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Devwudfw

D yhu| zhdn rpqlvflhqfh sulqflsoh lv irupxodwhg/ uhodwhg rpql0
vflhqfh sulqflsohv duh frqvlghuhg/ dqg wkh wkhruhp wkdw d ixqfwlrq
ri erxqghg yduldwlrq lv wkh gl�huhqfh ri wzr lqfuhdvlqj ixqfwlrqv lv
vkrzq wr eh htxlydohqw wr wkh rpqlvflhqfh sulqflsoh ZOSR1 Lw lv dovr
vkrzq wkdw dq duelwudu| ixqfwlrq +qrw qhfhvvdulo| vwurqjo| h{whqvlrqdo,
zlwk orfdwhg yduldwlrq rq dq lqwhuydo lv wkh gl�huhqfh ri wzr lqfuhdvlqj
ixqfwlrqv1

4 D zhdn rpqlvflhqfh sulqflsoh
Rpqlvflhqfh sulqflsohv duh jhqhudo vwdwhphqwv wkdw fdq eh suryhg fodvvlfdoo|
exw qrw frqvwuxfwlyho|/ dqg duh xvhg wr vkrz wkdw rwkhu/ pruh vxemhfw0vshfl�f
vwdwhphqwv/ gr qrw dgplw frqvwuxfwlyh surriv1 Wklv lv grqh e| vkrzlqj
wkdw wkh vxemhfw0vshfl�f vwdwhphqw lpsolhv wkh rpqlvflhqfh sulqflsoh1 Wkh
vwurqjhvw rpqlvflhqfh sulqflsoh lv wkh odz ri h{foxghg plggoh lwvhoi1

DEurxzhuldq frxqwhuh{dpsoh wr d vwdwhphqw � lv/ lq hvvhqfh/ d ghulydwlrq
ri vrph rpqlvflhqfh sulqflsoh iurp � 1 Dowkrxjk lw lv vdwlvi|lqj wr ghulyh d
vwurqj rpqlvflhqfh sulqflsoh iurp � / lw lv/ ri frxuvh/ hdvlhu wr ghulyh d zhdn

44<<4 Pdwkhpdwlfv Vxemhfw Fodvvl�fdwlrq1 Sulpdu| 36I98> Vhfrqgdu| 59D78
Nh| zrugv dqg skudvhv1 Rpqlvflhqfh sulqflsohv/ ixqfwlrqv ri erxqghg yduldwlrq/ frq0

vwuxfwlyh pdwkhpdwlfv
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rqh1 Vr lw lv ghvludeoh wr kdyh vrph yhu| zhdn rpqlvflhqfh sulqflsohv dw kdqg1
Elvkrs ^6`/ ^7` irupxodwhg wzr rpqlvflhqfh sulqflsohv zklfk kdg ehhq xvhg
e| Eurxzhu=

OSR Jlyhq d elqdu| vhtxhqfh @/ hlwkhu @? ' f iru doo ?/ ru @? ' � iru vrph
?1

OOSR Jlyhq d elqdu| vhtxhqfh @/ zlwk dw prvw rqh �/ hlwkhu @2? ' f iru
doo ?/ ru @2?n� ' f iru doo ?1

Wkh lqlwldov vwdqg iru wkh olplwhg sulqflsoh ri rpqlvflhqfh dqg wkh ohvvhu
olplwhg sulqflsoh ri rpqlvflhqfh1 OSR pd| eh wkrxjkw ri dv d frxqwdeoh odz
ri h{foxghg plggoh1

Lq wkh devhqfh ri wkh frxqwdeoh d{lrp ri fkrlfh/ zh glvwlqjxlvk ehwzhhq
wkh +Ghghnlqg, uhdo qxpehuv dqg wkh Fdxfk| uhdo qxpehuv/ wkh odwwhu ehlqj
olplwv ri vhtxhqfhv ri udwlrqdo qxpehuv1 OSR lv htxlydohqw wr wkh vwdwhphqw
wkdw wkh Fdxfk| uhdo qxpehuv duh glvfuhwh= iru % dqg + Fdxfk| uhdov/ hlwkhu
% ' + ru % 9' + +lq wkh vhqvh ri dsduwqhvv,1 OOSR lv htxlydohqw wr wkh vwdwh0
phqw wkdw wkh Fdxfk| uhdo qxpehuv duh wrwdoo| rughuhg= iru % dqg + Fdxfk|
uhdov/ hlwkhu % � + ru + � %1 Eurxzhu ^8` vkrzhg wkdw wkh lqwhuphgldwh ydoxh
wkhruhp lpsolhv OOSR1 Lq ^<` d idplo| ri zhdnhqlqjv ri OOSR zhuh jlyhq1

OOSR6 Jlyhq d elqdu| vhtxhqfh @/ zlwk dw prvw rqh �/ wkhuh lv o vxfk
wkdw @6?no ' f iru doo ?1 +Qrwh wkdw OOSR2 lv OOSR1,

OOSR" Jlyhq d elqdu| vhtxhqfh @/ zlwk dw prvw rqh �/ dqg d sduwlwlrq ri
� lqwr glvmrlqw lq�qlwh vxevhwv 7?/ wkhuh lv ? vxfk wkdw @� ' f iru doo
� 5 7?1

Sdopjuhq ^;` irupxodwhg wkh iroorzlqj sulqflsoh/ zklfk lv lpsolhg e| OOSR6

iru hdfk �qlwh 6=

O�SR Jlyhq d elqdu| vhtxhqfh @/ zlwk d prvw rqh �/ wkhuh h{lvwv 6 dqg o
vxfk wkdw @on�26 ' f iru doo �1

O�SR vd|v wkdw li E|?� lv dq hqxphudwlrq ri wkh qrghv ri d frpsohwh elqdu|
wuhh/ dqg @ lv d elqdu| vhtxhqfh zlwk dw prvw rqh �/ wkhq wkhuh h{lvwv ? vxfk
wkdw @� ' f zkhqhyhu |� lv d ghvfhqgdqw ri |?1

Hdfk ri wkhvh rpqlvflhqfh sulqflsohv lpsolhv wkh iroorzlqj rqh/ zklfk lv
irupxodwhg lq whupv ri d ghwdfkdeoh vxevhw ri � frqwdlqlqj dw prvw rqh
hohphqw/ udwkhu wkdq d elqdu| vhtxhqfh zlwk dw prvw rqh �1
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� Wkhuh h{lvwv d vhtxhqfh 7? ri lq�qlwh vxevhwv ri � vxfk wkdw
V
E� q

7?� ' �/ dqg li � lv d ghwdfkdeoh vxevhw ri � frqwdlqlqj dw prvw rqh
hohphqw/ wkhq wkhuh h{lvwv ? vxfk wkdw � _ 7? lv hpsw|1

Iru OSR zh wdnh 7? ' i� 5 � G � 9' ?j1 Iru OOSR6 zh wdnh 7? ' ?n6�1
Iru O�SR zh wdnh 76c? ' ? n 26�1 Iru OOSR" zh wdnh dq| sduwlwlrq ri
� lqwr frxqwdeo| pdq| lq�qlwh ghwdfkdeoh vxevhwv1 Wkh uhtxluhphqw wkdwV
E� q7?� ' � pdnhv wkh sulqflsoh wuxh fodvvlfdoo| iru d sduwlfxodu vhtxhqfh

7?1
Wkhuh lv d frqwlqxlw| lqwhusuhwdwlrq wkdw h{sodlqv zk| qrqh ri wkhvh rp0

qlvflhqfh sulqflsohv fdq eh suryhg frqvwuxfwlyho|1 Ohw f dqg t eh phwulf
vsdfhv dqg - � f � t d uhodwlrq1 Zh duh lqwhuhvwhg lq wkh sureohp ri
�qglqj + 5 t vxfk wkdw -E%c +� iru d jlyhq % 5 f1 Ehhvrq ^4/ s1 6:9` vd|v
wkdw wkh sureohp kdv d vwdeoh vroxwlrq dw % li wkhuh h{lvwv + vxfk wkdw
-E%c +�/ dqg li %� lv forvh hqrxjk wr %/ wkhq wkhuh h{lvwv +� forvh wr + vxfk
wkdw -E%�c +��1 D frqvwuxfwlyh surri ri wkh vwdwhphqw �iru doo % 5 f wkhuh
lv + 5 t vxfk wkdw -E%c +�/� zrxog vhhp wr uhtxluh wkdw wkhuh eh d vwdeoh
vroxwlrq dw % iru hdfk % 5 f1 Rwkhuzlvh wkh sureohp zrxog eh loo srvhg lq
wkh vhqvh wkdw/ dw vrph srlqw/ vpdoo fkdqjhv lq wkh gdwd zrxog uhtxluh odujh
fkdqjhv lq wkh vroxwlrq1 Wklv zrxog suhvxpdeo| pdnh frpsxwdwlrq ri wkdw
vroxwlrq lpsrvvleoh1

Wkh sureohp srvhg e| � lv loo srvhg lq wklv vhqvh1 Jlyhq d vhtxhqfh 7?

dv deryh/ ohw f eh wkh vhw ri doo elqdu| vhtxhqfh zlwk dw prvw rqh �/ ohw t
eh �/ dqg ohw -E%c ?� phdq %? ' f1 Wkh prvw lqwhuhvwlqj srlqw % lq f lv
wkh doo0}hurv vhtxhqfh1 Iru wklv ydoxh ri %/ zh kdyh -E%c ?� iru dq| qdwxudo
qxpehu ?1 Exw wr eh forvh wr ? lv wr eh htxdo wr ?1 Vr iru wkh sureohp wr
kdyh d vwdeoh vroxwlrq dw % lw zrxog kdyh wr eh wkh fdvh wkdw dq| %� 5 f
vx!flhqwo| forvh wr % zrxog vdwlvi| -E%�c ?�1 Exw wkdw*v qrw wuxh ehfdxvh 7?

lv lq�qlwh1
Qrwh wkdw zh fdqqrw uhsodfh wkh vhtxhqfh ri lq�qlwh vxevhwv e| dq du0

elwudu| vhw ri lq�qlwh vxevhwv1 Lqghhg/ li � lv d ghwdfkdeoh vxevhw ri �
frqwdlqlqj dw prvw rqh hohphqw/ wkhq wkhuh h{lvwv dq lq�qlwh vxevhw 7 ri �
vxfk wkdw � _ 7 lv hpsw|1 Mxvw wdnh 7 ' � q �1

Frqvwuxfwlyho|/ zh wklqn ri hyhu| ixqfwlrq dv ehlqj frpsxwdeoh1 Fkxufk*v
wkhvlv/ lq wklv frqwh{w/ vd|v wkdw hyhu| ixqfwlrq iurp � wr � lv uhfxuvlyh1 Lq
wkh suhvhqfh ri Fkxufk*v wkhvlv/ zh fdq dfwxdoo| uhixwh �1 Wkdw lv wkh lpsruw
ri wkh iroorzlqj wkhruhp1

Wkhruhp 4 Ohw 7 � ��� eh d uhfxuvlyh vxevhw1 Vxssrvh wkdw 7? ' i� 5
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� G E�c ?� 5 7j lv lq�qlwh iru hdfk ?1 Wkhq wkhuh lv d wrwdo uhfxuvlyh ixqfwlrq
@��/ lq wkh wzr yduldeohv � dqg �/ vxfk wkdw

41 Hdfk @�
W
lv d elqdu| vhtxhqfh zlwk dw prvw rqh �

51 Li s lv d wrwdo uhfxuvlyh ixqfwlrq/ wkhq wkhuh h{lvwv � dqg � vxfk wkdw
@�� ' � dqg � 5 7sE��1

Surri1 Ohw )? eh wkh sduwldo uhfxuvlyh ixqfwlrq frpsxwhg e| wkh ?0wk
Wxulqj pdfklqh1 Gh�qh wkh wrwdo uhfxuvlyh ixqfwlrq @�� e| vhwwlqj @�� ' �
h{dfwo| zkhq � lv wkh ohdvw lqwhjhu lq 7? vxfk wkdw )�E�� ' ? lq dw prvw
� vwhsv1 E| wkh v0p0q wkhruhp wkhuh lv d wrwdo uhfxuvlyh ixqfwlrq } vxfk
wkdw )}E��E&� ' sE�� iru doo � dqg & +vr )}E�� lv frqvwdqw,1 E| wkh uhfxuvlrq
wkhruhp/ wkhuh lv �f vxfk wkdw )}E�f� ' )�f1 Wkhuhiruh )�fE�f� ' sE�f�1 Dv
7sE�f� lv lq�qlwh/ wkhuh h{lvwv � 5 7sE�f� vxfk wkdw )�fE�f� ' sE�f� lq dw prvw �
vwhsv1 Vr wkhuh h{lvwv � 5 7sE�� vxfk wkdw @�f� ' �1

Lq oljkw ri wklv wkhruhp/ wkhuh lv qr krsh ri �qglqj d frqvwuxfwlyh surri
ri �1 Vr d ghulydwlrq ri � iurp vrph vwdwhphqw frqvwlwxwhv d Eurxzhuldq
frxqwhuh{dpsoh wr wkdw vwdwhphqw1

Wkh zhdn olplwhg sulqflsoh ri rpqlvflhqfh +vhh ^:`, lv

ZOSR Jlyhq d elqdu| vhtxhqfh @/ hlwkhu @? ' f iru doo ?/ ru lw lv lpsrvvleoh
wkdw @? ' f iru doo ?1

Eurxzhu dooxghv wr wklv sulqflsoh lq ^9/ Sdjh 75`1 ZOSR lv htxlydohqw wr wkh
vwdwhphqw wkdw wkh Fdxfk| uhdo qxpehuv duh zhdno| glvfuhwh/ wkdw lv/ glvfuhwh
xqghu wkh ghqldo lqhtxdolw|= li % dqg + duh Fdxfk| uhdov/ wkhq hlwkhu % ' +
ru =E% ' +�1 Fohduo| ZOSR lv lpsolhg e| OSR dqg lpsolhv OOSR1 Zh zloo
vhh lq Wkhruhp 7 wkdw ZOSR lv htxlydohqw wr d vwdqgdug wkhruhp derxw
ixqfwlrqv ri erxqghg yduldwlrq1

5 Htxlydohqw irupxodwlrqv ri OOSR6

Wkh rpqlvflhqfh sulqflsoh OOSR6/ iru �qlwh6/ fdq dsshdu lq gl�huhqw irupv1
Frqvlghu wkh wulso| lqgh{hg idplo| �6c?c& ri vwdwhphqwv=

Li 7�c � � � c 7? duh glvmrlqw lq�qlwh vxevhwv ri �/ dqg � lv d ghwdfk0
deoh vxevhw ri � ri fduglqdolw| dw prvw 6/ wkhq � _ 7� lv hpsw|
iru dw ohdvw & ydoxhv ri �1
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Zh zloo vkrz wkdw �6c?c& lv htxlydohqw wr OOSR| zkhuh | ' gE?� &n��*6h1
Iru �6c?c& wr eh fodvvlfdoo| wuxh/ zh qhhg wr uhtxluh wkdw | : �1

Wkhruhp 5 Wkh vwdwhphqwv �6c?c& dqg �6c?n�c&n� duh htxlydohqw1

Surri1 Dvvxph �6c?c& dqg frqvlghu glvmrlqw lq�qlwh vxevhwv 7�c � � � c 7?c 7?n�

dqg d ghwdfkdeoh vhw � frqwdlqlqj dw prvw 6 hohphqwv1 Hdfk ?0hohphqw vxe0
vhw ri i�c 2c � � � c ?n�j frqwdlqv & jrrg lqglfhv1 Vr wkhuh kdyh wr eh &n� jrrg
lqglfhv1 Frqyhuvho|/ dvvxph �6c?n�c&n� dqg frqvlghu glvmrlqw lq�qlwh vxevhwv
7�c � � � c 7?1 Vsolw 7� lq wzr1 \rx jhw & jrrg lqglfhv1

Vr zh pd| dv zhoo dvvxph wkdw & ' �/ dqg ohw �6c? ' �6c?c�1 Wkdw lv
�6c? lv wkh vwdwhphqw

Li 7�c � � � c 7? duh glvmrlqw lq�qlwh vxevhwv ri �/ dqg � lv d ghwdfk0
deoh vxevhw ri � ri fduglqdolw| dw prvw 6/ wkhq � _ 7� lv hpsw|
iru vrph �1

Qrwh wkdw ��c? lv OOSR?1 Zh qhhg wr uhtxluh wkdw 6 	 ? iru �6c? wr eh
fodvvlfdoo| wuxh1

Wkhruhp 6

41 �6c? lpsolhv �6c?n�1

51 �&6c&? lpsolhv �6c?

61 ��c& lv htxlydohqw wr �6c? li E&���6 	 ? � &6 +wkdw lv/ li & ' g?*6h,1

Surri1 Fohduo| +4, krogv1 Wr vkrz +5,/ vxssrvh zh kdyh glvmrlqw lq�qlwh
vxevhwv 7�c � � � c 7? dqg d ghwdfkdeoh vxevhw � ri fduglqdolw| dw prvw ?1 Pdnh
& lghqwlfdo frslhv ri wklv vlwxdwlrq1 E| �&6c&?/ rqh ri wkh &? lq�qlwh vxevhwv
lv glvmrlqw iurp wkh xqlrq ri wkh & frslhv ri �1 Khqfh vrph 7� lv glvmrlqw iurp
�1

Wr vkrz +6,/ vxssrvh E& � ��6 	 ? � &6 zlwk & : �1 Wr vkrz wkdw
��c& lpsolhv �6c?/ ohw 7�c � � � c 7? eh glvmrlqw lq�qlwh vxevhwv ri �/ dqg �
d ghwdfkdeoh vxevhw ri � ri fduglqdolw| dw prvw 61 Zulwh � dv d xqlrq
�� ^ � � � ^ �6 zkhuh hdfk �� lv d ghwdfkdeoh vxevhw ri � ri fduglqdolw| dw
prvw �1 E| uhshdwhg dssolfdwlrq ri ��c&/ wkhuh lv d vxevhw a� ri i�c 2c � � � c ?j
ri fduglqdolw| ?� & n � vxfk wkdw �� _ 7� lv hpsw| iru hdfk � 5 a�1 Vr hdfk

8



vxevhw a� rplwv & � � hohphqwv ri i�c 2c � � � c ?j1 Ehfdxvh E& � ��6 	 ?/ wkh
lqwhuvhfwlrq ri wkh a� lv qrqhpsw|1 Li � lv lq wkdw lqwhuvhfwlrq/ wkhq � _ 7�

lv hpsw|1 Wr vkrz/ frqyhuvho|/ wkdw �6c? lpsolhv ��c&/ qrwh e| +4, wkdw �6c?

lpsolhv �6c&6/ zklfk lpsolhv ��c& e| +5,1

6 Ixqfwlrqv ri erxqghg yduldwlrq
D vxeglylvlrq % ri dq lqwhuydo d@c Ko lv d vhtxhqfh

@ � %� � %2 � � � � � %6 � K

Wkh qxpehuv %� duh vdlg wr eh hohphqwv ri %1 D vxeglylvlrq + lv d uh�qh0
phqw ri d vxeglylvlrq % li hdfk hohphqw ri % lv dq hohphqw ri +1

Li s lv d ixqfwlrq rq wkh lqwhuydo d@c Ko/ wkhq wkh yduldwlrq ri s ryhu % lv
gh�qhg wr eh

T% '
63�[

�'f

msE%�n��� sE%��m

Wkh yduldwlrq ri s rq d@c Ko lv gh�qhg wr eh wkh vxsuhpxp ri T% dv % ydulhv
ryhu doo vxeglylvlrqv ri d@c Ko1 Wklv vxsuhpxp dozd|v h{lvwv dv d jhqhudol}hg
uhdo qxpehu ^43`> zkhq lw h{lvwv dv d uhdo qxpehu/ vr zh fdq �qg duelwudulo|
forvh udwlrqdo dssur{lpdwlrqv wr lw/ zh vd| wkdw wkh yduldwlrq lv orfdwhg1 Dq|
ixqfwlrq zlwk d orfdwhg yduldwlrq lv wkh gl�huhqfh ri wzr lqfuhdvlqj ixqfwlrqv
+Fruroodu| ;,1 Krzhyhu/ li wkh yduldwlrq ri s lv mxvw erxqghg/ wkhq zh fdqqrw
qhfhvvdulo| zulwh s dv wkh gl�huhqfh ri wzr lqfuhdvlqj ixqfwlrqv1

Lq wkh surri ri wkh qh{w wkhruhp zh zloo xvh wkh qrwlrq ri d zhdn ohdvw
xsshu erxqg1 Wklv qrwlrq lv ri lqwhuhvw rqo| ehfdxvh/ iru rqh kdoi ri wkh
wkhruhp/ zh dvvxph ZOSR1 Zh vd| wkdw d uhdo qxpehu K lv d zhdn ohdvw
xsshu erxqg ri d vhw 7 surylghg wkdw @ � r iru doo r lq 7 li dqg rqo| li
@ � K1 Fohduo| zhdn ohdvw xsshu erxqgv duh xqltxh1 Wkh zhdnqhvv frphv
iurp wkh idfw wkdw zh gr qrw uhtxluh/ iru @ 	 K/ wkdw zh fdq �qg r lq 7 vxfk
wkdw r : @1 Wkh vwurqjhu frqfhsw lv pxfk pruh xvhixo1

Wkhruhp 7 Li hyhu| xqlirupo| frqwlqxrxv ixqfwlrq rq dfc �o ri erxqghg ydul0
dwlrq lv wkh gl�huhqfh ri wzr lqfuhdvlqj ixqfwlrqv/ wkhq ZOSR krogv1 Wkh
frqyhuvh krogv lq wkh suhvhqfh ri wkh d{lrp ri frxqwdeoh fkrlfh1
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Surri1 Iluvw qrwh wkdw/ iru hyhu| ? � � wkhuh d xqlirupo| frqwlqxrxv
ixqfwlrq }? ri yduldwlrq � rq dfc �o/ erxqghg e| �*?/ vxfk wkdw }E%� ' f
rxwvlgh dfc �*?o1 Li @�c @2c � � � lv d elqdu| vhtxhqfh zlwk dw prvw rqh �/ wkhq

"[

?'�

@?}?

frqyhujhv xqlirupo| wr d ixqfwlrq s zkrvh yduldwlrq lv erxqghg e| �1 Vxssrvh
s ' ��& zkhuh � dqg & duh lqfuhdvlqj ixqfwlrqv1 Wkhq wkh yduldwlrq ri s rq
dq| lqwhuydo lv erxqghg e| wkh yduldwlrq ri wkh lqfuhdvlqj ixqfwlrq b ' �n &
rq wkdw lqwhuydo1 Zh pd| dvvxph wkdw bEf� ' f1 Vhw

r '
"[

?'f

@?
?

Li @? ' �/ wkhq r ' �*? dqg s ' }?/ vr bEr� � �1 Vr li bEr� 	 �/ wkhq @? ' f
iru doo ?1 Li bEr� : f/ wkhq r fdq*w eh }hur/ vr wkh @? fdq*w doo eh f1

Iru wkh frqyhuvh/ vxssrvh wkdw ZOSR krogv dqg ohw s eh d xqlirupo|
frqwlqxrxv ixqfwlrq rq dfc �o ri erxqghg yduldwlrq1 Ehfdxvh ri ZOSR/ dqg
wkh d{lrp ri frxqwdeoh fkrlfh/ zh fdq frpsxwh wkh zhdn ohdvw xsshu erxqg
ri wkh vxpv

?3�[

�'f

msE%�n��� sE%��m

ryhu doo �qlwh vhtxhqfh ri udwlrqdo qxpehuv %f � � � � � %? lq dq| vxelqwhuydo
ri dfc �o/ iru doo ?1 Ehfdxvh s lv xqlirupo| frqwlqxrxv/ wkh vdph K zrunv li zh
doorz wkh %� wr eh uhdo1 Urxjko| vshdnlqj/ zh fdq frpsxwh wkh yduldwlrq ri
s zlwkrxw ehlqj deoh wr vkrz wkdw lw lv wkh yduldwlrq/ zklfk zrxog uhtxluh
�qglqj vxpv wkdw zhuh duelwudulo| forvh wr lw1

Ohw �E%� eh wkh yduldwlrq ri s +lq wklv zhdn vhqvh, rq wkh lqwhuydo dfc %o1
Wkhq �E|� � �Er� lv wkh yduldwlrq ri s rq wkh lqwhuydo drc |o/ vr � dqg � � s
duh lqfuhdvlqj ixqfwlrqv1

Qrwh wkdw li zh ghpdqg frqwlqxlw| ri wkh lqfuhdvlqj ixqfwlrqv/ wkhq zh
jhw OSR= fkrrvh ? vr wkdw bE�*?�� bEf� 	 �1

7 Ixqfwlrqv ri orfdwhg yduldwlrq
D ixqfwlrq lv s lv vwurqjo| h{whqvlrqdo li @ 9' K zkhqhyhu sE@� 9' sEK�1
Srlqwzlvh frqwlqxrxv ixqfwlrqv duh vwurqjo| h{whqvlrqdo1 Lq ^5` lw zdv vkrzq

:



wkdw hyhu| vwurqjo| h{whqvlrqdo ixqfwlrq zlwk orfdwhg yduldwlrq lv wkh gl�hu0
hqfh ri lqfuhdvlqj ixqfwlrqv1 Zh h{whqg wklv uhvxow wr duelwudu| ixqfwlrqv1

Wkhruhp 8 Ohw s eh d ixqfwlrq rq d@c Ko1 Ohw % eh dq| vxeglylvlrq ri d@c Ko
dqg S dq| hohphqw ri d@c Ko1 Wkhq wkhuh h{lvwv d vxeglylvlrq 5 ri d@c Ko/ frq0
wdlqlqj S dqg dq| %� � S/ vxfk wkdw T5 � T%1

Surri1 Wkh ghvluhg vxeglylvlrq 5 lv

%� a S � %2 a S � � � � � %6 a S � S � %� b S � %2 b S � � � � � %6 b S1

Wkh rqo| txhvwlrq lv zkhwkhu T5 � T%1
Fohduo| li � dqg ' duh sursrvlwlrqv vxfk wkdw ' dqg =E':� � krog/ wkhq

=� krogv1 Vr/ iru dq| sursrvlwlrqv � dqg ' zh kdyh

=E':� �:==� , ='1

Lq sduwlfxodu/ li ==' dqg ==� / wkhq ==E':� �/ dqg/ e| lqgxfwlrq/ wkh
vdph krogv iru d frqmxqfwlrq ri dq| �qlwh qxpehu ri sursrvlwlrqv1

Qrz Ohw ' eh wkh sursrvlwlrq T+ 	 T%1 Zh zdqw wr vkrz ='1 Ohw �� eh
wkh sursrvlwlrq

%� 9' S ru %� ' S

dqg � eh wkh sursrvlwlrq ���:�2: � � � :�6�1 Fohduo| ==�� iru hdfk �/ vr
==� 1 Wkhuhiruh ='1

Fruroodu| 9 Ohw % dqg + eh vxeglylvlrqv ri d@c Ko1 Wkhq wkhuh lv d uh�qhphqw
5 ri + vxfk wkdw T5 � T%1

Surri1 Ohw + eh +� � � � � � +?1 Wkh wkhruhp lv wkh fdvh ? ' � +dowhuqd0
wlyho|/ wkh fdvh ? ' f lv wulyldo,1 Ohw +� eh +� � � � � � +?3�1 Zh pd| dvvxph/
e| lqgxfwlrq/ wkdw wkhuh lv d uh�qhphqw 5� ri +� vxfk wkdw T5� � T%1 Iurp
wkh wkhruhp/ wkhuh lv d vxeglylvlrq 5 frqwdlqlqj +? dqg hdfk 5�� � +? +khqfh
d uh�qhphqw ri +, vxfk wkdw T5 � T5� 1

Fruroodu| : Ohw s eh d ixqfwlrq rq d@c Ko dqg S dq hohphqw ri d@c Ko1 Li wkh
yduldwlrq ri s lv orfdwhg rq d@c Ko/ wkhq lw lv orfdwhg rq d@c So dqg dSc Ko1

;



Surri1 Ohw T eh wkh yduldwlrq ri s rq d@c Ko/ dqg 0 : f1 Wkhq wkhuh
h{lvwv d vxeglylvlrq % ri d@c Ko/ frqwdlqlqj S/ vxfk wkdw T% : T � 01 Ohw % eh
+� � � � � � +6 ' S ' 5� � � � � � 5?1 Wkhq wkh yduldwlrq ri s rq d@c So lv ohvv
wkdq T+ n 0/ dqg wkh yduldwlrq ri s rq dSc Ko lv ohvv wkdq T5 n 01

Fruroodu| ; Ohw s eh d ixqfwlrq rq d@c Ko1 Li wkh yduldwlrq ri s lv orfdwhg rq
d@c Ko/ wkhq s lv wkh gl�huhqfh ri wzr lqfuhdvlqj ixqfwlrqv1

Surri1 Ohw }ES� eh wkh yduldwlrq ri s rq d@c So1 Iru S 	 _ lq d@c Ko wkh
gl�huhqfh }E_� � }ES� lv wkh yduldwlrq ri s rq dSc _o1 Wkxv } lv lqfuhdvlqj1
Pruhryhu/ }E_�� }ES� � sE_�� sES�/ vr } � s lv lqfuhdvlqj1

Vwurqj h{whqvlrqdolw| vd|v wkdw li sE@� 9' sEK�/ wkhq @ 	 K ru K 	 @1
Vrphzkdw vxusulvlqjo|/ wkh iroorzlqj zhdnhu irup dozd|v krogv1

Wkhruhp < Li sE@� 9' sEK�/ wkhq @ � K ru K � @

Surri1 Dv sE@� 9' sEK�/ hlwkhu sE@� 9' sE@bK� ru sEK� 9' sE@bK�1 Vxssrvh
sE@� 9' sE@ b K�1 Dv @ : K lpsolhv sE@� ' sE@ b K�/ lw iroorzv wkdw @ � K1
Vlploduo|/ li sEK� 9' sE@ b K�/ wkhq K � @1

Fruroodu| 43 msE@ b K�� sE@ a K�m ' msE@�� sEK�m

Surri1 Li msE@ b K�� sE@ a K�m 9' msE@�� sEK�m/ wkhq hlwkhu

msE@ b K�� sE@ a K�m 9' f ru msE@�� sEK�m 9' f�

Lq wkh odwwhu fdvh/ @ � K ru K � @/ vr wkh ghvluhg htxdwlrq krogv1 Vr vxssrvh
sE@b K� 9' sE@a K�1 Wkhq hlwkhu sE@� 9' sE@b K� ru sE@� 9' sE@a K�1 Vxssrvh
wkh iruphu1 Li @ : K/ wkhq sE@� ' sE@ b K�/ vr @ � K/ dqg wkh htxdwlrq krogv1
Vlploduo|/ li sE@� 9' sE@ a K�/ wkhq K � @ dqg wkh htxdwlrq krogv1

Uhihuhqfhv
^4` Ehhvrq/ Plfkdho M1/ Irxqgdwlrqv ri frqvwuxfwlyh pdwkhpdwlfv/

Vsulqjhu0Yhuodj/ 4<;8

^5` Eulgjhv/ Grxjodv V1/ D frqvwuxfwlyh orrn dw ixqfwlrqv ri erxqghg
yduldwlrq/ Exoo1 Orqgrq1 Pdwk1 Vrf1 65 +5333, 649�6571

<



^6` Elvkrs/ Huuhww/ Irxqgdwlrqv ri frqvwuxfwlyh dqdo|vlv/ PfJudz0Kloo
4<9:

^7` / Vfkl}rskuhqld lq frqwhpsrudu| pdwkhpdwlfv/ 4<:6/
lq Huuhww Elvkrs= Uh hfwlrqv rq klp dqg klv uhvhdufk/ Frqwhps1 Pdwk1/
6< Dphulfdq Pdwkhpdwlfdo Vrflhw| 4<;8

^8` Eurxzhu/ O1H1M1/ Yrolwlrq/ nqrzohgjh/ odqjxdjh/ lq O1H1M1 Eurxzhu/
Froohfwhg zrunv L/ D1 Kh|wlqj/ hg1/ Qruwk0Kroodqg 4<:8/ 776�779

^9` / Eurxzhu*v Fdpeulgjh ohfwxuhv rq lqwxlwlrqlvp/ G1
Ydq Gdohq/ hg1/ Fdpeulgjh Xqlyhuvlw| Suhvv 4<;4

^:` Pdqghonhuq/ Pdun/ Frqvwuxfwlyh frqwlqxlw|/ Phprluv ri wkh Dphu0
lfdq Pdwkhpdwlfdo Vrflhw|/ Qxpehu 5::/ 4<;61

^;` Sdopjuhq/ Huln/ Vkhdi0wkhruhwlf qrqvwdqgdug dqdo|vlv= frqvwuxfwlyh
dvshfwv/ Xssvdod Xqlyhuvlw| Ghsduwphqw ri Pdwkhpdwlfv Uhsruw 4<<9=5;

^<` Ulfkpdq/ Iuhg/ Sro|qrpldov dqg olqhdu wudqvirupdwlrqv/ Olqhdu Do0
jheud dqg lwv Dssolfdwlrqv/ 464 +4<<3, 464�46:

^43` / Jhqhudol}hg uhdo qxpehuv lq frqvwuxfwlyh pdwkhpdw0
lfv/ Lqgdj1 Pdwk1 < +4<<;, 8<8�9391
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