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ABSTRACT. The property that an ideal whose annihilator is zero contains
a regular element is examined from the point of view of constructive mathe-
matics. It is shown that this property holds for finitely presented algebras
over discrete fields, and for coherent, Noetherian, strongly discrete rings that
contain an infinite field.

Let R be a commutative ring and M an R-module. For any subset [ of R, we
write

Av(l)={z € M : Iz =0}

for the annihilator of I in M, which is a submodule of M. An element r in R is said
to be M-regular if Ay (r) = 0.

We say that R has the regular element property (REP) if for each finitely
presented R-module M, and finitely generated ideal I, if Ap;(1) = 0, then [ contains
an M-regular element.

According to Kaplansky, [2, page 65] the theorem that a Noetherian ring has the
REP is “a result that is among the most useful in the theory of commutative rings.”
In particular, it is basic to the characterization of depth, for local rings with residue
class field k, as the least n such that Ext"(k, M) # 0: it says that if Ext®(k, M) =0,
then the depth of M is at least 1.

We will investigate this theorem from the point of view of constructive mathemat-
ics in the sense of Bishop [1], that is, mathematics done in the context of intuitionistic
logic. The casual reader should be able to follow the discussion by thinking in terms
of computations and constructions.

1. A CONSTRUCTIVE LOOK AT NOETHERIAN RINGS

First, let’s look at the main ideas involved from this point of view. A ring R is
Noetherian if, given a chain of finitely generated ideals

]1C]2C]3C"‘

you can find n such that I, = [,,y1. Not a place where the chain stabilizes, that’s
too much to ask, but a place where the chain pauses. Note the restriction to finitely
generated ideals, which is inessential but harmless from a classical point of view.
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Classically every Noetherian ring is coherent—finitely generated ideals are fi-
nitely presented—but from a computational point of view, this is an additional fea-
ture. For example, in a coherent module the intersection of two finitely generated
submodules is finitely generated; the construction of those generators requires more
than invoking an ascending chain condition. So we will speak, seemingly redun-
dantly, of a coherent Noetherian ring. If R is coherent, and M is a finitely presented
R-module, then Ay (1) is finitely generated for any finitely generated ideal I of R [3,
Theorems VIII.2.4 and VIII.2.6].

A set S is said to be discrete if for all z,y € 5, either + = y or © # y. From
a computational point of view this means that you can determine which alternative
holds. The rational numbers form a discrete field. A ring R is strongly discrete if
R/I is discrete for each finitely generated ideal I. This means that you can decide
whether or not an element of R is in /—we say that [ is detachable.

Let k be a discrete field. The polynomial ring k[ X7, ..., X, ] is coherent, Noetherian,
and strongly discrete, as are its quotients modulo finitely generated ideals. This fol-
lows from a constructive Hilbert basis theorem [3, Theorem VIII.1.5]. However,
Seidenberg [4] showed that you can find primary decompositions of finitely generated
ideals in k[ X7,..., X, ] if and only if k satisfies two conditions, which he called F" and
P. Condition F' says that £ is factorial: any polynomial in £[X] can be written as
a product of irreducible factors. Condition P deals with the case when £ has finite
characteristic p. In its simplest form it says that any finitely generated kP-subspace
of k is finite dimensional.

If k& is not factorial, then k[X7i,...,X,] is coherent, Noetherian, and strongly
discrete, but we can’t find primary decompositions of finitely generated ideals. The
simplest example is gotten by letting k lie between the rational numbers Q and the
Gaussian numbers Q(2). That is, if you will, & is either Q or Q(z), but we don’t know
which. This lack of knowledge does not prevent us from carrying out computations
over k, such as the Fuclidean algorithm in k[ X]. But it does prevent us from factoring
X241 into irreducible factors. In particular, we can’t find the primary decomposition
of the ideal generated by X% + 1.

We say that a ring is a Lasker-Noether ring if it is coherent, Noetherian, strongly
discrete, and the radical of each finitely generated ideal is the intersection of a finite
number of finitely generated prime ideals. In a Lasker-Noether ring, each finitely
generated ideal has a primary decomposition[3, Theorem VIIL.8.5]. In this language,
Seidenberg’s theorem says that k[Xq,..., X,] is a Lasker-Noether ring for all n if and
only k is factorial and satisfies Condition P. Finite fields clearly have these properties,
while the rational numbers are factorial by a well-known argument of Kronecker.

We will show that Lasker-Noether rings have the regular element property, but
that is a lot to assume. After all, k[X] has the regular element property for any



The regular element property 3

discrete field k& because finitely presented modules over k[ X] are direct sums of finitely
presented cyclic modules (reduce the appropriate matrix over k[X] to Smith normal
form). Our main result is that [ X1, ..., X, ] has the regular element property for any
n and any discrete field k. Along the way we show that any coherent, Noetherian,
strongly discrete ring that contains an infinite field has the regular element property.

2. THE REP AND KAPLANSKY’S THEOREM 82
The regular element principle is not exactly what Kaplansky was talking about in
[2, Theorem 82], but I think the statement in the introduction is still accurate. It is
instructive to examine the differences.

First off, Kaplansky was talking about the contrapositive property, REP’, which
states that if Ay (r) # 0 for every element r in an ideal I, then Ay(7) # 0. That
is, if an ideal consists of zero-divisors on M, then there is one witness in M to that
fact that works for the whole ideal. Most people don’t worry about the distinction
between a statement and its contrapositive, but for our purposes it is important. The
hypothesis of REP is easy to check because if [ is generated by rq,...,r,, then

AM(]) == AM(Tl) N AM(TQ) N---N AM(TH)

and, if R is coherent, we can find generators of the submodules Ay/(r;) and their in-
tersection. The hypothesis of REP’ is difficult to check, even though we can calculate
Api(r), because we must consider each r in the ideal I, not just in a finite generating
set.

The submodules Ay (r) and Ap () are finitely generated if M is coherent, so if
M is also discrete, then they are either zero or nonzero. Because of this, REP’ is the
contrapositive of REP, hence follows from it. But not vice versa, at least not within
intuitionistic logic.

The second difference is that Kaplansky considers a subring I (not required to
have an identity) rather than an ideal. This is a substantive difference from anyone’s
point of view, but perhaps the domain of application is not significantly narrowed by
restricting to ideals. One would have to put some conditions on the subring in any
event. It’s pretty clear that, in order to get hold of a regular element of I, you will
have to have some mechanism for getting hold of elements of I at all. If [ is a finitely
generated ideal, then you have those generators. If [ is simply a subring, you have
nothing. You may not even be able to find a nonzero element, let alone a regular one.

3. PRIMARY DECOMPOSITION AND THE REP
If M is an R-module, then a prime ideal P of R is an associated prime ideal of M
if P = Apg(x) for some x in M. The associated prime ideals of an ideal I of R are the
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associated prime ideals of the module R/I. If R is a Lasker-Noether ring, and M is
finitely presented, then we can find a complete set of associated prime ideals of M.

Theorem 1. Let R be a Lasker-Noether ring and M a finitely presented R-module.
Then the associated prime ideals of M are finitely generated and form a finite set.

Proof. Proceed by induction on the number of generators of M. If M is cyclic,
then the primes associated with M are simply the primes associated with the ideal
Ar(M). If M is generated by n > 1 elements, then let NV be the submodule generated
by the first n—1 of them. By induction, the prime ideals associated with N and M /N
are finitely generated and form a finite set. We first show that the primes associated
with M are among those.

Suppose P = Apg(x) is a prime ideal for some = in M. Because P is prime,
P = Ap(y) for any nonzero y in Rx. So if Re NN # 0, then P is associated with N,
while if Rx N N =0, then P is associated with M/N.

Now we have to eliminate those primes that are associated with N or with M/N,
but not with M. Suppose P is any finitely generated prime ideal. Consider K =
Api(P), which is a finitely generated R/P-module. Then P will be associated with
M exactly when K has an R/P-regular element. Because R/P is a domain, this
happens exactly when one of the generators of K is R/P-regular, and we can test
generator z because Apg(z) is finitely generated, and P is detachable. M

Corollary 2. If R is a Lasker-Noether ring, then R has the regular element property.

Proof. Let M be a finitely presented module, I a finitely generated ideal such
that Ay (1) = 0. Let Py, ..., P, be the primes associated with M. Then [ is certainly
not contained in any F;. So there is an element r in [ that is not in any P;. This
is the standard maneuver—for a constructive treatment see [3, I1.2.3]. We need the
fact that [ is finitely generated and the P; are detachable.

Why is r an M-regular element? If rx = 0, then the primes associated with the
ideal Agr(x) contain r and are among the P,. So there are no primes associated with
Apg(z), that is, 2 =0. H

4. THE RING k[Xq,...,X,] HAS THE REP

First we observe a very general fact about annihilators.

Lemma 3. Let R be a commutative ring and M an R-module. Let Iy,... I, be
ideals in R, and set N; = Apn(L). If NyNN; = 0 for all ¢ # j, then the N; are
independent submodules of M.
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Proof. It suffices to show that N,, N (Ny + -+ + Ny—1) = 0. Suppose z,, =
x1+ -+ x,_1 with ; € N;. Then 1,2, = 0, so I[,,z; = 0 for each 1 < m because
Ni,..., N, _1 are independent by induction. Therefore x; € N,, N N; = 0 for each
r<m. B

The next theorem is slightly technical. It has the logical form
Vn(A,V B) = B

which may seem a bit strange because in classical logic that is equivalent to Vn A,, =
B as the hypothesis is equivalent to (Vn A,,) V B. From a constructive point of view
the latter hypothesis is stronger, as it involves the determination of whether Vn A,
holds or B holds. A classic example, close to our application here, is the construction
of a primitive element in a separable field extension. The classical argument divides
into two cases, depending on whether the field is finite or infinite. Think of A, as
saying that the field contains at least n elements, so Vn A, says that the field is
infinite. It turns out that you just need lots of elements, not an infinite number, for
the infinite case argument to go through. So if, for each n, you can show that the
field contains at least n elements, or is finite, then you can prove the theorem without
deciding whether the field is infinite.
For our application, the u; below will be taken from a subfield of R.

Theorem 4. Let R be a coherent, Noetherian, strongly discrete ring, I a finitely
generated ideal of R, and M a finitely presented R-module such that Ay (I) = 0.
Let uy,usq, ... be a sequence of elements of R such that for each n, either u; — u; is
M -regular for all distinct ¢,j in {1,...,n}, or there is an M-regular element in I.
Then there is an M-regular element in I.

Proof. Let rg,...,r, generate I. Consider the sequence of elements
si=rotur tuirg+ - +ul'ry,

in I, and set N; = Ap(s;). If N; =0, then s; is our desired element. Our hypotheses
imply that N; is finitely generated, and M is discrete, so either N; = 0 or we can
find a nonzero element of N;. The idea is to look at the submodules N;, and their
various intersections, construct an ascending chain of finitely generated submodules
of M, and invoke the Noetherian property of M to find ¢ such that N; = 0.

We first show that the intersection of any m+1 of the N; is zero, or there is an M-
regular element in /. Suppose s;z = 0 for ¢ = 29,21,...,%,. Then the Vandermonde
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determinant
Ui Ugy T Uy,
2 2 2
Uy Ug U,
m m m

must kill r;2 for each j. But either that determinant is a product of M-regular
elements, so I+ = 0, whence x = 0, or there is an M-regular element in [.
Now consider the following sequence of propositions P; for t = 0,1, ...

e For each n, either there is an M-regular element in I, or there is a set S of 2!
integers greater than n, such that N,cg V; # 0.

We know that Py holds, and that if P; holds for 2 > m+1, then there is an M-regular
element in /. So it suffices to show that P, implies P;14.

Accordingly, suppose F; holds. Then for each n we can construct a sequence of
disjoint subsets 5, each of cardinality 2! and consisting of integers greater than n,
so that for each j either there is an M-regular element in I, or Micg, N; # 0. As M
is Noetherian, there exists ¢ so that

(1 Necy (1N

1ESq J<q €Sy

From this, and the lemma, it follows that either (;cg, N; =0, in which case there is
an M-regular element in [, or there are distinct j and k so that

N Ni#0

i€S,US),

proving Py, W

Corollary 5. Let R be a coherent, Noetherian, strongly discrete ring that contains
an infinite field. Then R has the regular element property.

Proof.  Let uq,us,... be distinct elements of the infinite subfield and invoke
Theorem 4. W

Corollary 6. If k is a discrete field, then k[Xy,...,X,] has the regular element
property.
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Proof. Set R = k[X;,...,X,]. Let I be a finitely generated ideal of R, and
M a finitely presented R-module such that Ay (I) = 0. Let ko be the subfield
of k generated by the coefficients of the polynomials generating I, together with
the coefficients of the polynomials that make up a finite presentation of M. Set
Ro = ko[ Xy, ..., X,]. We first show that Ry has the regular element property.

It’s not hard to show that, for each m, either kg is finite or contains at least m
distinct elements [3, Theorem VI.5.4]. So we can construct a sequence of elements
Uy, Uz, ... 10 kg so that for each m either uy,us, ..., u,, are distinct, or kg is finite. If
ko is finite, then Ry has the regular element property by Corollary 2. So Ry has the
regular element property by Theorem 4.

Now we want to find an element r of [ such that Ap/(r) = 0. Note that R =
k @, Ro. Then there is a finitely generated ideal Iy of Ry, and a finitely presented
Ro-submodule My of M so that I =k @y, Ip and M =k @y, M.

We have A, (Io) = 0 because [y generates I, and My C M. So A (r) = 0 for
some r in [y, as Ry has the regular element property. Multiplication by r induces
a monomorphism My — My, hence a monomorphism M — M (any module over a
discrete division ring is flat). Thus Ay (r) =0. W

5. LOCALIZATION AND THE REP
Now that we know that k[ X7, ..., X,] has the regular element property, it’s of interest
to know what happens when we pass quotients to and localizations.

Theorem 7. If R has the regular element property, then so does R/.J for any finitely
generated ideal .J.

Proof. Let M be a finitely presented R/.J-module. Then (R/.J)™ maps onto
M with finitely generated kernel K. So R™ maps onto M with kernel equal to the
preimage of K in R™, which is also finitely generated. Thus M is a finitely presented
R-module.

A finitely generated ideal of R/J corresponds to a finitely generated ideal of R
containing J. Suppose [ D J is a finitely generated ideal of R such that Ay (1) =0.
As R has the regular element property, A (r) = 0 for some r in I. So R/.J has the
regular element property. H

Theorem 8. If R is a coherent ring with the regular element property, and S is a
multiplicatively closed subset of R, then Rs has the regular element property.

Proof. Let M’ be a finitely presented Rs-module, and I’ an ideal of Rg such
that App(I') = 0. Then I’ = I for some ideal I of R, and we have an exact sequence

RY - RE— M — 0
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of Rs-modules. We may assume that the free generators of R¥ go to images of
element of R" in R%. This gives an exact sequence

R —R'—M—0

of R-modules. As Rg is a flat R-module, tensoring through with Rs shows that M’ =
Ms. The submodule Aps(1) is finitely generated, so M/ Ay (1) is finitely presented.
Moreover Ap(I) goes to zero in Mg, because Anri(Is) =0, so M' = (M/An(1))g,
whence we may assume that Ay (1) = 0.

As R has the regular element property, there is r in [ so that Ay (r) = 0. That
is, multiplication by r gives a monomorphism M — M, hence a monomorphism

Ms—>Ms. |

The question remains open as to whether any coherent, Noetherian, strongly
discrete ring has the regular element property.
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