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Devwudfw

D vwuhqjwkhqlqj ri wkh dvfhqglqj fkdlq frqglwlrq doorzv d fkrlfh0
iuhh frqvwuxfwlyh ghyhorsphqw ri wkh wkhru| ri Qrhwkhuldq prgxohv1
Uhodwhg wrslfv lq wkh wkhru| ri SLG*v dqg hohphqwdu| glylvru ulqjv duh
dovr h{soruhg1

Wkh wkhru| ri �qlwho| jhqhudwhg prgxohv ryhu d Qrhwkhuldq ulqj dgplwv d
vdwlvidfwru| frqvwuxfwlyh ghyhorsphqw e| frqvlghulqj �qlwho| suhvhqwhg prg0
xohv ryhu d frkhuhqw Qrhwkhuldq ulqj ^8`1 Iurp d fodvvlfdo srlqw ri ylhz/ hyhu|
�qlwho| jhqhudwhg prgxoh ryhu d Qrhwkhuldq ulqj lv �qlwho| suhvhqwhg�lq sdu0
wlfxodu/ hyhu| Qrhwkhuldq ulqj lv frkhuhqw�vr wklv dovr surylghv dq dghtxdwh
fodvvlfdo wkhru|1 Iurp d frqvwuxfwlyh srlqw ri ylhz/ ehlqj �qlwho| suhvhqwhg/
udwkhu wkdq �qlwho| jhqhudwhg/ lv d vwurqjhu surshuw| wkdw pxvw eh dvvxphg
hyhq li wkh ulqj lv d �hog1 Wkh gh�qlwlrq ri Qrhwkhuldq xvhg lq ^8` zdv wkh
dvfhqglqj fkdlq frqglwlrq rq �qlwho| jhqhudwhg lghdov/ lq wkh irup

Li U� � U2 � U� � � � � lv d fkdlq ri �qlwho| jhqhudwhg lghdov/ wkhq
wkhuh h{lvwv ? vxfk wkdw U? ' U?n�1

Zlwk wklv gh�qlwlrq rqh fdq/ iru h{dpsoh/ suryh wkhKloehuw edvlv wkhruhp=
Li - lv d frkhuhqw Qrhwkhuldq ulqj/ wkhq vr lv wkh sro|qrpldo ulqj -dfo1

Zkdw uroh gr +frxqwdeoh, fkrlfh d{lrpv sod| lq wklv ghyhorsphqwB Lq
rughu wr dsso| wkh DFF |rx kdyh wr frqvwuxfw d frxqwdeoh fkdlq1 Wklv riwhq
uhtxluhv fkrlfh1 Iru h{dpsoh/ wr suryh wkdw d txrwlhqw ri d Qrhwkhuldq prgxoh
lv Qrhwkhuldq/ |rx oliw d fkdlq ri �qlwho| jhqhudwhg lghdov iurp wkh txrwlhqw wr
wkh prgxoh1 Ehfdxvh wkhuh lv qr fdqrqlfdo zd| wr gr wkdw/ xqohvv wkh nhuqho



lv �qlwho| jhqhudwhg/ |rx kdyh wr lqyrnh fkrlfh1 Vlplodu sureohpv dsshdu lq
vkrzlqj wkdw dq h{whqvlrq ri d Qrhwkhuldq prgxoh e| d Qrhwkhuldq prgxoh
lv Qrhwkhuldq1

Wkh txhvwlrq dulvhv dv wr zkhwkhu wkhvh lqyrfdwlrqv ri fkrlfh fdq eh
dyrlghg1 Rqh lqwhuhvwlqj zd| wr dyrlg fkrlfh lv wr uhsodfh wkh DFF e|
Qrhwkhuldq lqgxfwlrq=

Li � lv d vhw ri �qlwho| jhqhudwhg lghdov zlwk wkh surshuw| wkdw
d �qlwho| jhqhudwhg lghdo U lv lq � zkhqhyhu doo �qlwho| jhqhu0
dwhg lghdov wkdw vwulfwo| frqwdlq U duh lq �/ wkhq hyhu| �qlwho|
jhqhudwhg lghdo lv lq �1

Vxfk d wkhru| zdv vxffhvvixoo| ghyhorshg e| Mdfrevvrq dqg Oùizdoo ^7` lq0
foxglqj d surri ri wkh Kloehuw edvlv wkhruhp1 Wkh| uhtxluhg wkh ulqj wr eh
vwurqjo| glvfuhwh +kdyh d phpehuvkls dojrulwkp,= li U lv d �qlwho| jhqhu0
dwhg lghdo/ dqg % lv dq hohphqw/ wkhq hlwkhu % 5 U ru % *5 U1 Wklv vhhpv
qhfhvvdu| dqg lv uhdvrqdeoh iru d wkhru| wkdw hpskdvl}hv vwulfw lqfoxvlrq ri
lghdov1 L kdyh |hw wr ohduq wr oryh wklv dssurdfk dowkrxjk L kdyh wulhg/ r�
dqg rq/ iru pdq| |hduv1

Lq wklv sdshu L suhvhqw dq dowhuqdwlyh zd| wr dyrlg fkrlfh e| prgli|lqj
wkh fkdlq frqglwlrq1 Lqvwhdg ri dvfhqglqj fkdlqv/ lqgh{hg e| wkh qdwxudo
qxpehuv/ zh doorz lqfuhdvlqj ixqfwlrqv rq wuhhv1 Wkh uhvxow lv wkh dvfhqglqj
wuhh frqglwlrq1

4 Wkh DWF
Dq dffhswdeoh lqgh{ vhw lv d qrqhpsw| vhw �/ zlwk d elqdu| uhodwlrq @ 	 K/
vxfk wkdw iru hdfk @ 5 � wkhuh lv K 5 � zlwk @ 	 K1 Zh zloo eh lqwhuhvwhg lq
idplolhv ri vxevhwv U@/ lqgh{hg e| �/ zklfk duh lqfuhdvlqj/ wkdw lv/ li @ 	 K/
wkhq U@ � UK1 Zh vd| wkdw dq lqfuhdvlqj idplo| kdowv li wkhuh h{lvw @ 	 K lq
� zlwk U@ ' UK1

E| d wuhh zh zloo phdq d sduwldoo| rughuhg vhw A zlwk d ohdvw hohphqw f
vxfk wkdw iru hdfk | 5 A

� wkh vhw ir 5 A G r � |j lv d �qlwh fkdlq/ dqg
� wkhuh h{lvwv r 5 A vxfk wkdw r : |1
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Vr hyhu| wuhh lv dq dffhswdeoh lqgh{ vhw1 Wkh vhw � ri qdwxudo qxpehuv lv
d wuhh1 D pruh frpsolfdwhg h{dpsoh lv wkh vhw ri �qlwh vhtxhqfhv ri qdwxudo
qxpehuv sduwldoo| rughuhg e| h{whqvlrq1

D vhw F ri vxevhwv ri d vhw vdwlv�hv wkh dvfhqglqj fkdlq frqglwlrq
+wkh DFF, li dq| lqfuhdvlqj idplo| ri hohphqwv ri F/ lqgh{hg e| wkh qdwxudo
qxpehuv �/ kdowv1 Lw vdwlv�hv wkh dvfhqglqj wuhh frqglwlrq +wkh DWF,
li dq| lqfuhdvlqj idplo| ri hohphqwv/ lqgh{hg e| d wuhh/ kdowv1 Ri frxuvh
DWF lpsolhv DFF1 Wkh srlqw ri xvlqj DWF/ udwkhu wkdq DFF/ lv wr dyrlg
dsshdov wr frxqwdeoh fkrlfh d{lrpv1 Li |rx doorz vxfk dsshdov/ wkhq wkh wzr
frqglwlrqv duh htxlydohqw1

Wkhruhp 4 Lq wkh suhvhqfh ri wkh d{lrp ri ghshqghqw fkrlfhv/ DWF lv
htxlydohqw wr DFF1

Surri1 Ohw A eh d wuhh dqg U| dq lqfuhdvlqj idplo| ri vxevhwv lqgh{hg
e| A 1 E| wkh d{lrp ri ghshqghqw fkrlfhv/ zh fdq frqvwuxfw d vhtxhqfh
|� 	 |2 	 |� 	 � � � lq A 1 Gh�qh dq lqfuhdvlqj idplo| U �?/ lqgh{hg e| �/ e|
U �? ' U|?1 E| DFF/ wkhuh h{lvwv ? vxfk wkdw U|? ' U|?n�1

Lw lv riwhq hdvlhu wr frqvwuxfw dq lqfuhdvlqj idplo| xvlqj dq dffhswdeoh
lqgh{ vhw udwkhu wkdq d wuhh1 Wkdw lv wkh srlqw ri frqvlghulqj dffhswdeoh
lqgh{ vhwv1 Wkh iroorzlqj wkhruhp vkrzv wkdw wkh wzr dvvrfldwhg qrwlrqv ri
Qrhwkhuldq duh htxlydohqw1

Wkhruhp 5 Li d vhw F ri vxevhwv ri d vhw vdwlv�hv wkh DWF/ wkhq dq| lq0
fuhdvlqj idplo| ri hohphqwv ri F/ lqgh{hg e| dq dffhswdeoh lqgh{ vhw/ kdowv1

Surri1 Ohw U@ eh dq lqfuhdvlqj idplo| ri hohphqwv ri F lqgh{hg e| dq
dffhswdeoh lqgh{ vhw �/ dqg ohw @f 5 �1 Ohw A eh wkh vhw ri qrqhpsw| �qlwh
vhtxhqfhv @f 	 @� 	 � � � 	 @? lq � rughuhg e| h{whqvlrq1 Qrwh wkdw A lv d
wuhh zlwk ohdvw hohphqw wkh rqh0hohphqw vhtxhqfh @f1 Zh jhw dq lqfuhdvlqj
idplo| a| lqgh{hg e| A xsrq vhwwlqj aE@fc��� c@?� ' U@? 1 Vr wkhuh h{lvw r 	 | lq
A vxfk wkdw ar ' a|1 Li wkh odvw hohphqwv ri r dqg | duh @ dqg K uhvshfwlyho|/
wkhq @ 	 K dqg U@ ' UK1

Wkh kdowlqj whuplqrorj| lv phdqw wr eh vxjjhvwlyh1 Zh fdq wklqn ri dq lq0
fuhdvlqj fkdlq U? lq F dv ehlqj jhqhudwhg e| vxffhvvlyh vwhsv ri dq dojrulwkp/
wkh frqglwlrq wkdw wkh dojrulwkp kdowv ehlqj U? ' U?n�1 Dq lqfuhdvlqj idplo|
lqgh{hg e| d wuhh fdq eh wkrxjkw ri dv ehlqj jhqhudwhg e| d qrqghwhuplqlvwlf
dojrulwkp zlwk wkh vdph kdowlqj frqglwlrq1 Wkhuh lv d vwurqj vxjjhvwlrq khuh
ri Eurxzhu*v iuhh fkrlfh vhtxhqfhv1 D idplo| lqgh{hg e| d wuhh lv hvvhqwldoo|
d voljkw prgl�fdwlrq ri Eurxzhu*v qrwlrq ri d vsuhdg ^6`1
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5 Qrhwkhuldq prgxohv
Gh�qh d Qrhwkhuldq prgxoh wr eh d prgxoh wkdw vdwlv�hv wkh DWF rq
�qlwho| jhqhudwhg vxeprgxohv1 Fohduo| vxeprgxohv ri Qrhwkhuldq prgxohv
duh Qrhwkhuldq1

Wkhruhp 6 Txrwlhqwv ri Qrhwkhuldq prgxohv duh Qrhwkhuldq1

Surri1 Ohw ) G � $ � eh dq hslprusklvp zlwk � Qrhwkhuldq1 Ohw �?

eh dq lqfuhdvlqj idplo| ri �qlwho| jhqhudwhg vxeprgxohv ri � lqgh{hg e| d
wuhh � 1 Ohw U frqvlvw ri sdluv E?c�� zlwk ? 5 � dqg � d �qlwho| jhqhudwhg
vxeprgxoh ri � wkdw pdsv rqwr �?1 Vhw E?c�� 	 E?�c ��� li ? 	 ?� dqg
� � ��1 Wkhq U lv dq dffhswdeoh lqgh{ vhw1 Frqvlghu wkh idplo| 8E?c�� ' �
lqgh{hg e| U1 Dv � lv Qrhwkhuldq/ wkhuh h{lvw ? 	 ?� dqg � vxfk wkdw �
pdsv rqwr erwk �? dqg �?� / vr �? ' �?�1

Wkh reylrxv dwwhpswv wr suryh wklv wkhruhp xvlqj DFF lqvwhdg ri DWF
uhtxluh fkrlfh xqohvv !ih) lv �qlwho| jhqhudwhg1

Wkhruhp 7 Li d prgxoh � pdsv rqwr d Qrhwkhuldq prgxoh � zlwk Qrhwkh0
uldq nhuqho �/ wkhq � lv Qrhwkhuldq1

Surri1 Ohw 8? eh dq lqfuhdvlqj idplo| ri �qlwho| jhqhudwhg vxeprgxohv ri
� lqgh{hg e| d wuhh � 1 Ghqrwh wkh pds iurp � rqwr � e| )1 Li 6 	 ?/ dqg
)E86� ' )E8?�/ wkhq 8? ' 86ng iru vrph �qlwho| jhqhudwhg vxeprgxoh g
ri �1 Frqvlghu wkh vhw a frqvlvwlqj ri wulsohv E6c?cg� vxfk wkdw 6 	 ? dqg
g � � lv d �qlwho| jhqhudwhg vxeprgxoh vxfk wkdw 8? ' 86 n g1 Gh�qh
E6c?cg� 	 E6�c ?�cg �� li ? 	 6� dqg g � g �1

Zh vkrz wkdw a lv dq dffhswdeoh lqgh{ vhw1 Vxssrvh ?f 5 � dqg gf lv d
�qlwho| jhqhudwhg vxeprgxoh ri �_8?f1 Wkh vhw�

� ' i? 5 � G ? : ?fj lv dq
dffhswdeoh lqgh{ vhw zlwk d wudqvlwlyh rughu1 Frqvlghu wkh lqfuhdvlqj idplo|
)E8?� � � lqgh{hg e| � �1 Dv � lv Qrhwkhuldq/ wkhuh h{lvw 6 dqg ? zlwk
?f 	 6 	 ? dqg )E86� ' )E8?�1 Wkhuh lv d �qlwho| jhqhudwhg vxeprgxoh
g ri �/ frqwdlqlqj gf/ vr wkdw 8? ' 86 ng1 Vr a lv qrqhpsw|/ dqg lv dq
dffhswdeoh lqgh{ vhw1 Vhw

CE6c?cg� ' g�

Wkhq C lv dq dvfhqglqj idplo| ri �qlwho| jhqhudwhg vxeprgxohv ri � lqgh{hg
e| a 1 Dv � lv Qrhwkhuldq/ wkhuh h{lvw E6c?cg� dqg E6�c ?�cg �� lq a zlwk
6 	 ? 	 6� 	 ?� dqg g ' g �1 Vr g � ' g � 86� zkhqfh 86� ' 8?�1
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Lw iroorzv wkdw �qlwh0udqn iuhh prgxohv ryhu d Qrhwkhuldq ulqj duh Qrhwkhuldq1
Zlwk mxvw DFF/ |rx vhhp wr qhhg vwurqj glvfuhwhqhvv dqg frkhuhqfh wr suryh
wklv zlwkrxw fkrlfh1

Wkh Qrhwkhuldq lqgxfwlrq sulqflsoh lpsolhv DWF1

Wkhruhp 8 D vwurqjo| glvfuhwh prgxoh wkdw dgplwv Qrhwkhuldq lqgxfwlrq lv
Qrhwkhuldq1

Surri1 Wr vkrz wkdw hyhu| lqfuhdvlqj idplo| 8 / lqgh{hg e| d wuhh � /
kdowv/ zh surfhhg e| Qrhwkhuldq lqgxfwlrq rq 8f1 Fkrrvh � : f lq � 1 Li
8� ' 8f/ wkhq 8 kdowv1 Li 8� 9' 8f/ wkhq gh�qh 8 � wr eh wkh uhvwulfwlrq ri
8 wr wkh vxewuhh � � ' i� 5 � G � ' � ru � : �j1 Qrwh wkdw � lv wkh f
hohphqw ri � �1 Wkhq 8 � lv dq lqfuhdvlqj idplo| lqgh{hg e| wkh wuhh � � vxfk
wkdw 8 �

f ' 8� vwulfwo| frqwdlqv 8f1 Vr 8 � kdowv e| wkh Qrhwkhuldq lqgxfwlrq
k|srwkhvlv1 Wkhuhiruh 8 dovr kdowv1

6 Wkh Kloehuw edvlv wkhruhp
Ohw - eh d ulqj dqg frqvlghu wkh sro|qrpldo ulqj -dfo/ zkhuh f frppxwhv
zlwk hohphqwv ri -1 Ghqrwh e| -dfo? wkh vhw ri sro|qrpldov ri ghjuhh ohvv
wkdq ? +d udqn0? iuhh -0prgxoh,1 Ohw u?EU� eh wkh ohiw lghdo lq - rewdlqhg
e| surmhfwlqj U _-dfo? rqwr wkh odvw frruglqdwh ri -dfo? +wkh frh!flhqw ri
f?3�,1 Ohw uEU� '

V
"

?'�u?EU�1

Wkhruhp 9 Li - lv frkhuhqw/ dqg U lv d ohiw lghdo lq -dfo/ wkhq u6EU� lv
�qlwho| jhqhudwhg iru hdfk 6 � ? li dqg rqo| li U_-dfo? lv �qlwho| jhqhudwhg1

Surri1 Vxssrvh U _ -dfo? lv �qlwho| jhqhudwhg1 Li 6 � ?/ wkhq U _
-dfo6 ' EU _ -dfo?� _ -dfo61 Dv - lv frkhuhqw/ li U _ -dfo? lv �qlwho|
jhqhudwhg/ wkhq vr lv U _ -dfo61 Exw u6EU� lv d krprprusklf lpdjh ri
U _-dfo61

Frqyhuvho|/ vxssrvh u6EU� lv �qlwho| jhqhudwhg iru hdfk 6 � ?1 Wkhq
wkhuh lv d �qlwho| jhqhudwhg vxeprgxoh � ri U _ -dfo? vxfk wkdw u6EU� '
u6E�� iru hdfk 6 � ?1 Zh vkrz wkdw � ' U _ -dfo?1 Lqghhg/ li s 5
U _ -dfo6/ wkhq zh fdq �qg } 5 � vxfk wkdw s � } 5 U _ -dfo63�/ dqg
lqgxfwlrq �qlvkhv wkh surri1

Khlq}hu dqg Sdslfn ^4` gh�qh wkh Ndsodqvn| Surshuw|/ +NS,=
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Iru hdfk �qlwho| jhqhudwhg lghdo U ri -dfo/ wkh lghdov u?EU�/ dqg
wkh lghdo uEU� '

V
"

?'�u?EU�/ duh �qlwho| jhqhudwhg1

Lq ylhz ri Wkhruhp 9/ d nh| ohppd ^8/ YLLL Ohppd 414` iru wkh frqvwuxfwlyh
surri ri wkh Kloehuw edvlv wkhruhp vkrzv wkdw d frkhuhqw Qrhwkhuldq ulqj
vdwlv�hv NS1 Zh jlyh d vkruwhqhg surri ri wkh khduw ri wkdw ohppd1

Wkhruhp : Vxssrvh/ iru hdfk ?/ wkdw -dfo? lv d frkhuhqw -0prgxoh vdwlv0
i|lqj wkh DFF rq �qlwho| jhqhudwhg vxeprgxohv1 Wkhq - vdwlv�hv NS1

Surri1 Ohw U eh d �qlwho| jhqhudwhg ohiw lghdo ri -dfo1 Ohw �f eh wkh
-0vxeprgxoh ri -dfo? jhqhudwhg e| d vhw ri jhqhudwruv ri U1 Ohw ��n� '
��nEf���_-dfo?/ zklfk lv �qlwho| jhqhudwhg ehfdxvh -dfo?n� lv frkhuhqw1
Li ��n� ' ��/ wkhq �� ' �� iru doo � : �1 Vxfk dq � h{lvwv ehfdxvh -dfo?
vdwlv�hv wkh DFF rq �qlwho| jhqhudwhg vxeprgxohv1 Ohw � ' ��1 Zh zloo
vkrz wkdw � ' U _-dfo? dqg wkdw uEU� ' u?EU�1

Qrz U '
S

"

&'ff
&� 1 Zh zloo vkrz e| lqgxfwlrq wkdw#

|[
&'f

f&�

$
_-dfo? ' � dqg u?n|EU� ' u?EU��

Wklv lv wuxh iru | ' f1 Vxssrvh lw*v wuxh iru |� �1 Ohw s '
S|

&'ff
&6& zlwk

6& 5� iru hdfk &1 Wkh odvw frh!flhqw ri s 5 -dfo?n|/ lv wkh odvw frh!flhqw
ri 6| 5 -dfo? zklfk lv lq u?EU�1 Li s 5 -dfo?/ wkhq

s ' f
|3�[
&'f

f&6&n� n6f 5 -dfo?

vr

f
|3�[
&'f

f&6&n� 5 -dfo? dqg
|3�[
&'f

f&6&n� 5�

zkhqfh s 5� 1

D ihz uhpdunv derxw Wkhruhp : duh lq rughu1 H{whqvlrqv ri �qlwho|
jhqhudwhg frkhuhqw prgxohv duh frkhuhqw ^8/ LLL Wkhruhp 518` vr -dfo? lv
frkhuhqw li -dfo� ' - lv1 Li - lv Qrhwkhuldq +DWF,/ wkhq -dfo? kdv wkh
DFF rq �qlwho| jhqhudwhg vxeprgxohv/ exw zlwkrxw fkrlfh zh grq*w nqrz
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krz wr ghulyh wklv iurp wkh zhdnhu dvvxpswlrq ri DFF rq -1 Krzhyhu/ li - lv
dovr frkhuhqw dqg vwurqjo| glvfuhwh/ wkhq zh fdq hvwdeolvk DFF e| lqgxfwlrq
iru -dfo? zlwkrxw fkrlfh ehfdxvh lqwhuvhfwlrqv uhpdlq �qlwho| jhqhudwhg dqg
vwurqj glvfuhwhqhvv doorzv xv wr fkrrvh wkh �uvw sodfh zkhuh d fkdlq sdxvhv1

Wkh vwdqgdug frqvwuxfwlyh wuhdwphqwv ri wkh Kloehuw edvlv wkhruhp uh0
txluh wkdw wkh ulqj dovr eh frkhuhqw1 Vr zh qhhg wr suryh lqkhulwdqfh ri
frkhuhqfh iurp - wr -dfo lq rughu wr lwhudwh1 Lw lv ghvludeoh wr vkrz wkdw
vwurqj glvfuhwhqhvv lv dovr lqkhulwhg1 Wkdw lv wkh frqwhqw ri ^8/ YLLL Ohppd
416`1 Dowkrxjk wkh ulqj - wkhuh zdv dvvxphg wr vdwlvi| wkh DFF rq �qlwho|
jhqhudwhg ohiw lghdov/ wkh surri dfwxdoo| vkrzv wkh iroorzlqj uhirupxodwlrq=

Wkhruhp ; +PUU YLLL1416, Li - lv d frkhuhqw ulqj vdwlvi|lqj NS/ wkhq
-dfo lv d frkhuhqw ulqj1 Li/ lq dgglwlrq/ - lv vwurqjo| glvfuhwh/ wkhq vr lv
-dfo1

Lw uhpdlqv wr frqvlghu wkh lqkhulwdqfh e|-dfo ri wkh Qrhwkhuldq frqglwlrq
rq -�wkh Kloehuw edvlv wkhruhp surshu1 Fkrlfh lv xvhg khdylo| lq wkh surri
lq ^8/ YLLL Wkhruhp 418`1 Xvlqj DWF holplqdwhv wklv1

Wkhruhp < Li - lv d frkhuhqw Qrhwkhuldq ulqj/ wkhq vr lv -dfo1

Surri1 D ohiw lghdo U lq -dfo lv vdlg wr eh vxssruwhg e| ? li lw lv
jhqhudwhg e| d �qlwh vxevhw ri -dfo?1 Ohw U| eh dq dvfhqglqj idplo| ri
�qlwho| jhqhudwhg lghdov ri -dfo lqgh{hg e| d wuhh A 1 Li U| lv vxssruwhg e|
?/ wkhq wkhuh duh o : r : | vxfk wkdw Uo _ -dfo? ' Ur _ -dfo?1 Vr wkh
lqgh{ vhw A � frqvlvwlqj ri sdluv o 	 r lq A zlwk Eo 	 r� 	 E� 	 �� li r 	 �
dqg wkhuh lv ? vr wkdw Ur lv vxssruwhg e| ? dqg U� _ -dfo? ' U� _ -dfo? lv
dffhswdeoh1 Wkh idplo| ri �qlwho| jhqhudwhg lghdov UEo	r� ' uEUr� lqgh{hg e|
A � lv lqfuhdvlqj1 Dv - lv Qrhwkhuldq/ wkhuh h{lvw o 	 r 	 � 	 � lq A dqg ? vr
wkdw Ur lv vxssruwhg e| ? dqg U� _-dfo? ' U� _-dfo?/ zlwk uEUr� ' uEU��1
Vr uEU�� ' uEU�� dqg U� lv vxssruwhg e| ? zkhqfh U� ' U�1

7 SLG*v
D sulqflsoh lghdo grpdlq lv d Qrhwkhuldq Eì}rxw grpdlq/ vr d prgl�fdwlrq
ri wkh gh�qlwlrq ri Qrhwkhuldq zloo kdyh uhshufxvvlrqv iru SLG*v1 Rqh whvw
wr vhh li |rx kdyh wkh uljkw qrwlrq ri d SLG lv wr vkrz wkdw hyhu| SLG lv dq

:



hohphqwdu| glylvru ulqj1 Lw vx!fhv wr gldjrqdol}h 20e|02 pdwulfhv1 Jlyhq d
pdwul{ �

@ K
� �

�

frqvwuxfw r dqg | vr wkdw _� ' r@ n |K glylghv erwk @ dqg K1 Wkhq pxowlso|
e| d pdwul{ ri ghwhuplqdqw � rq wkh uljkw wr jhw=�

@ K
� �

��
r �K*_�
| @*_�

�
'

�
_� f
� �

�
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Qrz pdnlqj d vlplodu pryh rq wkh ohiw zh jhw d pdwul{ ri wkh irup�
_2 �
f �

�
�

zkhuh wkh lghdo E_�� lv frqwdlqhg lq E_2�1 Qrwh wkdw li E_�� ' E_2�/ wkhq _�
glylghv wkh hqwu| ehorz lw lq +�,/ vr zh fdq gldjrqdol}h e| pdnlqj wkdw hqwu|
}hur zlwk dq hohphqwdu| urz rshudwlrq11 Dowhuqdwlqj edfn dqg iruwk/ zh
jhqhudwh d vhtxhqfh ri hohphqwv _�c _2c _�c � � � vr wkdw E_�� � E_2� � E_�� �
� � � 1 Li E_?� ' E_?n�� iru vrph ?/ dv jxdudqwhhg e| DFF/ wkhq zh fdq
gldjrqdol}h1

Wkh fkrlfh sureohp dulvhv iurp wkh idfw wkdw wkh r dqg | lq r@ n |K '
}U_E@c K� duh qrw xqltxh/ vr zh qhhg fkrlfh wr irup wkh lq�qlwh vhtxhqfh
_�c _2c _�c � � � 1 Wkh lghdo jhqhudwhg e| r@ n |K lv xqltxh/ exw r dqg | hqwhu
lqwr wkh frqvwuxfwlrq ri wkh qhz pdwul{1 Rqh frxog ri frxuvh gh�qh d Eì}rxw
grpdlq lq whupv ri d ixqfwlrq iurp - � - wr - � - wdnlqj E@c K� wr Erc |�/
udwkhu wkdq vlpso| uhtxlulqj wkh h{lvwhqfh ri Erc |� iru hdfk E@c K�/ exw wklv
vhhpv xqqdwxudo lq fodvvlfdo whupv1 Jhqhudoo|/ L wklqn lw lv ghvludeoh wr wdnh
ryhu fodvvlfdo gh�qlwlrqv yhuedwlp dv pxfk dv srvvleoh1

Li zh kdyh DWF lqvwhdg ri DFF/ wklv surri jrhv wkurxjk zlwkrxw fkrlfh1
Wkh lqgh{ vhw khuh lv wkh vhw ri �qlwh vhtxhqfhv Er�c |��/ Er2c |2�/ � � � Er?c |?�
lq -�- wkdw gr wkh urz dqg froxpq rshudwlrqv1 Wkh lghdo lqgh{hg e| vxfk
d vhtxhqfh lv wkh lghdo jhqhudwhg e| wkh xsshu ohiw fruqhu ri wkh pdwul{ diwhu
shuiruplqj wkh ? lqglfdwhg rshudwlrqv1 Qrwh krz wklv fdq eh wkrxjkw ri dv
d qrqghwhuplqlvwlf dojrulwkp iru gldjrqdol}lqj wkh pdwul{1

L kdg wkrxjkw wkdw wklv dqdo|vlv ri wkh surri wkdw d SLG lv dq hohphq0
wdu| glylvru ulqj vx!fhg wr hvwdeolvk wkh vxshulrulw| ri DWF ryhu DFF lq d
fkrlfhohvv hqylurqphqw1 Lq idfw/ lw wxuqv rxw wkdw L zdv mxvw orrnlqj dw wkh

;



zurqj surri1 Khophu ^5` dovr zruulhv derxw xvlqj DFF wr suryh wkdw d ulqj
lv dq hohphqwdu| glylvru ulqj/ suhvxpdeo| iru gl�huhqw uhdvrqv1 Kh gh�qhv d
Eì}rxw grpdlq wr eh dghtxdwh li/ jlyhq @ dqg S/ zh fdq zulwh @ ' or vxfk
wkdw

41 Eoc S� ' �/ dqg

51 Erc |� ' � li E|c S� ' �1

Wkh wzr frqglwlrqv vd| wkdw |rx fdq frqvwuxfw d idfwru o ri @ wkdw lv pd{lpdo
zlwk uhvshfw wr ehlqj uhodwlyho| sulph wr S1 Fdoo dq dghtxdwh ulqj vxshudg0
htxdwh li/ lqvwhdg ri 2/ lw vdwlv�hv wkh vwurqjhu dqg vlpsohu frqglwlrq

5�1 r glylghv S? iru vrph ?1

Wkhruhp 43 D Eì}rxw grpdlq zlwk DFF lv vxshudghtxdwh1

Surri1 Vxssrvh @ ' or zlwk Eoc S� ' �1 Ohw rf ' r dqg r�n� ' r�*Er�c S�1
Qrwh wkdw li zh vhw U� ' Er��/ wkhq U�n� ' U� G ES�1 Zkhq wkh lghdov U� sdxvh
zh kdyh Er?c S� ' � dqg zh vhw o� ' or? dqg r� ' r*r?1 Fohduo| r� glylghv S?1

Dq dssduhqwo| zhdnhu frqglwlrq vx!fhv wr jhw dq hohphqwdu| glylvru ulqj1
Fdoo d Eì}rxw grpdlq vxedghtxdwh li/ jlyhq _ dqg Er�c r2� ' �/ zh fdq zulwh
_ ' _�_2 zlwk Er�_�c r2_2� ' �1 Wklv lv lpsolhg e| dghtxdwh= Jlyhq @ dqg
E|c S� ' �/ zh fdq zulwh @ ' or zlwk E|oc rS� ' �1 Wkh qrwlrq ri vxedghtxdwh
dulvhv qdwxudoo| zkhq rqh wulhv wr frqvwuxfw dq hohphqw ri pd{lpdo rughu
lq wkh prgxoh suhvhqwhg e| d 20e|02 pdwul{ E@���/ wkdw lv/ wkh prgxoh zlwk
jhqhudwruv %� dqg %2/ dqg uhodwlrqv @��%� n @�2%2 ' f dqg @2�%� n @22%2 ' f1

Wkhruhp 44 Dq| vxedghtxdwh Eì}rxw grpdlq lv dq hohphqwdu| glylvru ulqj1

Surri1 Lw vx!fhv wr vkrz wkdw li� lv d vlpso| suhvhqwhg -0prgxoh zlwk
jhqhudwruv %� dqg %2/ wkhq � lv d gluhfw vxp ri wzr f|folf prgxohv1 Dv -
lv frkhuhqw/ vr lv � ^8/ LLL Wkhruhp 518`1 Dv � lv frkhuhqw/ wkh dqqlklodwruv
ri hohphqwv ri � duh sulqflsoh/ dv duh wkh dqqlklodwruv ri hohphqwv ri �*-6
iru dq| 6 5 � 1 Ohw -o� eh wkh dqqlklodwru ri %� dqg zulwh o� ' _r� zlwk
Er�c r2� ' �1

E| k|srwkhvlv/ zh fdq zulwh _ ' _�_2 vr wkdw Er�_�c r2_2� ' �1 Wkhq
o� ' _�_2r�1 Wkh dqqlklodwru ri _�%2 lv -_2r2/ dqg wkh dqqlklodwru ri _2%�

<



lv -_�r�/ vr wkh dqqlklodwru ri _2%� n _�%2 lv -r�_r2/ wkh ohdvw frpprq
pxowlsoh ri wkh dqqlklodwruv ri %� dqg %21 Wkxv wkh dqqlklodwru ri _2%�n_�%2
dqqlklodwhv � 1 Fkrrvh @� dqg @2 vr wkdw @�_� � @2_2 ' �1 Wkhq _2%� n _�%2
dqg @�%� n @2%2 jhqhudwh � 1 Vr zh pd| dvvxph wkdw wkh dqqlklodwru ri %�
dqqlklodwhv � / wkdw lv/ o�� ' f1

Ohw -b ' io 5 - G o%2 5 -%�j1 Wkhq b glylghv o2 ehfdxvh o2%2 ' f 5
-%�1 Li b%2 ' >%�/ wkhq o� glylghv Eo2*b�> ehfdxvh Eo2*b�>%� ' o2%2 ' f1
Exw o2 glylghv o�/ ehfdxvh o�%2 ' f/ vr b glylghv >1 Wkhq %� dqg %2�E>*b�%�
duh jhqhudwruv wkdw h{klelw � dv d gluhfw vxp ri wzr f|folf prgxohv1

Uhihuhqfhv
^4` Khlq}hu/ Zlooldp M1 dqg Lud M1 Sdslfn/ Uhpdunv rq d uhpdun ri

Ndsodqvn|/ Surf1 Dphu1 Pdwk1 Vrf1/ 438 +4<;<, 4�<1

^5` Khophu/ Rodi/ Wkh hohphqwdu| glylvru wkhruhp iru fhuwdlq ulqjv zlwk0
rxw fkdlq frqglwlrq/ Exoo1 Dphu1 Pdwk1 Vrf1 7< +4<76,/ 558�5691

^6` Kh|wlqj/ Duhqg/ Lqwxlwlrqlvp/ dq lqwurgxfwlrq/ Qruwk0Kroodqg 4<891

^7` Mdfrevvrq/ Fduo dqg Fodv Oùizdoo/ Vwdqgdug edvhv iru jhqhudo
frh!flhqw ulqjv dqg d qhz frqvwuxfwlyh surri ri Kloehuw*v edvlv wkhruhp/
M1 V|perolf Frpsxw1 45 +4<<4,/ 66:�6:41

^8` Plqhv/ Ud|/ Iuhg Ulfkpdq dqg Zlp Uxlwhqexuj/ D frxuvh lq
frqvwuxfwlyh dojheud/ Vsulqjhu Yhuodj 4<;;1
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