg/ zlwkrxw fkrlfh/ zkrvh hohphqwv vdwlvi|
S 1 Wkh wkhru| lv ghyhorshg dqg vhyhudo h{dpsohv duh jlyhq1

4 Frqvwuxfwlqj srlqwv zlwkrxw fkrlfh
Wkhuh duh pdq| vlwxdwlrqv lq +frqvwuxfwlyh, pdwkhpdwlfv zkhuh |rx zdqw wr
frqvwuxfw d srlqw/ vd| d uhdo ru frpsoh{ qxpehu/ zlwk fhuwdlq fkdudfwhulvwlfv1
Wkh wkuhh sureohpv L zdqw wr frqvlghu duh

� frqvwuxfwlqj d frpsoh{ qxpehu wkdw vdwlv�hv d jlyhq qrqfrqvwdqw sro|0
qrpldo ryhu wkh frpsoh{ qxpehuv�wkh ixqgdphqwdo wkhruhp ri dojheud

� frqvwuxfwlqj d srlqw lq d jlyhq vhw ri srvlwlyh phdvxuh/ dqg

� frqvwuxfwlqj d srlqw lq wkh lqwhuvhfwlrq ri d jlyhq frxqwdeoh idplo|
ri rshq ghqvh vxevhwv ri d frpsohwh phwulf vsdfh�wkh Edluh fdwhjru|
wkhruhp1
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Iru hdfk ri wkhvh sureohpv/ wkh wudglwlrqdo vroxwlrqv dsshdo wr frxqwdeoh
fkrlfh/ ru udwkhu wr wkh vwurqjhu d{lrp ri ghshqghqw fkrlfhv1 Wklv dsshdo
grhv qrw vhhp wr eh uhprydeoh/ dowkrxjk Uxlwhqexuj ^8` kdv suryhg wkh ixq0
gdphqwdo wkhruhp ri dojheud/ zlwkrxw xvlqj fkrlfh/ zkhq wkh frh!flhqwv duh
jlyhq e| sdluv ri Fdxfk| uhdo qxpehuv +olplwv ri vhtxhqfhv ri udwlrqdo qxp0
ehuv,1 Lq wkh devhqfh ri fkrlfh zh pxvw glvwlqjxlvk ehwzhhq Fdxfk| uhdo
qxpehuv dqg wkh pruh jhqhudo Ghghnlqg uhdo qxpehuv1 Wkh iruphu kdyh
qrw ehhq vkrzq wr eh Fdxfk| frpsohwh +zlwkrxw xvlqj fkrlfh,/ zklfk pdnhv
wkhp d olwwoh xqvdwlvidfwru|�wkh uhdvrq zh frqvwuxfwhg wkh uhdov lq wkh �uvw
sodfh zdv ehfdxvh wkh udwlrqdov zhuh qrw frpsohwh$

Lq ^6` wkh sureohp srvhg e| wkh ixqgdphqwdo wkhruhp ri dojheud lv vroyhg
e| uhgh�qlqj zkdw d vroxwlrq lv1 Lqvwhdg ri wu|lqj wr dssur{lpdwh d vlqjoh
urrw ri wkh sro|qrpldo/ zh dssur{lpdwh wkh vhw ri urrwv�wkh vshfwuxp1 Wkh
vshfwuxp lv dq hohphqw j lq wkh frpsohwlrq ri wkh vhw ri ?0pxowlvhwv ri Jdxv0
vldq qxpehuv1 Zh fdq phdvxuh wkh glvwdqfh iurp dq| frpsoh{ qxpehu wr j
dowkrxjk zh pd| qrw eh deoh wr frqvwuxfw d frpsoh{ qxpehu zkrvh glvwdqfh
wr j lv f +dq hohphqw ri j,1 Zh zloo vhh krz wklv pd| eh lqwhusuhwhg lq whupv
ri vsuhdgv lq Wkhruhp 61 Iru qrz/ zh qrwh wkdw dwwhqwlrq lv vkliwhg iurp frq0
vwuxfwlqj d srlqw zlwk d fhuwdlq surshuw| wr frqvwuxfwlqj d qrqhpsw| vhw ri
srlqwv zlwk wkdw surshuw|1 Zh wkhq uhgh�qh zkdw zh phdq e| d �qrqhpsw|
vhw ri srlqwv1�

Zh zloo looxvwudwh wkhvh lghdv e| vroylqj Sureohp 4 lq wkh fkdswhu rq lqwh0
judwlrq lq ^4` zlwkrxw xvlqj fkrlfh1 Lq wklv sureohp zh duh jlyhq d vhtxhqfh
a? ri lqwhuydov vxfk wkdw wkh vxp ri wkh ohqjwkv

S ma?m frqyhujhv wr d qxpehu
wkdw lv ohvv wkdq wkh ohqjwk ri dqrwkhu lqwhuydo U/ dqg duh uhtxluhg wr frq0
vwuxfw d srlqw lq U wkdw lv qrw lq dq| a?1 Rxu vroxwlrq zloo eh wr frqvwuxfw d
vsuhdg/ lq wkh vhqvh ri ^5`/ vxfk wkdw dq| lq�qlwh sdwk lq wkdw vsuhdg gh�qhv
d srlqw ri wkh ghvluhg nlqg1 Wkh edg qhzv lv wkdw/ zlwkrxw frxqwdeoh fkrlfh/
zh fdqqrw suryh wkh h{lvwhqfh ri vxfk d sdwk1 Shukdsv wkdw*v ehfdxvh zh duh
wklqnlqj rqo| ri odzolnh sdwkv1 Eurxzhu*v fkrlfh vhtxhqfhv duh rqh zd| wr
jhw durxqg wklv sureohp1 Frqvwuxfwlqj d vxlwdeoh vsuhdg lv hvvhqwldoo| wkh
vdph dv vkrzlqj wkdw wkhuh lv d fkrlfh vhtxhqfh zlwk wkh uhtxluhg surshuw|1
Dowhuqdwlyho|/ d vsuhdg fdq eh wkrxjkw ri dv d qrqghwhuplqlvwlf dojrulwkp iru
frqvwuxfwlqj wkh ghvluhg srlqw1
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5 Vsuhdgv
D wuhh lv d sduwldoo| rughuhg vhw A zlwk d ohdvw hohphqw f vxfk wkdw iru hdfk
| 5 A wkh vhw ir 5 A G r � |j lv d �qlwh fkdlq1 Ghqrwh e| m|m wkh ohyho
ri |/ wkh qdwxudo qxpehu ghvfulelqj krz idu | lv iurp wkh urrw f1 Wkh ohdvw
hohphqw lv vxssrvhg wr eh d frqyhqlhqfh/ exw lw pljkw eh pruh ri d qxlvdqfh1
Zh ghqrwh A q ifj e| An1

Ohw� eh d phwulf vsdfh dqg A d wuhh1 D +xqlirup Fdxfk|, �0vsuhdg
rq A frqvlvwv ri d vhtxhqfh 0� � 02 � � � � ri uhdo qxpehuv ghfuhdvlqj wr f/
fdoohg wkh uhjxodwru +ri frqyhujhqfh, ri wkh vsuhdg/ dqg d ixqfwlrq iurp A
wr vxevhwv k| ri � vr wkdw

� wkh gldphwhu ri k| lv dw prvw 0�|�/ iru | : f/

� li r 	 |/ wkhq kr � k|/

� kf lv qrqhpsw| +lqkdelwhg,/ dqg

� li kr lv qrqhpsw|/ wkhq k| lv qrqhpsw| iru vrph | : r1

D Fdxfk| vhtxhqfh S? jlyhv ulvh wr d vsuhdg k rq � e| vhwwlqj k? '
iS?c S?n�c � � � j1

Wkhvh vsuhdgv gl�hu lq wzr uhvshfwv iurp wkh vsuhdgv lq Kh|wlqj ^5/ sdjh
67`1 Wkh eudqfklqj lq wkh wuhh A lv duelwudu|/ udwkhu wkdq ehlqj lqgh{hg e|
wkh qdwxudo qxpehuv dw hdfk qrgh/ dqg zh gr qrw dvvxph wkdw hdfk qrgh
lv hlwkhu dgplvvleoh ru qrw�lq rxu fdvh/ | lv dgplvvleoh li k| lv qrqhpsw|1
Wurhovwud dqg ydq Gdohq ^9/ sdjh 4;9` xvh hvvhqwldoo| wkh vdph gh�qlwlrq
ri d wuhh +vsuhdg odz, dv Kh|wlqj grhv/ exw Kh|wlqj lqfoxghv lq d vsuhdg d
frpsohphqwdu| odz zklfk dvvljqv wr hdfk qrgh d pdwkhpdwlfdo remhfw/ dv zh
kdyh grqh khuh zlwk k|1

Li % lv dq| hohphqw ri � / wkhq gh�qlqj k| ' i%j iru doo qrq}hur | 5 A /
dqg 0? ' f/ jlyhv d xqlirup Fdxfk| vsuhdg�d frqvwdqw vsuhdg zklfk zh
zloo ghqrwh e| %1 Pruh jhqhudoo|/ li f lv dq| qrqhpsw| vxevhw ri � / wkhq
zh fdq irup d +frqvwdqw, vsuhdg k uhsuhvhqwlqj f e| ohwwlqj An ' f ��n/
zlwk E%c6� 	 E+c ?� li % ' + dqg 6 	 ?/ dqg k| ' i%j iru | ' E%c6�1 Wkxv
wkh qrwlrq ri d vsuhdg fdq eh wkrxjkw ri dv d jhqhudol}dwlrq ri wkh qrwlrq
ri d qrqhpsw| vxevhw ri � 1 Lq idfw/ lw lv qrw kdug wr vhh wkdw lw jhqhudol}hv
wkh qrwlrq ri d qrqhpsw| vxevhw ri wkh frpsohwlrq ri � 1 Lq sduwlfxodu/
wkh frpsohwlrq ri � lwvhoi fdq eh frqvlghuhg wr eh dq �0vsuhdg/ dv lq wkh
wudglwlrqdo lqwxlwlrqlvwlf ylhz ri wkh frqwlqxxp + dv d "0vsuhdg1
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Ohw k dqg q eh �0vsuhdgv rq wuhhv 7 dqg A / uhvshfwlyho|1 Wkh glvwdqfh
ehwzhhq k dqg q lv jlyhq e|

_Ekc q� ' t�T
?

�?u
�r�c�|�'?

_Ekrc q|�

vr _Ekc q� � o li/ iru hdfk ? dqg B : f/ wkhuh h{lvw r 5 7 dqg | 5 A zlwk
mrm ' m|m ' ? dqg _Ekrc q|� � o n B1 Wkh txdqwlw| _Ekc q� qhhg qrw eh d
+orfdwhg, uhdo qxpehu> lw lv d jhqhudol}hg uhdo qxpehu lq wkh vhqvh ri ^7`1
Vlploduo|/ wkh glvwdqfh ehwzhhq k dqg d vxevhw f ri � lv jlyhq e|

_Ekcf� ' t�T
?

�?u
�r�'?

_Ekrcf�

zklfk lv htxdo wr wkh glvwdqfh ehwzhhq k dqg wkh vsuhdg uhsuhvhqwlqj f1 Lq
sduwlfxodu/ xvlqj hlwkhu irupxod/ wkh glvwdqfh ehwzhhq d srlqw % 5 � dqg k
lv jlyhq e|

_Ekc %� ' t�T
?

�?u
�r�'?

_Ekrc %�1

Li _Ekc %� lv d uhdo qxpehu iru hdfk % lq � / wkhq zh vd| wkdw k lv orfdwhg1
Qrwh wkdw _Ekc %� � _Ek|c %� n 0�|�1

Zh fdq gh�qh rshudwlrqv ri dgglwlrq dqg vxewudfwlrq ri +0vsuhdgv k dqg
q e|

k| 	 q| ' i@	 K G @ 5 k| dqg K 5 q|j�
Wkh uhvxow lv d vsuhdg k	 q/ wdnlqj wkh uhjxodwru wr eh wkh whupzlvh vxp ri
wkh uhjxodwruv ri k dqg q1 Gh�qh k 	 q wr phdq wkdw wkhuh h{lvw ? lq � dqg
B : f lq + vr wkdw K� @ � B zkhqhyhu @ 5 k| dqg K 5 q| dqg m|m ' ?1 Gh�qh
k � q wr phdq wkdw k 	 q n B iru doo B : f1

E| d forvhg lqwhuydo zh phdq d vhw ri wkh irup d�c �o ' i% 5 + G � �
% � �j1 Dq +0vsuhdg k lv frqwdlqhg lq d forvhg lqwhuydo d�c �o/ zulwwhq
k 5 d�c �o/ li � � k � �1 Lq jhqhudo/ zh vd| wkdw k lv frqwdlqhg lq d forvhg
vxevhw � ri � li _Ekc %� � _E�c %� iru hdfk % 5 � 1 Wkh uhdghu fdq fkhfn
wkdw wkhvh wzr gh�qlwlrqv ri �frqwdlqhg lq� djuhh iru � ' d�c �o1 D vsuhdg lv
erxqghg li lw lv frqwdlqhg lq d erxqghg forvhg vxevhw ri � 1

6 Sureohp 4
Zh looxvwudwh wkhvh lghdv rq Sureohp 4 ri wkh lqwhjudwlrq fkdswhu ri ^4`1 Ohw
mUm ghqrwh wkh ohqjwk ri dq lqwhuydo U ri uhdo qxpehuv1
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Wkhruhp 4 Ohw U eh d forvhg lqwhuydo dqg a? d vhtxhqfh ri qrqhpsw| lqwhu0
ydov vxfk wkdw

S ma?m frqyhujhv wr d qxpehu wkdw lv ohvv wkdq mUm1 Wkhq wkhuh
lv d vsuhdg k frqwdlqhg lq U vxfk wkdw _E+c k� : f iru hdfk + 5 V a?1

Surri1 Ohw e � mUm �S ma?m eh d srvlwlyh udwlrqdo qxpehu1 Li zh h{sdqg
wkh a? wr rshq lqwhuydov a �? ' i% 5 - G _E%c a?� 	 e*2?n2j/ wkhq ma �?m '
ma?mne*2?n� lv wkh vxp ri wzr frqyhujhqw vhtxhqfhv/ dqg e*2 � mUm�S ma �?m/
vr wkh k|srwkhvhv duh vwloo phw1 Wkxv zh pd| dvvxph wkdw wkh a? duh rshq1

Ohw A eh wkh wuhh ri �qlwh vhtxhqfhv ri wkh v|perov u dqg -1 Iru | 5 A /
gh�qh U| lqgxfwlyho| e| Uf ' U/ dqg/ li U| ' d@c Ko/ wkhq U|u ' d@c E@ n K�*2o
dqg U|- ' dE@n K�*2c Ko1 Gh�qh wkh uhjxodwru wr eh 0� ' E�*2�� mUm1 Qrwh wkdw
mU|m ' 0�|�1 Vhw

k| ' i% 5 U| q
�|�^

�'�

a� G
"[

?'�

ma? _ U|m 	 mU|mj�

Qrwh wkdw
S"

?'� ma? _ U|m frqyhujhv ehfdxvh ma? _ U|m � ma?m/ dqg wkdw li k| lv
qrqhpsw|/ wkhq k| ' U| q

V�|�
�'� a�1 Lq sduwlfxodu/ kf ' Uf ' U lv qrqhpsw|1

Dv mU|m ' mU|umn mU|-m dqg ma? _ U|m ' ma? _ U|umn ma? _ U|-m zh kdyh

mU|m �
"[

?'�

ma? _ U|m ' mU|um �
"[

?'�

ma? _ U|umn mU|-m �
"[

?'�

ma? _ U|-m

iurp zklfk lw iroorzv wkdw li
S

? ma? _ U|m 	 mU|m/ wkhq hlwkhu
S

? ma? _ U|um 	
mU|um ru

S
? ma? _ U|-m 	 mU|-m1 Wkdw lv/ li k| lv qrqhpsw|/ wkhq hlwkhu k|u ru

k|- lv qrqhpsw|1
Vxssrvh + 5 a61 Dv a6 lv rshq/ +	 B 5 a6 iru vrph B : f1 Vr li m|m � 6/

wkhq _E+c k|� � B/ zkhqfh _E+c k� � B1

Qrwlfh wkdw wkh wuhh A frqvwuxfwhg lq wklv surri lv d frpsohwh elqdu| wuhh/
exw wkh vxewuhh ri lqwhuhvw/ i| 5 A G k| lv qrqhpsw|j/ wkh vhw ri dgplvvleoh
qrghv lq wkh whuplqrorj| ri ^5`/ lv qrw ghwdfkdeoh dv uhtxluhg lq erwk ^5` dqg
^9`1

Jdeulho Vwro}hqehuj srlqwv rxw wkdw Wkhruhp 4 lv lqwhuhvwlqj hyhq zkhq
a? lv d vlqjohwrq iru hdfk ?1 Li a? ' io?j iru vrph hqxphudwlrq o? ri wkh
udwlrqdo qxpehuv/ wkhq wkh wkhruhp dvvhuwv wkh h{lvwhqfh ri dq luudwlrqdo
qxpehu lq U/ ru udwkhu d vsuhdg uhsuhvhqwlqj d �qrqhpsw| vhw� ri luudwlrqdo
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qxpehuv1 Lq wklv fdvh/ ma?m ' e23?3� dqg zh pd| dvvxph wkdw U kdv udwlrqdo
hqgsrlqwv dqg slfn e ' mUm1 Wkhq mU|m ' e23�|� ' 2

��a�|�
��/ vr

?[

�'�

ma�m ' eE�� 23?�*2 	 e*2 '
"[

�'�

ma�m

zkhqfh
S"

�'?n� ma�m ' e23?3�1 Wr frqvwuxfw dq lq�qlwh sdwk lq wkh vsuhdg k/
dqg vr frqvwuxfw dq luudwlrqdo qxpehu lq U/ surfhhg dv iroorzv1 Wkh qrghv |
vxfk wkdw

�|�[

6'�

ma6 _ U|m 	 mU|m *2 ' e23�|�3�

irup d ghwdfkdeoh vxevhw 7 ri A ehfdxvh doo wkh lqwhuydov kdyh udwlrqdo hqg0
srlqwv1 Li | 5 7/ wkhq

"[

?'�

ma? _ U|m 	 mU|m *2 n e23�|�3� ' mU|m

vr k| lv qrqhpsw|1 Pruhryhu/

mU|m �
�|�[

?'�

ma? _ U|m �
��a�|�n� _ U|

�� ' mU|um �
�|u�[

?'�

ma? _ U|umn mU|-m �
�|-�[

?'�

ma? _ U|-m

dqg/ ehfdxvh | 5 7/

mU|m *2 	 mU|m �
�|�[

?'�

ma? _ U|m

vr

f 	
��a�|�
��� ��a�|�n�

�� � mU|m *2�
��a�|�n� _ U|

��

	 mU|um �
�|u�[

?'�

ma? _ U|umn mU|-m �
�|-�[

?'�

ma? _ U|-m

iurp zklfk lw iroorzv wkdw hlwkhu |u ru |- lv lq 71 Wkxv zh fdq frqvwuxfw
dq lq�qlwh sdwk e| vwd|lqj lq 7 dqg/ iru h{dpsoh/ jrlqj ohiw h{fhsw zkhq zh
kdyh wr jr uljkw1

Wkh vlwxdwlrq lv d gl�huhqw li o? lv dq duelwudu| vhtxhqfh ri uhdo qxpehuv
udwkhu wkdq dq hqxphudwlrq ri wkh udwlrqdo qxpehuv1 Wkhq zh duh ghdolqj
zlwk Fdqwru*v wkhruhp wkdw wkh uhdo qxpehuv duh xqfrxqwdeoh1 Lq wkdw fdvh
lv qrw vr fohdu krz wr frqvwuxfw dq lq�qlwh sdwk lq k zlwkrxw dsshdolqj wr
fkrlfh1
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7 Wkh ixqgdphqwdo wkhruhp ri dojheud
Lq ^6` wkh vshfwuxp ri d qrqfrqvwdqw prqlf sro|qrpldo RE%� ri ghjuhh ? lv
gh�qhg wr eh wkh olplw ri wkh pxowlvhwv ri frpsoh{ qxpehuv h ' io�c � � � c o?j
vxfk wkdw RE%� lv dssur{lpdwho| htxdo wr RhE%� ' E% � o�� � � � E% � o?�1 Wkh
vshfwuxp j gh�qhv d qrqqhjdwlyh ixqfwlrq _E5c j� rq wkh frpsoh{ qxpehuv�
wkh olplw ri wkh glvwdqfh ixqfwlrqv _E5c h� ' �?u� m5 � o�m1 Li RE%� idfwruv
frpsohwho|/ wkhq j fdq eh uhsuhvhqwhg dv d pxowlvhw ri frpsoh{ qxpehuv
+wkh urrwv ri R�> rwkhuzlvh lw lv mxvw dq remhfw wkdw fdq eh dssur{lpdwhg e|
pxowlvhwv ri frpsoh{ qxpehuv1

Zh zdqw wr d{lrpdwl}h +prvw ri, wkh hvvhqwldo surshuwlhv ri wkh ixqfwlrq
_E5c j�1

D orfdwhu lv d ixqfwlrq s G � �$ dfc4� vxfk wkdw

� sE+� � sE%� n _E%c +�1 Wklv lv d Olsvfklw} frqglwlrq ri rughu 4/ dqg lw
pdnhv s xqlirupo| frqwlqxrxv1

� Li sE+� 	 �/ wkhq wkhuh h{lvwv % zlwk _E%c +� 	 � dqg sE%� duelwudulo|
vpdoo1

+Ixqfwlrqv zlwk dq dgglwlrqdo surshuw| zhuh fdoohg orfdwlrqv lq ^6` dqg zhuh
lghqwl�hg zlwk srlqwv lq wkh frpsohwlrq ri � 1, Li/ lq dgglwlrq/ s lv erxqghg
dzd| iurp }hur rq wkh frpsohphqw ri vrph erxqghg vxevhw ri � / zh vd|
wkdw s lv erxqghg1

Li u lv d qrqhpsw| orfdwhg vxevhw ri � / wkhq _E%c u� lv d orfdwhu1 Wklv/
ri frxuvh/ lv wkh surwrw|sh orfdwhu1 Wkh frqyhuvh fdq eh suryhg/ li � lv
frpsohwh/ xvlqj wkh d{lrp ri ghshqghqw fkrlfhv1 Li u/ lq dgglwlrq/ lv erxqghg/
wkhq _E%c u� lv erxqghg dzd| iurp }hur rq wkh frpsohphqw ri wkh erxqghg
vxevhw i5 5� G _E5c u� 	 �j1

Wkhruhp 5 Ohw s eh d orfdwhu rq d frpsohwh phwulf vsdfh � 1 Jlyhq wkh
d{lrp ri ghshqghqw fkrlfhv/ wkh vhw u ' s3�Ef� lv d orfdwhg vxevhw ri � vxfk
wkdw sE+� ' _E+c u� iru doo + 5�1

Surri1 Ohw � eh d srvlwlyh uhdo qxpehu1 Li wkhuh lv % 5 u vxfk wkdw
_E%c +� 	 �/ wkhq sE+� � sE%� n _E%c +� 	 � +zlwkrxw fkrlfh,1 Zh zloo vkrz
wkdw/ frqyhuvho|/ li sE+� 	 �/ wkhq wkhuh lv % 5 u vxfk wkdw _E%c +� 	 �1
Khqfh u lv orfdwhg dqg _E+c u� ' sE+�1
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Fkrrvh � vr wkdw sE+� 	 � 	 �1 Ohw %f ' + dqg fkrrvh %� vr wkdw
_E%�c %f� 	 � dqg sE%�� 	 E�� ��*21 Iru � : f/ lqgxfwlyho| fkrrvh %�n� vxfk
wkdw

_E%�n�c %�� 	 E�� ��*2�

sE%�n�� 	 E�� ��*2�n�

Wkh %� irup d Fdxfk| vhtxhqfh1 Ohw % eh lwv olplw1 Wkhq % 5 u ehfdxvh u
lv forvhg dqg sE%�� 	 E�� ��*2�n�/ vr _E%c u� ' f1 Pruhryhu/

_E+c %� ' _E%fc %� �
"[

�'f

_E%�n�c %�� 	 � n E�� �� ' ��

Lw*v qrw kdug wr vhh wkdw _E5c j� lv d erxqghg orfdwhu ehfdxvh j lv d olplw
ri wkh erxqghg orfdwhg vhwv h1 Vlploduo| li k lv d erxqghg orfdwhg vsuhdg/
wkhq _E5c k� lv d erxqghg orfdwhu ehfdxvh

_E5c k� ' t�T
?

�?u
�r�'?

_Ekrc 5� ' t�T
?

_E
^

�r�'?

krc 5�

dqg _E
V

�r�'? krc 5� lv d orfdwhu1 Zh qhhg wr fkhfn wkdw _E+c k� � _E%c k� n

_E%c +�/ exw wkdw lqhtxdolw| lv suhvhuyhg e| vxsuhpd1 Zh pxvw dovr yhuli| wkdw
li _E+c k� 	 �/ wkhq wkhuh h{lvwv % zlwk _E%c +� 	 � dqg _E%c k� duelwudulo|
vpdoo1 Li _E+c k� 	 �/ wkhq _E

V
�r�'? krc +� 	 � iru doo ?/ vr wkhuh h{lvwv %

vxfk wkdw _E%c +� 	 � dqg _E%c
V

�r�'? kr� lv duelwudulo| vpdoo/ khqfh _E%c k� lv
duelwudulo| vpdoo1

Wr vhh wkdw _E5c k� lv d erxqghg orfdwhu/ fkrrvh d erxqghg forvhg vhw
� frqwdlqlqj k1 Wkhq _E5c k� � _E5c�� iru hyhu| frpsoh{ qxpehu 5/ vr
wkh ixqfwlrq _E5c k� lv erxqghg dzd| iurp }hur rq wkh frpsohphqw ri wkh
erxqghg vhw i5 G _E5c�� 	 �j1
Wkhruhp 6 Ohw s eh d erxqghg orfdwhu rq wkh frpsoh{ qxpehuv1 Wkhq wkhuh
lv d erxqghg orfdwhg frpsoh{0ydoxhg vsuhdg k vr wkdw wkh _Ekc 5� ' sE5� iru
doo 51

Surri1 Ohw 7 eh d vtxduh ri zlgwk e vr wkdw sE+� � B : f rxwvlgh 71 Ohw
7S ghqrwh wkh +phwulf, frpsohphqw ri 71 Zh �uvw vkrz wkdw

li sE%� � B*2c wkhq _E%c 7S� � B*2� +��,

;



Lqghhg/ li + 5 7S/ wkhq B � sE+� � sE%� n _E%c +�/ vr _E%c +� � B*21
Fkrrvh w lq E�*2c �� vr wkdw Ew � �*2�e 	 B*2 dqg fkrrvh ^ vr wkdw f 	

^ 	 Ew��*2�1 Frqvlghu wkh wuhh A ri doo �qlwh vhtxhqfhv iurp i�c 2c �c ej1 Wr
hdfk qrgh | zh lqgxfwlyho| dvvrfldwh d vtxduh 7| ri zlgwk e| ' w�|�e1 Wkh urrw
qrgh lv wkh hpsw| vhtxhqfh f/ dqg zh vhw 7f ' 71 Kdylqj frqvwuxfwhg 7|/
fryhu 7| zlwk irxu vtxduhv 7|�/ 7|2/ 7|�/ 7|e ri zlgwk we|/ hdfk zlwk d fruqhu
lq frpprq zlwk 7|1 Khuh lv wkh slfwxuh1

Wkh zlgwk ri wkh wzr fhqwudo vwulsv zkhuh wkh 7|� ryhuods lv 2Ew � �*2�e|1
Qh{w zh vkrz wkdw li sE%� � B*2/ wkhq iru hdfk ? wkhuh h{lvwv | dw ohyho

? vxfk wkdw _E%c 7S
| � : ^e|1 Wklv lv wuxh iru ? ' f e| +��, dqg wkh fkrlfh ri

w dqg ^1 Wkh jhqhudo vwdwhphqw iroorzv e| lqgxfwlrq xsrq revhuylqj wkdw li
_E%c 7S

| � : ^e|/ wkhq _E%c 7S
|�� : ^e|� iru vrph � ' �c 2c �c e1

Wkh frqglwlrq wkdw phdqv/ lqwxlwlyho|/ wkdw 7| frqwdlqv d srlqw ri s lq lwv
lqwhulru lv

sE%� 	 _E%c 7S
| � iru vrph srlqw % 5 7|� +�,

Li sE%� 	 � 	 _E%c 7S
| �/ wkhq wkhuh h{lvwv + vxfk wkdw sE+� lv duelwudulo| vpdoo

dqg _E%c +� 	 �/ vr _E+c 7S
| � � _E%c 7S

| � � � : sE+�1 Wkxv li +�, krogv iru |/
wkhq lw krogv zlwk sE%� duelwudulo| vpdoo1

Wkhuh h{lvwv % vxfk wkdw sE%� 	 B*2/ vr _E%c 7S� � B*2 : sE%�1 Khqfh
Frqglwlrq +�, krogv iru | ' f1 Pruhryhu/ li lw krogv iru |/ wkhq lw krogv iru
rqh ri |�/ |2/ |�/ |e1 Rxu vsuhdg lv gh�qhg e| vhwwlqj

k| ' i+ 5 7| G E�� krogv iru |jc
wkdw lv/ k| ' 7| li +�, krogv iru |/ dqg k| lv hpsw| rwkhuzlvh +qrw wr vd|
wkdw hlwkhu wkh frqglwlrq krogv ru lw grhvq*w,1 Wkh uhjxodwru ri wkh vsuhdg lv
0? ' w?e1

Li k| lv qrqhpsw|/ wkhq k| ' 7|1 Pruhryhu/ sE%� lv duelwudulo| vpdoo iru
vrph srlqw % 5 7|1 Qrz

sE+� � sE%� n _E%c +� � sE%� n _E7|c +� n
s
2w�|�ec

vr sE+� � _E7|c +�n
s
2w�|�e iru doo | vxfk wkdw k| lv qrqhpsw|/ zkhqfh sE+� �

_Ekc +�1

<



Frqyhuvho|/ li sE+� 	 �/ wkhq zh qhhg wr �qg | dw ohyho ? vr wkdw _E7|c +� 	
� dqg k| lv qrqhpsw|1 Ehfdxvh sE+� 	 �/ wkhuh h{lvwv % zlwk _E%c +� 	 �
dqg sE%� 	 ^w?e1 Dv sE%� � B*2/ wkhuh h{lvwv | dw ohyho ? vr wkdw _E%c 7S

| � :
^w?e/ vr _E%c 7S

| � : sE%�1 Wkdw*v wkh frqglwlrq iru k| wr eh qrqhpsw|/ dqg
_E7|c +� 	 � ehfdxvh % 5 7| dqg _E%c +� 	 �1

Li j lv wkh vshfwuxp ri d sro|qrpldo R/ wkhq zh fdq ohw sE5� ' _E5c j� lq
wklv wkhruhp1 Wkhq k dqg j duh htxlydohqw lqvridu dv wkh| uhsuhvhqw remhfwv
wkdw fdq eh ghvfulehg e| krz wkh| duh orfdwhg zlwk uhvshfw wr wkh frpsoh{
qxpehuv1 Lq wkh suhvhqfh ri fkrlfh/ k dqg j fdq eh wkrxjkw ri dv htxdo
vhwv= i5 G _E5c k� ' fj dqg i5 G _E5c j� ' fj1 Wkh vshfwuxp j kdv pruh
vwuxfwxuh ehfdxvh/ lq wkh suhvhqfh ri fkrlfh/ lw lv d pxowlvhw qrw mxvw d vhw1
Wkh pxowlsolflwlhv jhw orvw zkhq zh sdvv wr k ehfdxvh k lv frqvwuxfwhg iurp
wkh ixqfwlrq _E5c j� dorqh1

Qrwklqj derxw wkh vwuxfwxuh ri wkh frpsoh{ qxpehuv lv xvhg lq Wkhruhp
6 rwkhu wkdq wkh phwulf vsdfh vwuxfwxuh ri +21 Wkh surri jrhv wkurxjk/
pxwdwlv pxwdqglv/ iru +? dv zhoo1

8 Wkh Edluh fdwhjru| wkhruhp
Wkh Edluh fdwhjru| wkhruhp ^4/ Sdjh <6` vd|v wkdw li � lv d frpsohwh phwulf
vsdfh/ dqg L? lv d vhtxhqfh ri ghqvh rshq vhwv/ wkhq wkh lqwhuvhfwlrq

W"
?'� L?

lv ghqvh1 Lw vx!fhv wr vkrz wkdw wkh lqwhuvhfwlrq lv qrqhpsw| ehfdxvh zh
fdq jhw wkh vwurqjhu wkhruhp e| uhsodflqj � e| wkh forvxuh ri dq rshq edoo
� lq � / dqg L? e| L? _�1

Li 7 lv d vxevhw ri � / dqg o : f/ zh ohw

�oE7� ' i% 5� G _E%c 7� 	 oj�
Zh duh qrw dvvxplqj wkdw 7 lv orfdwhg= Wr vd| _E%c 7� 	 o lv htxlydohqw wr
vd|lqj wkdw wkhuh h{lvwv r 5 7 vxfk wkdw _E%c r� 	 o1 Zh vd| wkdw 7 lv zhoo
frqwdlqhg lq 7 � li �oE7� � 7 � iru vrph o : f1 Wklv h{whqgv wkh xvdjh lq ^4/
Sdjh 463` wr duelwudu| vhwv 71

Wkhruhp 7 Li� lv d qrqhpsw| frpsohwh phwulf vsdfh/ dqg L? lv d vhtxhqfh
ri ghqvh rshq vhwv/ wkhq wkhuh h{lvwv dq �0vsuhdg k vxfk wkdw k| lv zhoo
frqwdlqhg lq L�|� iru hyhu| |1

Surri1 Wkh wuhh A frqvlvwv ri �qlwh vhtxhqfhv ri sdluv ES�c o��c � � � c ES6c o6�
vxfk wkdw

43



� S� 5� /

� f 	 o� � �*�/

� �o�ES�� lv zhoo frqwdlqhg lq L�/

� _ES�c S�n�� n o�n� 	 o�1

Vhw kf ' � dqg k| ' �o6ES6� zkhuh | ' EES�c o��c � � � c ES6c o6��1 Zh pxvw
vkrz wkdw li f 	 o � �*6 dqg �oES� lv zhoo frqwdlqhg lq L6/ wkhq wkhuh
h{lvwv S� dqg f 	 o� � �*E6 n �� vr wkdw _ESc S�� n o� 	 o dqg �o�ES�� lv zhoo
frqwdlqhg lq L6n�1 Ohw S� 5 L6n� eh zlwklq o*2 ri S dqg fkrrvh B : f vr
wkdw �BES

�� lv zhoo frqwdlqhg lq �oES�1 Ohw o� ' 4�?Eo*2c B�1

Ehfdxvh k| lv zhoo frqwdlqhg lq L�|� iru hyhu| |/ dq| lq�qlwh sdwk lq k jlyhv
d srlqw lq wkh lqwhuvhfwlrq ri doo wkh L?1

Uhihuhqfhv
^4` Elvkrs/ Huuhww dqg Grxjodv Eulgjhv/ Frqvwuxfwlyh dqdo|vlv/

Vsulqjhu0Yhuodj 4<;31

^5` Kh|wlqj/ Duhqg/ Lqwxlwlrqlvp/ dq lqwurgxfwlrq/ Qruwk0Kroodqg 4<89

^6` Ulfkpdq/ Iuhg/ Wkh ixqgdphqwdo wkhruhp ri dojheud= d frqvwuxfwlyh
ghyhorsphqw zlwkrxw fkrlfh/ Sdfl�f M1 Pdwk1 4<9 +5333,/ 54605631

^7` / Jhqhudol}hg uhdo qxpehuv lq frqvwuxfwlyh pdwkhpdw0
lfv/ Lqgdjdwlrqhv Pdwkhpdwlfdh/ < +4<<;,/ 8<8�9391

^8` Uxlwhqexuj/ Zlp E1 J1/ Frqvwuxfwlqj urrwv ri sro|qrpldov ryhu wkh
frpsoh{ qxpehuv1 Frpsxwdwlrqdo dvshfwv ri Olh jurxs uhsuhvhqwdwlrqv
dqg uhodwhg wrslfv +Dpvwhugdp/ 4<<3,/ 43:�45;/ FZL Wudfw/ ;7/ Pdwk1
Fhqwuxp/ Fhqwuxp Zlvn1 Lqirup1/ Dpvwhugdp/ 4<<41

^9` Wurhovwud/ Dqqh V1/ dqg Glun ydq Gdohq/ Frqvwuxfwlylvp lq
pdwkhpdwlfv= dq lqwurgxfwlrq/ Qruwk0Kroodqg/ 4<;;1
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