
JHQHUDOL]HG UHDO QXPEHUV LQ
FRQVWUXFWLYH PDWKHPDWLFV

Iuhg Ulfkpdq
Iorulgd Dwodqwlf Xqlyhuvlw|

4 Qryhpehu 4<<:

Devwudfw

Wzr h{whqvlrqv ri wkh uhdo qxpehu v|vwhp/ rqh jlyhq e| xsshufxwv
wkh rwkhu e| orzhufxwv/ duh ghyhorshg zlwklq d frqvwuxfwlyh iudphzrun1
Wkh �uvw lqfoxghv glvwdqfhv wr duelwudu| vxevhwv/ wkh vhfrqg lqfoxghv
qrupv ri duelwudu| erxqghg olqhdu rshudwruv1 Wkh lqwxlwlyh phdqlqj ri
frpsdulqj vxfk txdqwlwlhv wr ruglqdu| uhdo qxpehuv lv suhvhuyhg1 Gli0
�fxowlhv zlwk hqfrpsdvvlqj erwk nlqgv ri qxpehuv lq d vlqjoh v|vwhp
duh frqvlghuhg1

4 Lqwurgxfwlrq
Lq frqvwuxfwlyh pdwkhpdwlfv zh riwhq hqfrxqwhu hqwlwlhv 1 wkdw fdq eh frp0
sduhg zlwk dq| uhdo qxpehu o/ lq wkdw wkh vwdwhphqwv o 	 1 dqg 1 	 o pdnh
vhqvh/ exw duh qrw uhdo qxpehuv lq wkdw zh fdqqrw fdofxodwh udwlrqdo dssur{0
lpdwlrqv wr wkhp1 W|slfdoo| wkhvh hqwlwlhv duh lq�pd ru vxsuhpd ri vhwv ri
uhdo qxpehuv1 Iru h{dpsoh/

41 Wkh glvwdqfh iurp d srlqw % wr d vxevhw t lq d phwulf vsdfh1 Lw
pdnhv vhqvh wr vd| wkdw _E%c t � 	 2/ ru _E%c t � � � hyhq li zh fdqqrw
fdofxodwh _E%c t � duelwudulo| suhflvho|1 Wkh �uvw phdqv wkdw wkhuh h{lvwv
+ lq t vxfk wkdw _E%c +� 	 21 Wkh vhfrqg phdqv wkdw _E%c +� � � iru
hyhu| + lq t 1 Lw dovr pdnhv vhqvh wr vd| _E%c t � � _E%c t ��1 Wkdw
phdqv wkdw iru hdfk +� lq t �/ dqg 0 : f/ wkhuh h{lvwv + lq t vxfk wkdw
_E%c +� 	 _E%c +�� n 01
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51 Wkh qrup ri d erxqghg olqhdu rshudwru A rq d qruphg olqhdu vsdfh1
Wr vd| nAn � 2 phdqv wkdw nA%n � 2 iru hdfk % lq wkh xqlw edoo/ wkdw
lv/ A lv erxqghg e| 21 Wr vd| nAn : � phdqv wkdw wkhuh h{lvwv % lq
wkh xqlw edoo zlwk nA%n : �1 Wr vd| nAn � nA �n/ hyhq li qhlwkhu qrup
h{lvwv/ phdqv wkdw iru hdfk 0 : f dqg % lq wkh xqlw edoo/ wkhuh h{lvwv +
lq wkh xqlw edoo vxfk wkdw nA%n 	 nA �+nn 01

Zh zrxog olnh wr frqvlghu wkhvh hqwlwlhv dv jhqhudol}hg uhdo qxpehuv/ ru vlpso|
qxpehuv1 Glvwdqfhv duh lq�pd ri vhwv ri uhdo qxpehuv1 Qrupv ri rshudwruv/
olnh ohqjwkv ri fxuyhv/ duh vxsuhpd1

D glvwdqfh _E%c t � pd| eh wkh lq�pxp ri dq duelwudu| ri vhw ri qrqqhj0
dwlyh uhdo qxpehuv

_E%c t � ' �?ui_E%c +� G + 5 t j�

Wkh qxpehu _E%c t � lv qdwxudoo| ghvfulehg e| wkh vhw ri udwlrqdo qxpehuv +ru
uhdo qxpehuv, wkdw duh juhdwhu wkdq lw

L ' i^ 5 " G ^ : _E%c +� iru vrph + 5 t j�

Wklv lv pruh lqirupdwlyh wkdq wkh vhw ri udwlrqdo qxpehuv wkdw duh dw prvw
_E%c t �

7u ' i^ 5 " G ^ � _E%c +� iru doo + 5 t j

ru wkh vhw ri udwlrqdo qxpehuv wkdw duh ohvv wkdq _E%c t �

u '
_
o:f

�
7u� o

�

ehfdxvh 7u lv wkh +orjlfdo, frpsohphqw ri L / exw L fdqqrw eh uhfrqvwuxfwhg
iurp 7u1

D qrup lv d vxsuhpxp ri d vhw ri uhdo qxpehuv

nAn ' t�TinA%n G n%n ' �j

dqg lv qdwxudoo| uhsuhvhqwhg e| wkh vhw ri udwlrqdo qxpehu wkdw duh ohvv wkdq
lw

u ' i^ 5 " G ^ 	 nA%n iru vrph % vxfk wkdw n%n ' �j�
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Wkh fdofxoxv ri glvwdqfhv zdv ghyhorshg wr d fhuwdlq h{whqw lq ^6` zkhuh
lw juhdwo| vlpsol�hg wkh h{srvlwlrq1 Wkh fdofxoxv ri qrupv lv htxdoo| xvhixo
lq ghdolqj zlwk rshudwruv rq Kloehuw vsdfhv1 Wkh sxusrvh ri wklv sdshu lv wr
surylgh d wkhruhwlfdo frqwh{w iru erwk nlqgv ri qxpehuv1

Dv rxu sulpdu| lqwhuhvw lv lq uhdo qxpehuv/ zh fduh rqo| krz wkhvh qhz
qxpehuv frpsduh zlwk uhdo qxpehuv +ru udwlrqdo qxpehuv,1 Wkdw lv/ wzr
qxpehuv zloo eh frqvlghuhg htxdo li wkh| frpsduh zlwk hdfk udwlrqdo qxpehu
lq wkh vdph zd|1 Vr d qxpehu 1 ghwhuplqhv/ dqg lv ghwhuplqhg e|/ wkh wzr
vhwv ri udwlrqdo qxpehuv

u ' i^ 5 " G ^ 	 1j dqg L ' i^ 5 " G ^ : 1j�
Wkdw lv qrw wr vd| wkdw zh fdq ghflgh/ iru hdfk udwlrqdo qxpehu ^/ zkhwkhu
^ 	 11 Lw vlpso| vd|v wkdw zh nqrz zkdw wkh vwdwhphqw ^ 	 1 phdqv1

Wkh vhw u lv fdoohg d +udwlrqdo, orzhufxw/ e| zklfk zh phdq wkdw lv kdv
wkh wzr surshuwlhv=

� u lv rshq/

� % 5 u zkhqhyhu % 	 + 5 u1

Wkh �uvw surshuw| uh hfwv wkh vwulfwqhvv ri wkh lqhtxdolw| ^ 	 1/ wkh vhfrqg
lwv wudqvlwlylw|1 Dq xsshufxw lv gh�qhg gxdoo|/ uhsodflqj % 	 + e| % : +1
Wkxv dq| jhqhudol}hg uhdo qxpehu 1 pd| eh lghqwl�hg zlwk d glvmrlqw sdlu
Euc L� zkhuh u lv d orzhufxw dqg L lv dq xsshufxw1

Hdfk uhdo orzhufxw ghwhuplqhv d udwlrqdo orzhufxw e| uhvwulfwlrq> hdfk
udwlrqdo orzhufxw u ghwhuplqhv d uhdo orzhufxw e| vhwwlqj o 	 1 li o 	 ^ iru
vrph ^ 5 u1 Iru wkh zhdn lqhtxdolw|/ vhw o � 1 li o � 0 	 1 iru doo 0 : f1

H{whqglqj wkh uhdo qxpehuv wr d odujhu v|vwhp wkdw frlqflghv zlwk wkh
uhdo qxpehuv lq wkh suhvhqfh ri wkh odz ri h{foxghg plggoh lv qrw d qhz
lghd1 Lq ^9`/ wzr forvho| uhodwhg v|vwhpv ri jhqhudol}hg uhdo qxpehuv/ +h dqg
+eh duh gh�qhg/ edvhg rq Wurhovwud*v sdshu ^8`1 Hduolhu/ Vwdsohv ^7` glvfxvvhg
d qrwlrq ri Ghghnlqg uhdov zklfk lv htxlydohqw wr +eh1 Wkhvh v|vwhpv xvh
d uhvwulfwhg fodvv ri orzhufxwv/ wkh vwurqjo| prqrwrqlf rqhv1 Zh zloo dujxh
wkdw wkh| duh qrw vxlwdeoh iru wkh dssolfdwlrqv zh duh lqwhuhvwhg lq1 Elvkrs ^4/
H{huflvhv :/; sdjh 43<` irupxodwhg wkh qrwlrq ri d �fnoh qxpehu wr uhsuhvhqw
wkh vxsuhpxp ri dq duelwudu| erxqghg lqfuhdvlqj vhtxhqfh ri uhdo qxpehuv1
Ilfnoh qxpehuv gr qrw phhw wkh fulwhulrq wkdw wkh| eh htxdo li wkh| frpsduh
wkh vdph zd| zlwk hdfk udwlrqdo qxpehu1
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5 Xsshufxwv dqg orzhufxwv
Lq wklv vhfwlrq zh ghyhors vrph jhqhudolwlhv derxw orzhufxwv +dqg khqfh/
gxdoo|/ derxw xsshufxwv,1 Wkh frpsohphqw 7S ri dq rshq vhw 7 lq d phwulf
vsdfh f pd| eh gh�qhg hlwkhu dv i% 5 f G % 9' r iru hdfk r lq 7j/ ru
dv i% 5 f G % *5 7j1 Wkhvh wzr gh�qlwlrqv qhhg qrw eh htxlydohqw li 7
lv qrw rshq/ lq zklfk fdvh wkh odwwhu lv fdoohg wkh orjlfdo frpsohphqw1 Wkh
frpsohphqw ri dq rshq vhw lv forvhg +exw qrw qhfhvvdulo| ylfh yhuvd,1 Wkh
frpsohphqw ri d uhdo orzhufxw u lv wkh forvhg vhw frqvlvwlqj ri doo xsshu
erxqgv ri u1

Wkh lqwhulru 7J ri dq duelwudu| vhw lq d phwulf vsdfh f frqvlvwv ri wkrvh
srlqwv % lq f wkdw duh fhqwhuv ri rshq edoov frqwdlqhg lq 7�lw lv wkh xqlrq ri
doo rshq vhwv frqwdlqhg lq 71 Wkh lqwhulru ri wkh frpsohphqw/ 7SJ/ fdoohg wkh
phwulf frpsohphqw lq ^4`/ frqvlvwv ri wkrvh srlqwv wkdw duh erxqghg dzd|
iurp 71 Qrwh wkdw li u lv d orzhufxw/ wkhq u

J
' u/ zkhuh u lv wkh forvxuh ri

u> wkdw lv/ u lv d uhjxodu rshq vhw1
Wkhuh lv d gxdolw| lq wkh vhw ri vxevhwv ri wkh uhdo qxpehuv wdnlqj d

vxevhw 7 wr wkh vxevhw �7 ' i�r G r 5 7j1 Orzhufxwv dqg xsshufxwv duh
lqwhufkdqjhg xqghu wklv gxdolw|/ vr uhvxowv suryhg iru orzhufxwv duh dovr wuxh
iru xsshufxwv/ prvw ri wkh wlph1 Gh�qh wkh vxp ri wzr vhwv ri uhdo qxpehuv
wr eh �n� ' i@nK G @ 5 � dqg K 5 �j1 Wkh gxdolw| suhvhuyhv wklv dgglwlrq1

Wkh jhqhudol}hg uhdov ri Wurhovwud duh gh�qhg wr eh udwlrqdo orzhufxwv
u wkdw duh vwurqjo| prqrwrqlf= li % 	 +/ dqg + fdqqrw idlo wr eh lq u/
wkhq % 5 u1 Vwurqjo| prqrwrqlf xsshufxwv duh gh�qhg gxdoo|1 Lw lv hdv|
wr vhh wkdw d orzhufxw u lv vwurqjo| prqrwrqlf li dqg rqo| li u ' L SJ iru
vrph xsshufxw L 1 Lq idfw zh fdq wdnh L ' uSJ1 Wkh vwurqj prqrwrqlflw|
frqglwlrq doorzv xv wr ghvfuleh d jhqhudol}hg uhdo dv d orzhufxw u/ ru dv dq
xsshufxw L / ru/ v|pphwulfdoo|/ dv wkh sdlu Euc L� zkhuh hdfk hohphqw ri wkh
sdlu lv wkh phwulf frpsohphqw ri wkh rwkhu1

Wkh vhw O ri orzhufxwv +hlwkhu uhdo ru udwlrqdo, lv sduwldoo| rughuhg e|
lqfoxvlrq1 Gxdoo|/ wkh vhw X ri xsshufxwv lv sduwldoo| rughuhg e| vhwwlqj
L � L � li L � � L +qrwh wkh uhyhuvdo ri lqfoxvlrq iru xsshufxwv,1 Wkhuh lv dovr
d qdwxudo vwulfw lqhtxdolw| rq O/ gh�qhg e| vhwwlqj u 	 u� li u n ^ � u� iru
vrph srvlwlyh udwlrqdo qxpehu ^1 Wkh sduwldoo| rughuhg vhw O lv d frpsohwh
odwwlfh= wkh vxsuhpxp ri d vhw ri orzhufxwv lv wkhlu xqlrq/ wkh lq�pxp lv wkh
lqwhulru ri wkhlu lqwhuvhfwlrq1 Wkh orzhufxwv ri wkh irup E�4c o�/ zlwk o uhdo/
irup d vxeodwwlfh ri O wkdw lv lvrprusklf wr wkh odwwlfh ri uhdo qxpehuv1 Qrwh
wkdw E�4c o� lv vwurqjo| prqrwrqlf1
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D orzhufxw u lv erxqghg li lw lv qrqhpsw| dqg wkhuh h{lvwv o 5 + vxfk
wkdw o : % iru hdfk % 5 u1 Wkdw lv/ erwk u dqg uS duh qrqhpsw|1

Wkhruhp 4 Ohw O eh wkh vhw ri orzhufxwv1

� O lv dq dgglwlyh prqrlg zlwk E�4c f� dv wkh }hur hohphqw/

� Li u 5 O lv erxqghg/ wkhq u n u� � u n u�� li dqg rqo| li u� � u��1 Lq
sduwlfxodu/ u lv fdqfhoodeoh/

� Dq hohphqw ri O kdv dq lqyhuvh li dqg rqo| li lw lv ri wkh irup E�4c o�
iru vrph o 5 +1

Wkh gxdo uhvxow krogv iru xsshufxwv1

Surri1 Ehfdxvh u lv d orzhufxw/ E�4c f�nu � u1 Dv u lv rshq/ li % 5 u/
wkhq %n o 5 u iru vrph o : f/ vr % ' E�o� n E%n o� 5 E�4c f� n u1 Wkxv
E�4c f� n u ' u1

Vxssrvh u lv erxqghg/ vr %f 5 u � E�4c %��/ dqg un u� � un u��1 Zh
zdqw wr vkrz wkdw u� � u��1 Jlyhq %� 5 u�/ dqg 0 : f/ zh zloo vkrz wkdw
wkhuh h{lvwv +�� 5 u�� vxfk wkdw %� 	 +�� n 201 Wkdw zloo gr lw ehfdxvh u� lv
rshq +vr %� � 20 lv dq duelwudu| hohphqw ri u�,1

Fkrrvh d srvlwlyh lqwhjhu ? vxfk wkdw ?0 : %� � %f dqg lqgxfw rq ?1 Dv
un u� � un u��/ wkhuh h{lvw + 5 u dqg +�� 5 u�� vxfk wkdw %f n %� ' + n +��1
Hlwkhu + : %f n 0/ lq zklfk fdvh zh fdq uhsodfh %f e| + dqg zh duh wkurxjk
e| lqgxfwlrq rq ?/ ru + 	 %f n 20/ lq zklfk fdvh %� 	 +�� n 201

Wkh lqyhuvh ri E�4c o� lv E�4c�o�1 Lqghhg wkh hohphqwv E�4c o� irup d
frs| ri wkh dgglwlyh jurxs+ zlwklq O1 Frqyhuvho|/ vxssrvh unu� ' E�4c f�1
Wkhq iru hdfk 0 : f/ wkhuh h{lvwv % 5 u dqg %� 5 u� vxfk wkdw %n%� ' �01 Dv
+n%� 	 f iru hdfk + lq u/ zh kdyh E�4c %� � u � E�4c�%�� ' E�4c %n0�1
Dv + lv frpsohwh/ wkhuh h{lvwv o 5 + zlwklq 0 ri hdfk hohphqw ri E%c % n 0�
iru vxfk %1 Wkxv E�4c o � 0� � u � E�4c o n 0� iru hdfk 0 : f/ zkhqfh
u ' E�4c o�1

Qhlwkhu wkh vxp qru wkh xqlrq ri wzr vwurqjo| prqrwrqlf orzhufxwv qhhg
eh vwurqjo| prqrwrqlf1

Wkhruhp 5 Ohw �� dqg �2 eh sursrvlwlrqv/

L� ' E�c4� ^ i% 5 Efc4� G ��j
dqg u� ' L SJ

� 1 Wkhq wkh u� duh vwurqjo| prqrwrqlf orzhufxwv/ dqg wkh iro0
orzlqj duh htxlydohqw1
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41 u� ^ u2 lv vwurqjo| prqrwrqlf/

51 = E�� a �2� ', =�� b =�21

Pruhryhu/ li u� n u2 lv vwurqjo| prqrwrqh/ wkhq vr lv u� ^ u21

Surri1 Fohduo| u� lv d vwurqjo| prqrwrqlf orzhufxw1 Iru hdfk % 5 Efc ��
wkh iroorzlqj htxlydohqfhv krog1

% 5 u� +, =��
% 5 u� ^ u2 +, =�� b =�2

% 5 Eu� ^ u2�
SJ +, ==�� a ==�2

% 5 Eu� ^ u2�
SJSJ +, = E==�� a ==�2�

% 5 u� n u2 +, =�� b =�2
% 5 Eu� n u2�

SJSJ +, = E==�� a ==�2�

Qrwh wkdw = E==�� a ==�2� lv htxlydohqw wr =E��a�2�/ dqg wkdw li wzr orzhu
fxwv frqwdlq wkh vdph qrq}hur hohphqwv/ wkhq wkh| duh htxdo1

Qrz u�^u2 � Eu� ^ u2�
SJSJ vr +4, lv htxlydohqw wr Eu� ^ u2�

SJSJ � u�^u2/
dqg lw vx!fhv wr whvw wkdw lqfoxvlrq rq hohphqwv % 5 Efc ��1 Wkxv +4, lv
htxlydohqw wr +5,1

Li u� n u2 lv vwurqjo| prqrwrqh/ wkhq u� n u2 ' Eu� n u2�
SJSJ1 Whvwlqj

wkdw htxdolw| rq dq| % 5 Efc �� uhvxowv lq +5,1

Frqglwlrq +5, ri Wkhruhp 5 lv Gh Prujdq*v odz/ zklfk lv qrw d frqvwuxf0
wlyh wdxwrorj|1 Lq idfw/ li �� lv wkh sursrvlwlrq wkdw d fhuwdlq elqdu| vhtxhqfh
frqwdlqv d �/ wkhq +5, lv Elvkrs*v rpqlvflhqfh sulqflsoh OOSR ^5`1 Vr Wkhr0
uhp 5 lpsolhv wkdw qhlwkhu wkh xqlrq qru wkh vxp ri wzr vwurqjo| prqrwrqlf
orzhufxwv qhhg eh vwurqjo| prqrwrqlf1

6 Wurhovwud*v fodvvlfdo uhdov
Wurhovwud*v jhqhudol}hg uhdov duh vwurqjo| prqrwrqlf udwlrqdo orzhufxwv u1

� Wkh fodvvlfdo uhdov/ +h/ duh zhdno| erxqghg�wkdw lv/ lw lv lpsrv0
vleoh iru u wr eh hpsw|/ dqg lw lv lpsrvvleoh iru uS wr eh hpsw|/

� Wkh h{whqghg uhdov/ +eh/ duh erxqghg fodvvlfdo uhdov/
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� Wkh Ghghnlqg uhdov/ +g/ duh orfdwhg h{whqghg uhdov�jlyhq udwlrqdo
qxpehuv % 	 +/ hlwkhu % 5 u ru + *5 u1 Wkhvh duh wkh ruglqdu| uhdo
qxpehuv +frpsduh ^4/ H{huflvhv :/; sdjh 8;`,1

Li 7o ' i^ 5 " G ^ 	 oj ghqrwhv wkh orzhufxw fruuhvsrqglqj wr wkh udwlrqdo
qxpehu o/ wkhq

u ' io 5 " G 7o 	 uj
vr wkh fodvvlfdo uhdov duh ghwhuplqhg e| wkhlu uhodwlrqvkls wr wkh udwlrqdo
qxpehuv1 Ehfdxvh ri Wkhruhp 5/ zkhq zh dgg ru wdnh wkh vxsuhpxp ri wzr
fodvvlfdo uhdov u dqg u�/ zh pxvw irup Eun u��SSJ ru Eu ^ u��SSJ1

Wkh fodvvlfdo uhdov/ +h/ gr qrw uhsuhvhqw glvwdqfhv dqg qrupv zhoo1 Wkh
glvwdqfh _E%c t � lv qdwxudoo| uhsuhvhqwhg e| wkh xsshufxw

i^ 5 ' G _E%c +� 	 ^ iru vrph + 5 t j�
Wklv xsshufxw qhhg qrw eh vwurqjo| prqrwrqlf1 Li zh uhsuhvhqw _E%c t � e|
dq hohphqw ri +h/ khqfh e| d orzhufxw/ zh orvh lqirupdwlrq1 Frqvlghu % ' f
dqg wkh wzr qrqhpsw| vxevhwv

t ' i+ 5 " G + : 2/ ru + : � dqg �j
dqg

t � ' i+ 5 " G + : 2/ ru + : � dqg ==�j
zkhuh � lv dq duelwudu| sursrvlwlrq1 Wkh xsshufxwv ghvfulelqj _Efc t � dqg
_Efc t �� duh L ' t dqg L � ' t �1 Wkh| kdyh wkh vdph frpsohphqw/

i^ 5 " G ^ � �/ ru ^ � 2 dqg =�j
vr zh fdqqrw glvwlqjxlvk ehwzhhq _Efc t � dqg _Efc t �� li zh uhsuhvhqw wkhp
e| orzhufxwv1 Qrwh wkdw wkh lqwhulru ri wkdw frpsohphqw lv

u ' i^ 5 " G ^ 	 �/ ru ^ 	 2 dqg =�j
zklfk lv d vwurqjo| prqrwrqlf orzhufxw1 Wkh orzhufxw u lv/ lq idfw/ wkh
lq�pxp ri erwk t dqg t � lq +h1

Wklv lv qrw d kdupohvv orvv ri lqirupdwlrq1 Li _Efc t � 	 2/ wkhq zh vkrxog
eh deoh wr surgxfh + 5 t vxfk wkdw _Efc +� 	 21 Zh frxog gr wkdw zhuh
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_Efc t � d uhdo qxpehu/ dqg li wkh v|perolvp grhvq*w hqwdlo wkdw/ wkhq lw zloo
eh plvohdglqj dw ehvw/ xvhohvv dw zruvw1 Krzhyhu/ li wkh orzhufxw/ u/ deryh
lv wdnhq wr uhsuhvhqw _Efc t �/ wkhq wkh vwdwhphqw _Efc t � 	 2 lv htxlydohqw
wr ==� / zklfk grhv qrw hqdeoh xv wr frqvwuxfw + 5 t zlwk _Efc +� 	 2�iru
wkdw zh zrxog qhhg � 1

Qrupv/ rq wkh rwkhu kdqg/ qdwxudoo| fruuhvsrqg wr orzhufxwv/

u ' i^ 5 " G ^ 	 nA%n iru vrph % vxfk wkdw n%n ' �jc
zklfk qhhg qrw eh vwurqjo| prqrwrqlf/ vr qhhg qrw eh lq +h1 Frqvlghu wkh
vxevsdfh

g ' i@�e� n @2e2 G E@2 ' f� b �j
ri d wzr0glphqvlrqdo Kloehuw vsdfh zlwk ruwkrqrupdo edvlv e�c e2/ zkhuh � lv
dq duelwudu| sursrvlwlrq1 Ohw A eh wkh uhvwulfwlrq wrg ri wkh olqhdu ixqfwlrqdo
wkdw wdnhv e� wr f dqg e2 wr �1 Li ^ 5 Efc �o _"/ wkhq ^ 5 u li dqg rqo| li � 1
Vr u lv vwurqjo| prqrwrqlf rqo| li ==� lpsolhv � 1

7 Fxwv
Zh duh lqwhuhvwhg lq remhfwv 1 iru zklfk lw pdnhv vhqvh wr zulwh o 	 1 dqg
o : 1 iru o d uhdo qxpehu1 Pruhryhu zh zdqw 1 wr eh ghwhuplqhg e| wkh vhwv
u1 ' io 5 + G o 	 1j dqg L1 ' io 5 + G o 	 1j1 Vr wkh qdwxudo fdqglgdwh
iru 1 lv wkh sdlu Eu1c L1� lwvhoi1 Wkhvh sdluv jlyh xv d frqwh{w iru dq| nlqg
ri jhqhudol}hg uhdo qxpehu/ exw lq sudfwlfh lw wxuqv rxw wkdw zh vwloo qhhg wr
irfxv rq hlwkhu orzhufxwv ru xsshufxwv1

D fxw 1 lq wkh uhdo qxpehuv + lv dq rughuhg sdlu Eu1c L1� ri glvmrlqw vhwv/
zkhuh u1 lv d orzhufxw dqg L1 lv dq xsshufxw1 Vr wkh vhw F ri fxwv lv d vxevhw
ri O�X / dqg lqkhulwv d vwulfw lqhtxdolw|/ dqg wkh vwuxfwxuh ri d frppxwdwlyh
prqrlg dqg d frpsohwh odwwlfh/ iurp wkdw surgxfw1 Zulwh o 	 1 li o 5 u1/ dqg
o : 1 li o 5 L11 D fxw 1 lv erxqghg deryh li L1 lv qrqhpsw|/ erxqghg
ehorz li u1 lv qrqhpsw|/ dqg erxqghg li erwk L1 dqg u1 duh qrqhpsw|1

Rqh uhdvrq wr orrn dw fxwv lv vlpso| wkdw wkh| surylgh d zd| wr pdnh
vwdwhphqwv derxw orzhufxwv dqg xsshufxwv vlpxowdqhrxvo|1 Dv orqj dv wkrvh
vwdwhphqwv zhuh gxdo zh qhhghg qr vxfk ghylfh/ exw lw zloo eh frqyhqlhqw
zkhq zh frqvlghu pxowlsolfdwlrq ri zhdno| srvlwlyh fxwv1

Hdfk uhdo qxpehu o jlyhv ulvh wr d fxw e| vhwwlqj uo ' ir 5 + G r 	 oj
dqg Lo ' ir 5 + G r : oj1 Zh lghqwli| wkh uhdo qxpehu o zlwk wkdw fxw1

;



Qrwh wkdw Lo ' uSJ
o dqg uo ' L SJ

o 1 D fxw lv orfdwhg li iru hdfk sdlu o 	 r ri
uhdo qxpehuv/ hlwkhu o 	 1 ru r : 11 Wklv lv wkh vdph dv vd|lqj wkdw u1^L1 lv
ghqvh lq +1 Wkh vhwv u1 dqg L 1 duh forvhg dqg wkhuh lv dw prvw rqh hohphqw
lq wkhlu lqwhuvhfwlrq1 D +uhdo, fxw lv orfdwhg h{dfwo| zkhq wklv lqwhuvhfwlrq lv
qrqhpsw|1 D erxqghg orfdwhg fxw lv d uhdo qxpehu1 Wkh fxw 4 lv gh�qhg
e| vhwwlqj u" ' +/ dqg wkh fxw �4 e| vhwwlqj L3" ' +1

Hdfk orzhufxw u 5 O ghwhuplqhv d fxw EucuSJ�1 Uhfdoo wkdw wkh vwulfw
lqhtxdolw| rq O lv gh�qhg e| vhwwlqj u 	 u� li wkhuh h{lvwv 0 : f vxfk wkdw
un 0 � u�1 Li u� ' E�4c o� uhsuhvhqwv wkh uhdo qxpehu o/ wklv vd|v wkdw

u 	 o li dqg rqo| li wkhuh lv 0 : f vxfk wkdw �n 0 	 o iru doo � 5 u�

Lw*v qrw gl!fxow wr yhuli| wkdw wklv frqglwlrq lv htxlydohqw wr o 5 uSJ1 Vr
hpehgglqj O lq wkh vhw ri fxwv e| wdnlqj u wr EucuSJ� lv frqvlvwhqw zlwk wkh
phdqlqj ri u 	 o lq O1 Vlploduo|/ zh fdq hpehg wkh vhw ri xsshufxwv X lqwr
wkh vhw ri fxwv e| wdnlqj L wr EL SJc L�1 Wkhq +eh frqvlvwv ri wkh erxqghg
fxwv lq O _ X / dqg +h frqvlvwv ri wkh zhdno| erxqghg fxwv lq O _ X 1

Fxwv frqvwlwxwh d wuxh h{whqvlrq ri wkh uhdov/ hyhq iurp d fodvvlfdo srlqw
ri ylhz1 Qrw rqo| duh 4 dqg �4 dprqj wkh fxwv/ exw vr duh lqwhuydov
d@c Ko fruuhvsrqglqj wr wkh fxwv EE�4c @�c EKc4��1 Wkh odwwhu duh xqlqwhqghg
frqvhtxhqfhv ri wkh gh�qlwlrq zklfk vhhp wr eh kdupohvv1 Wkh srvvleo|
xqerxqghg fxwv/ rq wkh rwkhu kdqg/ duh xvhixo lq ghvfulelqj wkh glvwdqfh
iurp d srlqw wr d srvvleo| hpsw| vhw/ dqg wkh qrup ri d srvvleo| xqerxqghg
rshudwru1

Wkh sduwldoo| rughuhg vhwv O dqg X duh rughu hpehgghg lq F/ exw duh
qrw vxeodwwlfhv ru vxeprqrlgv ehfdxvh ri Wkhruhp 51 Ri frxuvh zh frxog
hpehg O lq F e| wdnlqj u wr Euc >�/ lqvwhdg ri wr EucuSJ�1 Wklv lv d odwwlfh
dqg prqrlg hpehgglqj/ exw grhv qrw wdnh wkh qdwxudo frs| ri + lq O wr
wkh qdwxudo frs| ri + lq F1 Lq sduwlfxodu/ Euc >� lv qrw erxqghg e| dq| uhdo
qxpehu lq F hyhq li u lv erxqghg e| vrph uhdo qxpehu lq O1

Lq wkh suhvhqfh ri wkh odz ri h{foxghg plggoh/ d erxqghg fxw Euc L� pd|
eh lghqwl�hg zlwk wkh qrqhpsw| forvhg lqwhuydo Eu ^ L�S1 Zlwkrxw wkh odz
ri h{foxghg plggoh wkhuh lv wkh srvvlelolw| ri d Vshfnhu vhtxhqfh= d erxqghg
lqfuhdvlqj vhtxhqfh ri udwlrqdo qxpehuv wkdw lv hyhqwxdoo| erxqghg dzd|
iurp dq| jlyhq uhdo qxpehu1 Li zh ohw 1 eh wkh +erxqghg, fxw zklfk lv wkh
vxsuhpxp ri vxfk d vhtxhqfh/ wkhq+ ' u^L / vr zh fdq*w uhwulhyh u dqg L
iurp Eu ^ L�S ' >1 Hyhq fodvvlfdoo|/ Eu ^ L�S grhv qrw glvwlqjxlvk ehwzhhq
wkh xqerxqghg fxwv u ' + dqg L ' +1
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Wkh gxdolw| rq wkh vhw ri vxevhwv ri+ jlyhv d gxdolw| rq wkh odwwlfh ri fxwv
wdnlqj 1 wr �1/ zkhuh u31 ' �L1 dqg L31 ' �u11 Wklv gxdolw| suhvhuyhv
vxpv1 Qrwh wkdw �1 lv jhqhudoo| qrw dq dgglwlyh lqyhuvh iru 11

Zh fdq fkdudfwhul}h O dqg X lq whupv ri + dqg F1
Wkhruhp 6 Ohw 1 eh d fxw1 Wkhq wkh iroorzlqj duh htxlydohqw1

41 1 lv wkh lq�pxp lq F ri wkh vhw L1/

51 1 lv wkh lq�pxp lq F ri vrph vhw ri uhdo qxpehuv/

61 u1 ' L SJ
1 / wkdw lv/ 1 5 X1

Surri1 Fohduo| +4, lpsolhv +5,1 Vxssrvh 1 ' �?u 7/ vr L1 ' io 5 + G o : r
vrph r 5 7j dqg u1 ' io 5 + G o � r iru doo r 5 7j1 Li o : 1 lv lpsrvvleoh/
wkhq o : r lv lpsrvvleoh iru hdfk r 5 7 vr o � r iru doo r 5 71 Wkxv u1 ' L S

1 /
vr +6, krogv1 Ilqdoo|/ li # � r iru hdfk r lq L1/ wkhq Lr � L# iru hdfk r lq L1

vr L1 � L#1 Li +6, krogv/ lw iroorzv wkdw u# � u1 vr u# � u11

8 Pxowlsolfdwlrq
Wkhuh duh rffdvlrqv zkhq zh zdqw wr pxowlso| fxwv1 Iru erxqghg rshudwruv
A dqg A � rq d Kloehuw vsdfh zh zrxog olnh wkh lqhtxdolw| nAA �n � nAn nA �n
wr pdnh vhqvh1 Pxowlso|lqj d fxw 1 e| d srvlwlyh uhdo qxpehu o lv vlpso|
srlqwzlvh pxowlsolfdwlrq

uo1 ' ou1 dqg Lo1 ' oL1�

Iru d qrqqhjdwlyh uhdo qxpehu o/ vhw

Lo1 ' LoL1 '
^
r:o

rL1 dqg uo1 '

#_
r:o

ru1

$J

c

wkdw lv/ o1 ' �?ur:o r11
Prvwo| zh duh lqwhuhvwhg lq fxwv 1 wkdw duh zhdno| srvlwlyh/ wkdw lv/

f � 11 Iru orzhufxwv u wkdw phdqv wkdw u frqwdlqv wkh qhjdwlyh uhdov/ iru
xsshufxwv L lw phdqv wkdw L lv frqwdlqhg lq wkh srvlwlyh uhdov1 Zhdno| srvl0
wlyh fxwv fdq eh wkrxjkw ri dv fxwv lq wkh srvlwlyh uhdov1 Wkh fruuhvsrqghqfh
ehwzhhq d fxw 1W lq wkh srvlwlyh uhdov/ dqg d zhdno| srvlwlyh fxw 1 lq wkh
uhdov/ lv jlyhq e|=
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� LW ' L /

� uW ' u _ Efc4�/

� u ' E�4c f� ^ i% G % 	 + iru vrph + 5 uWj1

D zhdno| srvlwlyh xsshufxw pd| eh lghqwl�hg zlwk dq xsshufxw lq wkh vhw
ri srvlwlyh uhdov/ d zhdno| srvlwlyh orzhufxw zlwk d orzhufxw lq wkh vhw ri
srvlwlyh uhdov1

Wr pxowlso| zhdno| srvlwlyh fxwv/ lw lv frqyhqlhqw wr wklqn ri wkhp dv fxwv
lq wkh srvlwlyh uhdov1 Wkhq zh fdq vlpso| gh�qh

L W

1# � L W

1L
W

# dqg uW1# � uW1u
W

#�

Rq wkh rwkhu kdqg/ dgglwlrq iru orzhufxwv lq wkh srvlwlyh uhdov lv voljkwo| frp0
solfdwhg e| wkh srvvlelolw| wkdw uW pd| eh hpsw| zkhuhdv u dozd|v frqwdlqv
E�4c f�1 Vr

uW1n# ' uW1 ^ uW# ^ EuW1 n uW#��

Qrwh wkdw wkh zhdno| srvlwlyh fxwv irup d frppxwdwlyh prqrlg xqghu pxo0
wlsolfdwlrq zlwk � � 1 ' 1 iru doo 1/ dqg f � 1 ' f iru doo erxqghg 11 Wklv
pxowlsolfdwlrq glvwulexwhv dfurvv dgglwlrq1

Wkhruhp 7 Li 1�/ 12/ dqg 1� duh zhdno| srvlwlyh fxwv/ wkhq 1�E12 n 1�� '
1�12 n 1�1�1

Surri1 Wkh orzhufxw u�Eu2 n u��/ ylhzhg dv d fxw lq wkh srvlwlyh uhdov/
lv

uW�Eu
W

2 ^ uW� ^ EuW2 n uW��� ' uW�u
W

2 ^ uW�u
W

� ^ uW�Eu
W

2 n uW��

vr wkh lvvxh lv zkhwkhu

uW�Eu
W

2 n uW�� � uW�u
W

2 n uW�u
W

��

Ohw %�%2 n %��%� eh dq hohphqw ri wkh uljkw kdqg vlgh/ dqg fkrrvh %��� :
t�TE%�c %

�

�� lq uW�1 Vr

%�%2 n %��%� ' %���

�
%�
%���
%2 n

%��
%���
%�

�
�
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Dv %�*%��� � � dqg %��*%
��

� � �/ wkh uljkw kdqg vlgh lv lq uW�Eu
W

2 n uW��1
Iru wkh xsshufxwv/ zh pxvw vkrz

L�EL2 n L�� � L�L2 n L�L��

Djdlq/ frqvlghu %�%2 n %��%�/ exw wklv wlph fkrrvh %
��

� 	 �?uE%�c %
�

�� lq L� dqg
surfhhg dv ehiruh1

Ehfdxvh ri Wkhruhpv 4 dqg 7/ wkh erxqghg zhdno| srvlwlyh fxwv fdq
eh hpehgghg qdwxudoo| lq d odwwlfh0rughuhg uhdo dojheud U1 Wkh hohphqwv
ri U duh irupdo gl�huhqfhv 1 � # ri erxqghg zhdno| srvlwlyh fxwv/ zlwk
1� � #� � 12 � #2 gh�qhg wr phdq 1� n #2 � 12 n #�1 Wkh odwwlfh rshudwlrqv
pd| eh ghvfulehg e|

E1� � #�� b E12 � #2� ' EE1� n #2� b E12 n #���� E#� n #2�

E1� � #�� a E12 � #2� ' EE1� n #2� a E12 n #���� E#� n #2��

Wkh vhfrqg frqglwlrq ri Wkhruhp 4 sod|v d nh| uroh lq yhuli|lqj wkhvh htxd0
wlrqv/ dqg lq vkrzlqj wkdw wkh sduwldo rughu lv dqwlv|pphwulf1 Wkh erxqghg
fxwv duh hpehgghg lq U e| wdnlqj q wr Eq n o� � o zkhuh o lv dq| srvlwlyh
uhdo qxpehu vxfk wkdw q n o � f1

Pxowlsolfdwlrq lq U lv gh�qhg e|

E1� � #��E12 � #2� ' 1�12 n #�#2 � E1�#2 n 12#���

Khuh zh kdyh wr yhuli| wkdw li 1� � #� dqg 12 � #2/ wkhq 1�12 n #�#2 � 1�#2 n
12#�1 Wklv pxowlsolfdwlrq grhv qrw djuhh zlwk wkh vwdqgdug pxowlsolfdwlrq ri
lqwhuydo dulwkphwlf/ zklfk lv qrw dvvrfldwlyh1 Iru h{dpsoh/ pxowlso|lqj wkh
lqwhuydo d�c 2o e| wkh uhdo qxpehu �� jlyhv wkh lqwhuydo d�2c��o lq lqwhuydo
dulwkphwlf/ zkloh lq U |rx jhw wkh hohphqw �d�c 2o1

Li 1 lv d zhdno| srvlwlyh fxw/ dqg ? lv d srvlwlyh lqwhjhu/ wkhq wkhuh h{lvwv
d xqltxh zhdno| srvlwlyh fxw # vxfk wkdw #? ' 11 Lqghhg

uW# ' i% � f G %? 5 uW1j dqg L W

# ' i% � f G %? 5 L W

1 j�

Lq sduwlfxodu/ zh pd| wdon derxw
s
1 iru 1 � f1

Wkh orzhu frpsrqhqwv ri wkh hohphqwv ri U irup d odwwlfh0rughuhg uhdo
dojheud Uu jhqhudwhg e| wkh erxqghg zhdno| srvlwlyh hohphqwv ri O/ dqg wkh
xsshu frpsrqhqwv irup d odwwlfh0rughuhg uhdo dojheud UL jhqhudwhg e| wkh
qrqhpsw| zhdno| srvlwlyh hohphqwv ri X 1 Vr li zh vwduw zlwk vrph zhdno|
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srvlwlyh xsshufxwv/ olnh glvwdqfhv/ wkhq zh*yh jrw d frqwh{w lq zklfk zh fdq
dgg/ vxewudfw/ dqg pxowlso| wkhp/ dqg wdnh �qlwh vxsuhpd dqg lq�pd1 Qrwh
wkdw wkh dojheudv Uu dqg UL duh lpdjhv ri U/ exw duh qrw hpehgghg lq U
dv vxedojheudv1

9 Orzhufxwv dqg xsshufxwv yhuvxv fxwv
Zh hqg e| frqvlghulqj wzr vlwxdwlrqv lq zklfk fxwv/ wrjhwkhu zlwk wkh qdwxudo
rshudwlrqv rq wkhp/ gr qrw surylgh d vdwlvidfwru| frqwh{w iru jhqhudol}hg uhdo
qxpehuv1 Lq hdfk vlwxdwlrq zh duh ohg wr frqvlghu wkh qxpehuv dv xsshufxwv
udwkhu wkdq fxwv1

Uhfdoo wkdw d phwulf _ lv dq xowudphwulf li

_E%c 5� � _E%c +� b _E+c 5�

iru doo %c +c 51 Xowudphwulfv frph xs qdwxudoo| lq wkh wkhru| ri deholdq jurxsv1
Vxssrvh � lv dq deholdq jurxs dqg R lv d sulph vxfk wkdw

W
? R

?� ' f1 Gh�qh

m@m ' �?uiR3? G @ 5 R?�j�

Wkhq m@m lv dq xsshufxw/ dqg wkh xowudphwulf lqhtxdolw| lv

m@n Km � m@m b mKm �

Wklqn ri wklv dv dq lqhtxdolw| ri fxwv1 Li m@m � R3? dqg mKm � R3?/ wkhq
m@ n Km � R3?/ vr wkh lqhtxdolw| lv vdwlv�hg e| wkh xsshu sruwlrqv1 Krzhyhu/
wkh lqhtxdolw| iru wkh orzhu sruwlrqv vd|v wkdw li @ n K *5 R?�/ wkhq hlwkhu
@ *5 R?� ru K *5 R?�1 Zhuh wklv wuxh lq jhqhudo/ zh frxog ghulyh Gh Prujdq*v
odz =E� a'�, =� b =' dv iroorzv1 Gh�qh dq deholdq jurxs � e|

� '

�
E%c +� 5 ~

R2~
� ~

R2~
G R% 9' f, � dqg R+ 9' f, '

�

dqg frqvlghu wkh hohphqwv @ ' ERc f� dqg K ' Efc R� ri �1 Qrz

@n K 5 R�/ ERc R� ' ER%c R+� iru vrph E%c +� lq �/ � a'

zkloh @ 5 R� li dqg rqo| li � / dqg K 5 R� li dqg rqo| li '/ vr li @ *5 R?� ru
K *5 R?�/ wkhq =� b ='1
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Wkxv/ li zh zdqw wkh xowudphwulf lqhtxdolw| wr krog/ zh pxvw frqvlghu wkh
vxsuhpxp m@m b mKm wr wdnh sodfh lq X / qrw lq F1

Qh{w frqvlghu wkh Kdxvgru� phwulf

_E�c�� ' t�T
@M�
KM�

i_E@c ��c _EKc ��j

rq erxqghg qrqhpsw| forvhg vxevhwv ri d phwulf vsdfh1 Wklv lv d vxsuhpxp
ri xsshufxwv/ zklfk duh lq�pd ri uhdo qxpehuv/ vr zh pljkw h{shfw wkh uljkw
vhwwlqj wr eh fxwv +dowkrxjk wkh xowudphwulf h{dpsoh vxjjhvwv wkh frqwudu|,1
Wkh wuldqjoh lqhtxdolw| lv

_E�c�� � _E�c�� n _E�c���

Rq wkh xsshu sruwlrqv/ wklv lv wuxh= zh pxvw vkrz wkdw li _E�c�� 	 o dqg
_E�c�� 	 r/ wkhq _E�c�� 	 o n r1 E| k|srwkhvlv/ wkhuh h{lvw o� 	 o dqg
r� 	 r vxfk wkdw iru hdfk @ wkhuh h{lvwv K zlwk _E@c K� 	 o�/ dqg iru hdfk K
wkhuh h{lvwv S zlwk _EKc S� 	 r�1 Khqfh iru hdfk @ wkhuh h{lvwv S zlwk _E@c S� 	
o�nr� 	 onr1 Vlploduo|/ iru hdfk S wkhuh h{lvwv @ zlwk _E@c S� 	 o�nr� 	 onr1

Rq wkh orzhu sruwlrqv/ krzhyhu/ wkh lqhtxdolw| fdq idlo1 Vxssrvh wkh
vsdfh frqvlvwv ri wkuhh srlqwv @c Kc S hdfk d glvwdqfh � iurp wkh rwkhu wzr1 Ohw
� ' i@c Kj dqg � ' iKc Sj dqg

� ' iKj ^ i@ G �j ^ iS G =�j�

Wkhq _E�c�� ' �1 Exw f 	 _E�c�� li dqg rqo| li =� / dqg f 	 _E�c�� li
dqg rqo| li ==� 1 Li wkh wuldqjoh lqhtxdolw| krogv/ wkhq �*2 lv lq wkh orzhu
sruwlrq ri _E�c�� n _E�c��/ vr f pxvw eh lq wkh orzhu sruwlrq ri _E�c��
ru ri _E�c��1 Vr wkh wuldqjoh lqhtxdolw| hqwdlov =� b ==� / wkh zhdn odz ri
h{foxghg plggoh +zklfk lv htxlydohqw wr Gh Prujdq*v odz,1

Wkxv/ iru wkh Kdxvgru� phwulf wr vdwlvi| wkh wuldqjoh lqhtxdolw|/ zh pxvw
lqwhusuhw _E�c�� dv dq xsshufxw1 Wkh prudo vhhpv wr eh wkdw rqfh |rx
duh ghdolqj zlwk xsshufxwv/ |rx ghdo zlwk wkhp iurp wkhq rq1 Wklv suredeo|
krogv iru orzhufxwv dovr/ exw L grq*w nqrz d jrrg h{dpsoh ri wkh skhqrphqrq1
Qrwh wkdw wkh phwulf rq erxqghg rshudwruv rq d Kloehuw vsdfh/ jlyhq e|
wkh qrup nAn zklfk lv d orzhufxw/ vdwlv�hv wkh wuldqjoh lqhtxdolw| zkhq zh
frqvlghu lw dv dq lqhtxdolw| ri fxwv1 Hyhq vr/ wkh wuldqjoh lqhtxdolw| lv vkdushu
rq wkh xsshu sruwlrqv/ exw vwloo wuxh/ li wkh vxp lv wdnhq wr eh wkh vxp lq O
udwkhu wkdq lq F1
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