
OLQHDU LQGHSHQGHQFH ZLWKRXW
FKRLFH

Grxjodv Eulgjhv
Xqlyhuvlw| ri Zdlndwr

Iuhg Ulfkpdq
Iorulgd Dwodqwlf Xqlyhuvlw|

Shwhu Vfkxvwhu
Xqlyhuvlw| ri P qfkhq

45 Ghfhpehu 4<<;

Devwudfw

Wkh qrwlrqv ri olqhdu dqg phwulf lqghshqghqfh duh lqyhvwljdwhg lq
uhodwlrq wr wkh surshuw|= li X lv d vhw ri q.4 lqghshqghqw yhfwruv/ dqg
[ lv d vhw ri q lqghshqghqw yhfwruv/ wkhq dgmrlqlqj vrph yhfwru lq X
wr [ uhvxowv lq d vhw ri q.4 lqghshqghqw yhfwruv1 Lw lv vkrzq wkdw wklv
surshuw| krogv lq dq| qruphg olqhdu vsdfh1 D uhodwhg surshuw|�wkdw
�qlwh0glphqvlrqdo vxevsdfhv duh sur{lplqdo�lv hvwdeolvkhg iru vwulfwo|
frqyh{ qruphg vsdfhv ryhu wkh uhdo ru frpsoh{ qxpehuv1 Lw iroorzv
wkdw phwulf lqghshqghqfh dqg olqhdu lqghshqghqfh duh htxlydohqw lq
vxfk vsdfhv1 Surriv duh fduulhg rxw lq wkh frqwh{w ri lqwxlwlrqlvwlf orjlf
zlwkrxw wkh d{lrp ri frxqwdeoh fkrlfh1

4 Lqwurgxfwlrq
D frppxwdwlyh ulqj zlwk lghqwlw| lv orfdo li zkhqhyhu @n K lv d xqlw/ hlwkhu
@ ru K lv d xqlw1 D Kh|wlqj �hog lv d frppxwdwlyh orfdo ulqj vxfk wkdw li
@ lv qrw d xqlw/ wkhq @ ' f1 Dq| orfdo ulqj kdv d qdwxudo lqhtxdolw|/ @ 9' K/
gh�qhg wr phdq wkdw @� K lv d xqlw1 Ehfdxvh wkh ulqj lv orfdo/ li @ n K 9' f/
wkhq @ 9' f ru K 9' f/ wkdw lv/ wkh lqhtxdolw| lv dq dsduwqhvv1 Lq d Kh|wlqj
�hog/ wklv lqhtxdolw| lv wljkw= li @ lv qrw gl�huhqw iurp K/ wkhq @ ' K1 Wklv
grhv qrw phdq wkdw d Kh|wlqj �hog lv glvfuhwh= wkdw lv/ hlwkhu @ 9' K ru @ ' K1
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D Kh|wlqj yhfwru vsdfh lv d prgxoh ryhu d Kh|wlqj �hog/ zlwk dq
lqhtxdolw| vxfk wkdw wkh dojheudlf rshudwlrqv duh vwurqjo| h{whqvlrqdo�vr
wkdw/ iru h{dpsoh/ li % n + 9' %� n +�/ wkhq % 9' %� ru + 9' +�1 Lq sduwlfxodu/ li
%n + 9' f/ wkhq % 9' f ru + 9' f/ dqg li @% 9' f/ wkhq @ 9' f dqg % 9' f1

Wkh uhdo qxpehuv dqg wkh frpsoh{ qxpehuv duh Kh|wlqj �hogv/ dv duh
rwkhu ydoxhg �hogv vxfk dv wkh R0dglf qxpehuv +vhh ^8/ sdjh 5;:`,1 Wkh
uhdghu ri wklv sdshu pd| vlpso| nhhs wkh uhdo ru frpsoh{ qxpehuv lq plqg1
D qruphg yhfwru vsdfh +vhh ^4/ sdjh 577`, ryhu d ydoxhg �hog lv d Kh|wlqj
yhfwru vsdfh li zh gh�qh % 9' f wr phdq n%n 9' f1 Dv zh zloo eh ghdolqj
h{foxvlyho| zlwk Kh|wlqj �hogv dqg Kh|wlqj yhfwru vsdfhv/ zh zloo vxssuhvv
wkh txdol�hu �Kh|wlqj1�

Yhfwruv %�c � � � c %? duh olqhduo| lqghshqghqw li
S

@�%� 9' f zkhqhyhu
vrph @� 9' f1 Kh|wlqj fdoohg vxfk d idplo| �iuhh� wr glvwlqjxlvk wklv surshuw|
iurp lwv frqwudsrvlwlyh/ zhdn olqhdu lqghshqghqfh= li

S
@�%� ' f/ wkhq @� '

f iru doo �1 Iru qruphg yhfwru vsdfhv wkhuh lv dq hyhq vwurqjhu irup ri
lqghshqghqfh= %�c � � � c %? duhphwulfdoo| lqghshqghqw li wkhuh h{lvwv B : f
vr wkdw nS @�%�n � B zkhqhyhu

S m@�m � ��ru li/ htxlydohqwo|/ wkh frruglqdwh
surmhfwlrqv rq wkh vsdq ri %�c � � � c %? duh xqlirupo| frqwlqxrxv1 Lw lv hdvlo|
vhhq wkdw phwulf lqghshqghqfh lpsolhv olqhdu lqghshqghqfh1

Ohw t eh d vxevsdfh ri d yhfwru vsdfh/ dqg % d yhfwru1 Zh vd| wkdw %
lv lq wkh frpsohphqw ri t / dqg zulwh % 5 t S/ li % 9' + iru hdfk + lq t 1
Qrwh wkdw li % 5 t S/ wkhq @%n + 9' f zkhqhyhu @ 9' f ru + 9' f1 Lw lv uhdglo|
vhhq ^8/ Ohppd [LL1714` wkdw %�c � � � c %? duh olqhduo| +phwulfdoo|, lqghshqghqw
li dqg rqo| li %� lv lq wkh frpsohphqw ri +erxqghg dzd| iurp, wkh vsdq ri
%�c � � � c %�3� iru � ' �c � � � c ?1

Dq devwudfw yhfwru vsdfh lv �qlwh0glphqvlrqdo li lw lv vsdqqhg e| d
�qlwh olqhduo| lqghshqghqw idplo| ri yhfwruv1 Iru d qruphg vsdfh wr eh �qlwh0
glphqvlrqdo/ zh uhtxluh wkdw lw eh vsdqqhg e| d �qlwh phwulfdoo| lqghshqghqw
idplo| +vhh ^4`,1 Lw lv d txhvwlrq ri zkdw fdwhjru| zh duh rshudwlqj lq= yhfwru
vsdfhv dqg vwurqjo| h{whqvlrqdo olqhdu wudqvirupdwlrqv/ ru qruphg yhfwru
vsdfhv dqg erxqghg olqhdu wudqvirupdwlrqv1

Kh|wlqj ^7/ Wkhruhp 4/ sdjh 89` suryhg wkh iroorzlqj h{whqvlrq surshuw|
iru �qlwh0glphqvlrqdo yhfwru vsdfhv1

H[W1 Ohw ��c � � � c �?n� dqg %�c � � � c %? eh wzr idplolhv ri olqhduo| lq0
ghshqghqw yhfwruv1 Wkhq wkhuh h{lvwv � vxfk wkdw %�c � � � c %?c ��
duh olqhduo| lqghshqghqw1
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Ohw H[W6 eh wkh surshuw| H[W zlwk �olqhduo| lqghshqghqw� uhsodfhg e|
�phwulfdoo| lqghshqghqw1� Wkh prwlydwlqj sureohp iru wklv sdshu zdv wr
hvwdeolvk H[W6 lq d qrw qhfhvvdulo| �qlwh0glphqvlrqdo qruphg yhfwru vsdfh1

Elvkrs ^4/ Ohppd :/ sdjh 4::` vkrzhg wkdw li t lv d qrqhpsw|/ frpsohwh/
orfdwhg vxevhw ri d phwulf vsdfh/ dqg % 5 t S/ wkhq % lv erxqghg dzd| iurp
t 1 Lq idfw/ kh frqvwuxfwhg/ iru dq| srlqw %/ d srlqw +f lq t vxfk wkdw li
% 9' +f/ wkhq _E%c t � : f1 Lq wkh surri/ Elvkrs wdflwo| xvhv frxqwdeoh fkrlfh/
srvvleo| hyhq ghshqghqw fkrlfh1 Xvlqj Elvkrs*v frqvwuxfwlrq +dqg/ wkurxjk
lw/ frxqwdeoh fkrlfh, rqh fdq vkrz wkdw olqhdu lqghshqghqfh lv wkh vdph dv
phwulf lqghshqghqfh lq dq| qruphg vsdfh ryhu wkh uhdo ru frpsoh{ qxpehuv1
Iru pruh rq wklv htxlydohqfh/ vhh wkh glvfxvvlrq iroorzlqj Fruroodu| :

Elvkrs*v frqvwuxfwlrq vxjjhvwv wzr surshuwlhv wkdw d vxevhw t pljkw kdyh=

41 t lv vwurqjo| uh hfwlyh= iru hdfk % wkhuh h{lvwv +f lq t vxfk wkdw li
% 9' +f/ wkhq % lv erxqghg dzd| iurp t 1

51 t lv uh hfwlyh= iru hdfk % wkhuh h{lvwv +f lq t vxfk wkdw li % 9' +f/
wkhq % 5 t S1

Wkh �uvw surshuw| pdnhv vhqvh lq d phwulf vsdfh/ wkh vhfrqg lq dq| vhw zlwk
dq lqhtxdolw|1 Qrwh wkdw li t lv sur{lplqdo/ wkdw lv/ li iru hdfk % wkhuh h{lvwv
d forvhvw srlqw wr % lq t / wkhq t lv vwurqjo| uh hfwlyh1

Zh suryh wkh iroorzlqj uhvxowv1

� Li hyhu| �qlwh0glphqvlrqdo vxevsdfh lv uh hfwlyh/ wkhq H[W krogv +Fruro0
odu| 6,1 Wklv iroorzv iurp d jhqhudo wkhruhp zklfk lv d srvlwlyh irup
ri wkh idfw wkdw dq ?0glphqvlrqdo vxevsdfh fdqqrw frqwdlq ? n � lqgh0
shqghqw yhfwruv +Wkhruhp 5,1

� H[W6 krogv lq dq| qruphg yhfwru vsdfh +Wkhruhp 7,1

� Lq d vwulfwo| frqyh{ qruphg vsdfh ryhu wkh uhdo ru frpsoh{ qxpehuv/
hyhu| �qlwh0glphqvlrqdo vxevsdfh lv vwurqjo| uh hfwlyh1 Lq idfw/ dq|
frpsohwh orfdwhg vxevsdfh lv sur{lplqdo +Wkhruhp 9,1 Kloehuw vsdfhv
dqg wkh uR vsdfhv iru � 	 R 	4 duh vwulfwo| frqyh{ qruphg vsdfhv1

5 V|vwhpv ri olqhdu htxdwlrqv
Lq rughu wr hvwdeolvk H[W/ zh duh ohg wr dqdo|}h v|vwhpv ri htxdwlrqv1 Wkh
lghd lv wkdw hlwkhu wkh yhfwruv %�c � � � c %?c �� duh lqghshqghqw/ ru wkhuh lv d
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yhfwru lq wkh vsdq ri %�c � � � c %? wkdw dssur{lpdwhv �� lq vrph vhqvh1 Vr hlwkhu
H[W krogv/ ru wkhuh duh ?n� yhfwruv lq dq ?0glphqvlrqdo vxevsdfh wkdw duh
forvh wr lqghshqghqw yhfwruv1 Wr uxoh rxw wklv odwwhu srvvlelolw|/ zh zrxog olnh
wr vkrz wkdw dq| vxfk ? n � yhfwruv zrxog kdyh wr eh olqhduo| ghshqghqw/
wkdw lv/ wkdw d krprjhqhrxv v|vwhp ri olqhdu htxdwlrqv/ zlwk pruh yduldeohv
wkdq htxdwlrqv/ kdv d qrqwulyldo vroxwlrq1

Wklv fdq*w txlwh eh grqh/ frqvwuxfwlyho|1 D qrqwulyldo vroxwlrq wr wkh
htxdwlrq @% n K+ ' f/ ryhu wkh uhdo qxpehuv/ zrxog hvwdeolvk wkdw hlwkhu @
glylghv K/ ru K glylghv @ +vhh dovr wkh h{dpsoh lq ^7/ sdjh 86`,1 Exw wkdw surs0
huw|/ iru duelwudu| uhdo qxpehuv @ dqg K/ lv htxlydohqw wr Elvkrs*v rpqlvflhqfh
sulqflsoh OOSR/ vr grhv qrw dgplw d frqvwuxfwlyh surri ^9/ Sursrvlwlrq 416`1
Zh fdq/ krzhyhu/ jhw dssur{lpdwh vroxwlrqv wkdw duh xqlirupo| qrqwulyldo1

Wkhruhp 4 Ohw E@��� eh dq ?0e|0E? n �� pdwul{ ryhu d ydoxhg �hog/ dqg B
d srvlwlyh qxpehu1 Wkhuh h{lvw %�c � � � c %?n� vxfk wkdw

S?n�

�'�
m%�m � � dqgS?

�'�

���S?n�

�'�
@��%�

��� 	 B1

Surri1 Iluvw frqvlghu %� ' � dqg %� ' f iru � : �1 Hlwkhu
S?

�'�
m@��m 	 B/

dqg zh duh grqh/ ru m@��m : f iru vrph �1 Vr zh pd| dvvxph wkdw @�� 9' f1
Fohdu wkh �uvw froxpq zlwk urz rshudwlrqv wr jhw d pdwul{ E@���� zlwk @��� ' f
iru � : �/ dqg @��� ' @�� iru doo �1 E| lqgxfwlrq zh fdq �qg %2c � � � c %?n� vxfk
wkdw

S?n�

�'2
m%�m � � dqg

?[
�'2

�����
?n�[
�'2

@���%�

����� 	 B�

Fkrrvh %� vr wkdw
S?n�

�'�
@��%� ' f1 Uhyhuvlqj wkh urz rshudwlrqv |lhogv

?[
�'�

�����
?n�[
�'�

@��%�

����� 	 Bc

frpsohwlqj wkh surri1

Wkhruhp 4 vd|v wkdw li & lv d ydoxhg �hog/ dqg 1�c � � � c 1?n� duh yhfwruv
lq &?/ wkhq wkhuh duh vpdoo olqhdu frpelqdwlrqv ri 1�c � � � c 1?n� zlwk odujh
frh!flhqwv1 Zh zrxog kdyh olnhg wr suryh wkdw 1�c � � � c 1?n� zhuh olqhduo|
ghshqghqw/ exw zh frxogq*w1 Zkhq & lv vlpso| d Kh|wlqj �hog/ zh fdq*w wdon
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lq whupv ri �odujh� dqg �vpdoo1� Wkh iroorzlqj wkhruhp lv d sxuho| dojheudlf
yhuvlrq ri Wkhruhp 4 +qr wdon ri vl}h, zkrvh vhwwlqj lv dq duelwudu| Kh|wlqj
yhfwru vsdfh +qrw qhfhvvdulo| �qlwh0glphqvlrqdo, zkhuh 1�c � � � c 1?n� duh lq wkh
vsdq ri ? yhfwruv1 Zh vkrz wkdw 1�c � � � c 1?n� duh glvwlqfw iurp dq| olqhduo|
lqghshqghqw vhw ��c � � � c �?n��d srvlwlyh irup ri wkh idfw wkdw 1�c � � � c 1?n�
fdqqrw eh olqhduo| lqghshqghqw1 +Kh|wlqj grhv qrw dgguhvv wklv irupxodwlrq
lq ^7`/ dowkrxjk wkh qhjdwlyh vwdwhphqw/ zlwklq &?/ iroorzv hdvlo| iurp klv
uhvxowv rq olqhdu lqghshqghqfh dqg wkh udqn ri pdwulfhv1,

Wkhruhp 5 Ohw f eh wkh olqhdu vsdq ri %�c � � � c %? lq d Kh|wlqj yhfwru vsdfh1
Li ��c � � � c �?n� duh olqhduo| lqghshqghqw/ dqg 1�c � � � c 1?n� duh hohphqwv ri f/
wkhq wkhuh h{lvwv � vxfk wkdw 1� 9' ��1

Surri1 Ehfdxvh �� 9' f/ hlwkhu 1� 9' ��/ lq zklfk fdvh zh duh grqh/ ru hovh
1� 9' f1 Vxssrvh wkh odwwhu> zh zloo vkrz/ e| lqgxfwlrq/ wkdw 1� 9' �� iru vrph
�1 Zulwh

1� '
?[

�'�

@��%�

iru � ' �c � � � c ? n �1 Dv 1� 9' f/ zh pd| dvvxph wkdw @�� 9' f1 Iru � : � ohw

1�� ' 1� � E@��*@���1�c

��� ' �� � E@��*@������

Wkhq 1�� lv lq wkh vsdq ri %2c � � � c %?/ dqg ��2c � � � c �
�

?n� duh olqhduo| lqghshq0
ghqw1 E| lqgxfwlrq/ 1�� 9' ��� iru vrph � : �1 Dv

1�� � ��� ' E1� � ��� n
@��
@��

E1� � ���

lw iroorzv wkdw hlwkhu 1� 9' �� ru 1� 9' ��1

Iurp Wkhruhp 5 lw iroorzv wkdw li �qlwh0glphqvlrqdo vxevsdfhv duh uh hf0
wlyh/ wkhq H[W krogv1

Fruroodu| 6 Ohw ��c � � � c �?n� eh olqhduo| lqghshqghqw/ dqg %�c � � � c %? eh
yhfwruv zkrvh vsdq/ f/ lv uh hfwlyh1 Wkhq wkhuh h{lvwv � vxfk wkdw �� 5 fS1
Vr li %�c � � � c %? duh olqhduo| lqghshqghqw/ wkhq %�c � � � c %?c �� duh olqhduo| lq0
ghshqghqw1
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Surri1 E| uh hfwlylw|/ iru hdfk � wkhuh h{lvw 1� lq f vxfk wkdw li �� 9' 1�/
wkhq �� 5 fS1 Wkhruhp 5 vd|v wkdw �� 9' 1� iru vrph �1

Zh kdyh wkh dqdorjxh ri Fruroodu| 6 iru phwulf lqghshqghqfh1

Wkhruhp 7 Ohw ��c � � � c �?n� eh phwulfdoo| lqghshqghqw/ dqg %�c � � � c %? yhf0
wruv zkrvh olqhdu vsdq f lv orfdwhg1 Wkhq wkhuh h{lvwv � vxfk wkdw _E��cf� :
f1 Vr li %�c � � � c %? duh phwulfdoo| lqghshqghqw/ wkhq %�c � � � c %?c �� duh phwul0
fdoo| lqghshqghqw1

Surri1 Zh pd| dvvxph wkdw n%�n � �1 E| phwulf lqghshqghqfh/ wkhuh
lv 0 : f vxfk wkdw li

S mb�m � �/ wkhq
S nb���n � 01 Hlwkhu wkh ghvluhg �

h{lvwv/ ru _E��c f� 	 0*2E? n �� iru doo �1 Zh zloo vkrz wkdw wkh odwwhu ohdgv
wr d frqwudglfwlrq1

Li _E��c f� 	 0*2E?n �� iru doo �/ wkhq wkhuh h{lvw @�� vxfk wkdw������� �
?[

�'�

@��%�

����� 	 0

2E? n ��

iru � ' �c � � � c ?n�1 E| Wkhruhp 4/ wkhuh h{lvw b�c � � � c b?n� zlwk
S mb�m ' �

dqg
?[

�'�

�����
?n�[
�'�

@��b�

����� 	 0*2�

Vr �����
?n�[
�'�

b��� �
[

b�@��%�

����� 	 0*2

dqg ���[b�@��%�

��� '
�����

?[
�'�

#
?n�[
�'�

@��b�

$
%�

����� 	 0*2�

Khqfh
Snb���n 	 0/ d frqwudglfwlrq1

Wkhruhp 7 udlvhv wkh txhvwlrq= Zkhq lv d �qlwho| jhqhudwhg vxevsdfh or0
fdwhgB D vxevsdfh ri d �qlwh0glphqvlrqdo qruphg vsdfh lv orfdwhg li dqg rqo|
li lw lv �qlwh glphqvlrqdo1 Krzhyhu/ wkh vsdq ri d vlqjoh yhfwru lq dq lq�qlwh0
glphqvlrqdo Kloehuw vsdfh fdq eh orfdwhg zlwkrxw ehlqj �qlwh0glphqvlrqdo=
frqvlghu wkh yhfwru

S
�

?
@?e? zkhuh e? lv dq ruwkrqrupdo edvlv/ dqg @? lv d

elqdu| vhtxhqfh wkdw frqwdlqv dw prvw rqh �1
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6 Vwulfwo| frqyh{ qruphg vsdfhv
Ohw T eh d qruphg yhfwru vsdfh ryhu d vxe�hog ri wkh frpsoh{ qxpehuv1
Iroorzlqj Elvkrs ^4/ Fruroodu| sdjh 589` zh vd| wkdw T lv +xqlirupo|, vwulfwo|
frqyh{ li iru hdfk 0 : f/ wkhuh h{lvwv o 	 � vr wkdw li � dqg � duh xqlw yhfwruv/
dqg n�� �n � 0/ wkhq

���
2
E�n ��

�� � o1
Kloehuw vsdfhv duh vwulfwo| frqyh{ ehfdxvh

n�n �n2 n n�� �n2 ' 2 n�n2 n 2 n�n2 c
vr li n�n ' n�n ' �/ dqg n�� �n � 0/ wkhq�����n �

2

���� '
u
�� �

e
n�� �n2 �

u
��

�0
2

�2
� �� 02

H
�

Dq| frpsohwh orfdwhg vxevsdfh 7 ri d vwulfwo| frqyh{ qruphg vsdfh f lv
vwurqjo| uh hfwlyh�lq idfw/ 7 lv sur{lplqdo= hdfk % 5 f kdv d forvhvw srlqw
lq 7� Wklv zdv suryhg iru �qlwh0glphqvlrqdo vxevsdfhv lq ^5/ 614 Wkhruhp`1
Zh vkdoo suryh wkh jhqhudo uhvxow/ zlwkrxw xvlqj frxqwdeoh fkrlfh1 Iluvw zh
sxw vwulfw frqyh{lw| lq d pruh xvdeoh irup1

Ohppd 8 Ohw T eh d vwulfwo| frqyh{ qruphg vsdfh1 Wkhq iru hdfk 0 :
f wkhuh h{lvwv B : f vxfk wkdw li � � n��n � � n B iru � ' �c 2/ dqg li���
2
E�� n �2�

�� � �c wkhq n�� � �2n � 01

Surri1 Fkrrvh o 	 � vr wkdw li � dqg � duh xqlw yhfwruv/ dqg n�� �n �
0*2/ wkhq

���
2
E�n ��

�� � o1 Fkrrvh

B 	 4�?
�
�� oc

0

e

�
dqg ohw ��� ' ��* n��n1 Wr vkrz wkdw n����2n � 0/ dvvxph wkdw n����2n : 01
Wkhq

n��� � ��2n � n�� � �2n � n��� � ��n � n��2 � �2n : 0� 2B : 0*2

vr

o �
������� n ��2

2

���� �
������ n �2

2

����� B � �� B : oc

d frqwudglfwlrq zklfk vkrzv wkdw n�� � �2n � 01

:



Wkhruhp 9 Ohw t eh d frpsohwh orfdwhg vxevsdfh ri d vwulfwo| frqyh{ qruphg
vsdfh/ dqg ohw % eh d srlqw dw d glvwdqfh _ iurp t 1 Wkhq wkhuh h{lvwv d xqltxh
+f lq t vxfk wkdw n%� +fn ' _1 Vr t lv vwurqjo| uh hfwlyh1

Surri1 Ohw {E0� eh wkh vhw ri B 	 � vdwlvi|lqj Ohppd 81 Iru hdfk 0 : f/
frqvlghu wkh xqlrq/ 70/ ri wkh wzr vhwv

�0 ' i+ 5 t G _ 	 0*e dqg n%� +n 	 0*2j
�0 ' i+ 5 t G _ : f dqg n%� +n 	 _E� n B� iru vrph B 5 {E0*_�j�

Wkh vhw 70 lv vxssrvhg wr eh d vhw ri 00dssur{lpdwlrqv wr wkh ghvluhg srlqw
+f1 Qrwh wkdw hdfk 70 lv qrqhpsw|/ dqg wkdw 70� � 70 li 0� 	 01 Li zh fdq
vkrz wkdw wkh gldphwhu ri 70 lv dw prvw 0/ wkhq/ e| wkh frpsohwhqhvv ri t /
zh zloo kdyh ghwhuplqhg dq hohphqw +f ri t wkdw lv zlwklq 0 ri hdfk hohphqw
ri 701

Ohw +� dqg +2 eh wzr hohphqwv ri 701 Fohduo| n+� � +2n 	 0 li wkh| duh
erwk lq �01 Li rqh lv lq �0 dqg rqh lq �0/ wkhq _ 	 0*e dqg n+� � +2n 	
0*2 n E0*e�E� n �� ' 01 Li wkh| duh erwk lq �0/ wkhq _ : f/
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vr/ dv B 5 {E0*_�/ lw iroorzv iurp Ohppd 8 wkdw���+�
_
� +2

_

��� � 0

_

Wkh xqltxhqhvv iroorzv hdvlo| iurp vwulfw frqyh{lw|1

Fruroodu| : Lq d vwulfwo| frqyh{ qruphg vsdfh ryhu wkh uhdo ru frpsoh{
qxpehuv/ olqhdu lqghshqghqfh lv wkh vdph dv phwulf lqghshqghqfh1

Surri1 Qrwh wkdw d �qlwh phwulfdoo| lqghshqghqw idplo| ryhu wkh uhdo ru
frpsoh{ qxpehuv vsdqv d frpsohwh orfdwhg vxevsdfh1 Zh lqgxfw rq wkh qxp0
ehu ri hohphqwv lq wkh idplo| %�c � � � c %?/ vr zh pd| dvvxph wkdw %�c � � � c %?3�

;



duh phwulfdoo| lqghshqghqw dqg vsdq d frpsohwh orfdwhg vxevsdfh t 1 Ohw _
eh wkh glvwdqfh iurp %? wr t / dqg

+f '
?3�[
�'�

@�%�

eh dv lq Wkhruhp 91 Wkhq %? � +f 9' f e| lqghshqghqfh/ vr %? lv erxqghg
dzd| iurp t / zkhqfh %�c � � � c %? duh phwulfdoo| lqghshqghqw1

Uhfdoo wkdw/ xvlqj frxqwdeoh fkrlfh/ rqh fdq suryh Fruroodu| : iru dq|
qruphg vsdfh ryhu wkh uhdo ru frpsoh{ qxpehuv1 Lq ^6` lw lv vkrzq wkdw wklv
fdq eh suryhg iru qruphg vsdfhv ryhu d orfdoo| frpsdfw ydoxhg �hog xvlqj
rqo| d zhdn frxqwdeoh fkrlfh sulqflsoh wkdw fdq eh ghulyhg iurp wkh odz ri
h{foxghg plggoh1 Khqul Orpedugl kdv lqiruphg xv wkdw Fruroodu| : fdq eh
suryhg iru qruphg vsdfhv ryhu wkh uhdo qxpehuv zlwkrxw lqyrnlqj dq| fkrlfh
sulqflsoh1

Uhihuhqfhv
^4` Elvkrs/ Huuhww/ Irxqgdwlrqv ri frqvwuxfwlyh dqdo|vlv/ PfJudz0Kloo/

4<9:1

^5` Eulgjhv/ Grxjodv V1/ Rq wkh irxqgdwlrqv ri ehvw dssur{lpdwlrq wkh0
ru|/ M1 Dssur{1 Wku|1 5;+4<;3,/ 5:6�5<51

^6` Eulgjhv/ Grxjodv V1/ Iuhg Ulfkpdq dqg Shwhu Vfkxvwhu/ D
zhdn frxqwdeoh fkrlfh sulqflsoh/ Surf1 Dphu1 Pdwk1 Vrf1/ wr dsshdu1

^7` Kh|wlqj/ Duhqg/ Lqwxlwlrqlvp/ dq lqwurgxfwlrq/ Qruwk0Kroodqg/ 4<:4

^8` Plqhv/ Ud|/ Iuhg Ulfkpdq dqg Zlp Uxlwhqexuj/ D frxuvh lq
frqvwuxfwlyh dojheud/ Vsulqjhu0Yhuodj/ 4<;;1

^9` Vfhgury/ Dqguh/ Gldjrqdol}dwlrq ri frqwlqxrxv pdwulfhv dv d uhs0
uhvhqwdwlrq ri lqwxlwlrqlvwlf uhdov/ Dqqdov ri Sxuh dqg Dssolhg Orjlf/
63+4<;9,/ 534�5391

Ghsduwphqw ri Pdwkhpdwlfv
Iorulgd Dwodqwlf Xqlyhuvlw|
Erfd Udwrq/ IO 66764
ulfkpdqCidx1hgx
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