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Abstract. Variousquestions aboutadjoints,absolutevaluesandpolar
decompositions ofoperators areaddressed from aconstructive pointofview.
T he focus is on bilinearforms. Conditions are given forthe existence ofan
adjoint,andageneralnotionofapolardecompositionisdeveloped.T heR iesz
representationtheorem isprovedwithoutcountablechoice.

1 . Introduction. L etH be an innerproductspace overthe realorcomplex
numbers.A noperatorisaneverywheredē nedlineartransformationfromH toH.
IfH is n̄ite-dimensional,then everyboundedoperatorhas anadjoint,atheorem
thatcanbeprovedingeneralusingtheL awofExcludedM iddle.Intheconstructive
frameworkofthispaper,however,itcannotbeshownthateveryboundedoperator
onanin̄ nite-dimensionalH ilbertspacehasanadjoint.Inordertoexplainthisby
meansofaBrouwerianexample,weneedalemmawhoseproofisastraightforward
applicationoftheCauchy-Schwarzinequality.

L e mma1. L et(®n);(̄ n)be sequences ofcomplexnumbers such that
P 1

n= 1j®nj2
convergesand

P 1
n= 1 j̄ nj2 isbounded.T hen

P 1
n= 1j®n¯njconverges.

A BrouwerianexampleQ :L et(an)beabinarysequencewitha1 =0 andatmost
oneterm equalto1 ;andlet(en)beanorthonormalbasisofanin̄ nite-dimensional
H ilbertspace.L emma1 enablesustodē neaboundedoperatorQ suchthatQ en =
ane1 foreachn.T hatis

Q x=

Ã 1X

n= 1
anxn

!
e1:

IfQ hasanadjoint,theneitherkQ ¤e1k> 0 orelsekQ ¤e1k< 1 :Since

hQ ¤e1;eni=he1;Q eni=an;

weseethatan = 1 forsomen inthe r̄stcase,andan = 0 foralln inthesecond:
T hustheproposition

EveryboundedoperatoronaseparableH ilbertspacehasanadjoint

entailsthenonconstructive L imitedPrincipleofO mniscience(L P O ),acount-
ableformofthelawofexcludedmiddle:

Foreachbinarysequence(an),eitheran =1 forsomenoran =0 forall
n.

1
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Inthispaperwestudyconditionsthatareequivalenttotheexistenceofanadjoint,
beginningwithageneralresultaboutwhenabilinearformcanbewrittenashx;T yi;
aresultthatleadstoasimpleproofthatacompactoperatorhasanadjoint.

Theusualdē nitionoftheabsolutevalueofanoperator,andtheproofofthe
existenceofthepolardecomposition,bothdependontheexistenceofanadjoint.A s
thereisnoguaranteethatanadjointexists,itisdesirabletodē netheabsolutevalue,
andtoconstructapolardecomposition,withoutreferencetoanadjoint.InSection
4 wegiveadjoint-freedē nitionsoftheabsolutevalueandofpolardecompositions,
andshowthatiftheabsolutevalueofanoperatorT hasapproximatepolardecom-
positions,thenT hasanadjoint.W ealsogivenecessaryandsu±cientconditionsfor
theexistenceofapolardecompositionofastandardtype.

Background in constructivemathematics is available in [1], [2], [6],or[9]. In
particular,thebasicsofconstructiveH ilbertspacetheorymaybefoundin[2,Chapter
7]. W e donotrestrictourselves to separable H ilbertspaces, as is traditionalin
constructivemathematics;nordoweassumethecountableaxiomofchoice.Inorder
todealwitharbitraryH ilbertspaces,weneedacoupleofdē nitions.

A northonormalbasisforaninnerproductspaceisasetofpairwiseorthogonal
unitvectorsthatgenerateadensesubspace.Examplesofthisareprovidedbytaking
anarbitrarydiscretesetS,andconsideringthespaceofcomplexvaluedfunctions
on S with n̄ite support. T his space has anaturalinnerproductstructure,and
abasis consistingofthosefunctions thatare 1 ononeelementofS and 0 onthe
others.T hecompletion isaH ilbertspace, L 2 (S),withthesamebasis,whichneed
notbeseparable.T hisdē nitionismoretraditional,evenintheseparablecase,than
thesequentialonein [1 ]and[2]wherebasiselementsmustbeallowedtobezeroto
achievesu±cientgenerality.

The second dē nition concerns sums overarbitrary index sets. If(ri)i2I is a
familyofnonnegativerealnumbers,thenwedē ne

P
i2I ritobesupF

P
i2F ri,where

F rangesoverthe n̄itesubsetsofI.T hisagreeswiththestandarddē nitionwhen
Iisthesetofpositiveintegers.

Thefollowingnotationforinequalities involvingsupremawillbeconvenient(see
also[8]).IfX isasubsetofR ,and®;̄ 2R ,then

® < supX ·¯

meansthat® < xforsomex2 X ,andthatx·¯ forallx2 X ,evenifthesupremum
ofX is notknowntoexist.Forexample,ifT is anoperatoronH;thenkTk· 1
meansthatkT xk·1 forallunitvectorsx,andkTk¸2 meansthatforeach"> 0
thereisaunitvectorxsuchthatkT xk¸2¡".O thersuchnotationswillbeused
intheobvious,analogousways.IfS and T areoperators onH;anda> 0 ;then
kSk·akTkmeansthatifkTk·c,thenkSk·ac,andifc·kSk,thenc=a·kTk.
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2. L inearFunctionals. T hespaceH0ofboundedlinearfunctionalsonH isnot
quiteanormedspacebecauseaboundedlinearfunctionalf neednothaveanorm.
H owever,thestatementkfk·rhasameaning| namelythatjf(x)j·rkxkforall
xinH: A lso,theconvexsets(closedballs)S r =ff :kfk·rg satisfy

²S 0 =f0 g,

²cS r ½Sjcjr,

²Sr + Ss½S r+ s.

anddē neauniform structureonH0.
Thereisanaturalembeddingº :H ! H0takingy tothelinearfunctionalh¢;yi

whosenormisequaltokyk.T heR ieszrepresentationtheoremsaysthatiff2H0

hasanorm,thenf 2 º(H).A proofofthis isgivenin [2,2.3 page41 9].W egivea
directproofherethatavoidsthecountableaxiomofchoiceandthepriorverī cation
thatkerf is locatediff isnonzero.Firstwehavealemmawhichwillalsobeused
later.

L e mma2. L etH=H1©H2 beadecompositionofaninnerproductspaceH into
orthogonalsubspaces.Iff isalinearfunctionalonH,then

kfk2 =kfk21 + kfk22
wherekfkiisthenormoftherestrictionoff toHi.

Proof.

kfk2 = sup
kuk= 1

jf(u)j2

= sup
ku1k2 + ku2 k2 = 1

jf(u1)+ f(u2)j2

= sup
ku1k2 = ku2 k2 = 1
j®1j2 + j® 2 j2 = 1

j®1f(u1)+ ® 2 f(u2)j2 ;

wherethelastequalityholdsbecausewemayrestricttononzerou1 andu2.Inthe
lastsupremum,wemayfurtherrestricttou1 andu2 suchthatf(u1)andf(u2)are
nonzero,sowemayassumethat®1f(u1)and® 2 f(u2)arepositive.H ence

sup
ku1k2 = ku2 k2 = 1
j® 1j2 + j® 2 j2 = 1

j®1f(u1)+ ® 2 f(u2)j2 = sup
kuik2 = 1
a21+ a

2
2 = 1

f(ui)> 0

(a1f(u1)+ a2 f(u2))2
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T hesupremumontheright,for x̄edui,isrealizedwhen

ai=f(ui)=
q
f(u1)2 + f(u2)2 ;

so
kfk2 = sup

kuik2 = 1
f(ui)> 0

³
f(u1)2 + f(u2)2

´
=kfk21 + kfk22

Itis importanttoobserve thatthenorms in L emma 2 need notexistas real
numbers;theequationisanequalityofexpressions involvingsuprema.

T h e ore m 3 . L etf bealinearfunctionalonaH ilbertspaceH.Iff has anorm,
thenf=h¢;yiforsome(necessarilyunique)elementy inH.

Proof. A sH iscomplete,itsu±cestoshowthatf is intheclosureofº(H).G iven
± > 0 ,weconstructy2Hsuchthatkf¡º(y)k2 ·2±.Eitherkfk2 < 2±orkfk2 > 0 .
Intheformercasetakey=0 .Inthelatterwemayassumethatkfk=1.P icky so
thatkyk=1 andf(y)¸1 ¡± (sof(y)·1 isreal).L etH=H1©H2 ;whereH1 is
thespanofy;andH2 istheorthogonalcomplementofy.Then

j(f¡ºy)(cy)j=jcjjf(y)¡1j·jcj±;

sokf¡º(y)k1 ·±,inthenotationofL emma2.ByL emma2,

1 =kfk2 =kfk21 + kfk22 ¸(1 ¡±)2 + kfk22
so

kf¡º(y)k22 =kfk22 ·2±¡±2 :

B yL emma2 again,

kf¡º(y)k2 = kf¡º(y)k21 + kf¡º(y)k22
· ±2 + 2±¡±2 =2±.

L etB beabilinearform,andlet

kB k= sup
kxk·1;kyk·1

jB (x;y)j:

W esaythatB isleft(respectively,right)representableifthereexistsanoperator
T ,necessarilyunique,suchthatB (x;y)=hT x;yi (respectively,B (x;y)=hx;T yi)
forallxandy.N otethat,ineithercase,kB k=kTk;so,inparticular,B isbounded
ifandonlyifT isbounded.N otealsothatanoperatorT hasanadjointifandonly
ifthe(leftrepresentable)bilinearformhT x;yi isrightrepresentable.
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T h e ore m 4. L etB beabilinearform onaH ilbertspace.T hen B is rightrepre-
sentableifandonlyifthelinearfunctionalB (¢;y)hasanorm foreachy.

Proof. D enotetheuniquez suchthatB (¢;y)=h¢;zibyT y.Itisreadilychecked
thatT isanoperator.T heconverseistrivial.

Ishihara[7]hasshownthatanecessaryandsu±cientconditionfortheexistence
oftheadjointofanoperatorT onaH ilbertspaceH isthat

fhT x;yi:x2H;kxk·1g

betotallyboundedforeach y 2H: T his theorem is an immediateconsequenceof
T heorem 4.

C orollary 5 . A nycompactoperatoronaH ilbertspacehasanadjoint.

Proof. L etT be acompactoperatorand considerthe (bounded)bilinearform
B (x;y)=hT x;yi.BecauseT is compact,thelinearfunctionalB (¢;y)hasanorm
foreachy,henceB (¢;y)=h¢;T ¤yiforsomeboundedlinearoperatorT ¤.

W e giveacriterion, in terms oftheconvergenceofaseries,forwhenalinear
functionalonaH ilbertspacewithanorthonormalbasishasanorm.Firstwerequire
alemmaaboutanarbitraryboundedlinearmappingbetweenH ilbertspaces.

L e mma6. L etE beanorthonormalbasisofaH ilbertspaceH,andPF theprojection
onthespanofthe n̄itesubsetF ½E .L etT :H ! Kbeaboundedlinearmapping.
T henkT PFk·kT PF0kifF ½F 0,and

kTk=sup
F
kT PFk.

Inparticular,T hasanorm ifandonlyifsupF kT P Fkexists.

Proof. N otethatT PF hasanorm,sinceitisacompactoperator.IfF ½F 0,then
kT PFk·kT PF0kbecausethesupremum isoverasmallerset.Clearly

kTk= sup
kxk·1

kT xk¸ sup
kxk·1

kT PFxk=kT P Fk

A s T isbounded,T PFx! T xforeachxinH,so

kTk= sup
kxk·1

kT xk=sup
F

sup
kxk·1

kT PFxk=sup
F
kT PFk.
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T h e ore m 7. L etE beanorthonormalbasisofaH ilbertspaceH,andf abounded
linearfunctionalonH.T hen

X

e2E
jf(e)j2 =kfk2 .

Inparticular,f isboundedbyc¸0 ifandonlyifthe n̄itepartialsumsof
P

e2Ejf(e)j2
areboundedbyc2 ,andf hasnorm cifandonlyif

sup
F½E;F¯nite

X

e2F
jf(e)j2

existsandequalsc2.

Proof. ForF a n̄itesubsetofE ,letP F betheprojectiononthespanofF .It
followsfrom L emma2 that

kfPFk2 =
X

e2F
jf(e)j2 :

T heresultnowfollowsfrom L emma6.

3. TheExistenceofA djoints. W eare interested in conditions equivalentto
theexistenceofanadjoint.N otethatifT ¤ isanadjointofT ,then

kTk= sup
kxk= 1
kyk= 1

jhT x;yij= sup
kxk= 1
kyk= 1

jhx;T ¤yij=kT ¤k.

R ecallthatanoperatorT has anadjointifandonlyifthebilinearform hT x;yi is
rightrepresentable.

T h e ore m 8. L etE beanorthonormalbasisofaH ilbertspaceH,andletB bea
boundedbilinearformonH.T henthefollowingareequivalent.

(i)ThelinearfunctionalB (¢;y)has anorm foreachx inH.H ence B is right
representable.

(ii)
P

e2EjB (e;e0)j2 convergesforeache02E :

(iii)
P

e2EjB (e;y)j2 convergesforeachy2H:

Proof. T heorem 7showsthat(i)isequivalentto(iii).Clearly(iii)implies(ii).
N owassume(ii),andletc> 0 beaboundforB .ThelinearfunctionalB (¢;e0)

isboundedbyc,so
P

e2EjB (e;e0)j2 ·c2 ,byT heorem 7.
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G ivenx2Hand"> 0 ,choosea n̄itesubsetF 0ofE suchthatkx¡P
e02F0xe0e0k<

",wherexe0=hx;e0i.T hen,using(ii),choosea n̄itesubsetF ofE suchthat
X

e02F0

X

e2EnF

¯̄
B (e;e0)

¯̄2 ·":

W ritex=y+ zwherey=
P

e02F0xe0e0.So

jB (e;y)j2 =
¯̄
¯̄
¯̄B

0
@e;

X

e02F0
xe0e0

1
A
¯̄
¯̄
¯̄

2

=

¯̄
¯̄
¯̄
X

e02F0
¹xe0B (e;e0)

¯̄
¯̄
¯̄

2

·kxk2
X

e02F0

¯̄
B (e;e0)

¯̄2

fore2E nF (bytheCauchy-Schwarz inequality)so
X

e2EnF
jB (e;y)j2 ·kxk2 "

and X

e2EnF
jB (e;z)j2 ·c2 kzk2 ·c2"

T hen
X

e2EnF
jB (e;x)j2 =

X

e2EnF
jB (e;y+ z)j2 =

X

e2EnF
jB (e;y)+ B (e;z)j2

·
µq

kxk2 "+
p
c2"

¶2
=kxk2 "+ "c2 + 2kxk"c=(kxk+ c)2 "

(thetriangleinequalityin L 2 (E )).H ence
P

e2EjB (e;x)j2 converges,so(ii)implies
(iii).

N otethatinthelasttheoremtheboundednessofB isonlyrequiredtoprovethat
(ii)) (iii).

Itistemptingtolookforweakerconditionsthatentailtheexistenceofanadjoint:
O nenaturalcandidateis

inf
F

sup
e2EnF

jhT e;xij=0 ; (1 )

whichsu±ces toconstructtheadjointofQ ,theBrouwerianexample in Section 1.
T hisconditionisnotgenerallysu±cient,evenwhen T hasanorm,asthefollowing
Brouwerianexampleshows.

L et(an)beabinarysequencewitha1 =a2 =0 andatmostonetermequalto1.
D ē nealinearmappingT :H ! Hasfollows:

²T e1 =0 ,T e2 =e2 ,
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²ifak=0 for3·k·n;thenT en =0 ,

²ifan =1 ;thenT en =¢¢¢=T e2 n¡1 = 1p
ne1 andT ek=0 forallk¸2n:

Itis straightforwardtoshowthatkTk= 1.Clearly,T satis̄ es (1).But,although
thepartialsums

P m
n= 1 jhT en;e1ij2 areboundedby1 ;theseries

P 1
n= 1jhT en;e1ij2 does

notconverge.Ifitconvergestos,theneithers> 0 ;inwhichcasehT eN ;e1i6=0 for
someN ,andthereforean =1 forsomen·N ;orelses< 1 andthereforean =0 for
alln:

N extweshowthatifabilinearform isapproximatelyrightrepresentable,thenit
isrightrepresentable.

Proposition9. L etB beabilinearform onaH ilbertspaceH,andsupposethat
foreach"> 0 thereexistsanoperatorT" suchthat

jB (x;y)¡hx;T"yij< "

forallx;y intheunitballofH:T henB isrightrepresentable.

Proof. Forall";"0> 0 andallx;y intheunitballofHwehave

jhx;(T"¡T"0)yij·"+ "0;

sokT"¡T"0k·"+ "0.BythecompletenessofH;thereexistsanoperatorT ,which
T" approximateswithin",suchthatB (x;y)=hx;T yi.

4. A bsoluteValues andPolarD ecompositions. A nabsolutevalueofan
operatorT is a(necessarilyunique)positiveselfadjointoperatorjT j:H ! H such
thathjT jx;jT jyi=hTx;T yi forallx;y 2H.IfT hasanadjoint,thenjT j2 = T ¤T ,
andthisequationmaybeusedtodē nejT j.

A noperatorneednothaveanabsolutevalue.L etQ betheBrouwerianexample
oftheintroduction,andP 1 theprojectiononthespanofe1.T heoperatorT =P 1+ Q
doesnothaveanabsolutevalue,foriftherewerealinearmappingS :H ! H such
that

hSe1;eni=hT e1;T eni=he1;Q eni=an

foreachn> 1 ,thenthesequence(an)wouldbesquare-summable,sowewouldbe
abletodecidewhetherthere exists n such thatan = 1. N ote thatranT is one-
dimensional.

O ntheotherhand,althoughwecannotconstructtheadjointofQ ,wecancon-
structitsabsolutevalue:jQ jx=P 1

n= 1anxnen.N otethatjQ jisaprojection.
Toclarifythedi®erencebetweenhavinganadjointandhavinganabsolutevalue,

consideranyboundedoperatorT thatmapsH intotheone-dimensionalsubspace
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spannedbye1.If¸n = hT en;e1i,then
P 1

n= 1 j̧ nj2 has boundedpartialsums,but
convergesifandonlyifT hasanorm.SupposeT hasanabsolutevalue.IfS =jTj2 ,
then

hSx;eni=hT x;T eni=
Ã 1X

k= 1

¸kxk

!
¸¤n;

sotheseries
1X

n= 1

¯̄
¯̄
¯̧
¤
n

1X

k= 1

¸kxk

¯̄
¯̄
¯

2

(¤)

convergestokSxk2 :Conversely,if(¤)converges,thenT hasanabsolutevalue.
Certainly(¤)converges ifP 1

n= 1 j̧ nj2 converges| thatis,ifT has anorm.B ut
theoperatorQ (with¸n =an)showsthattheseriescanconvergeevenif

P 1
n= 1 j̧ nj2

onlyhasboundedpartialsums.Explicitly,foranyx2H,andanyn,weclearlyhave
¯̄
¯̄ān

1X

k= 1
akxk

¯̄
¯̄
¯

2

·jxnj2

so
1X

n= N + 1

¯̄
¯̄ān

1X

k= 1

akxk

¯̄
¯̄
¯

2

·
1X

n= N + 1
jxnj2 .

T herighthandsidegoestozeroasN goesto1 ,so
P 1

n= 1 jan
P 1

k= 1akxkj2 converges.
R atherthan simply study the operators T and jT j, itis convenienttostudy

operatorsT andR suchthathT x;T yi=hR x;R yiforallx;y.Calltwosuchoperators
isometric.N otethatinthatcase

²ifeitherR orT hasanabsolutevalue,thensodoestheotherandtheabsolute
valuesareequal;

²ifeitherR orT isbounded,thensoistheother;and

²ifeitherR orT hasanorm,thensodoestheother.

T he r̄stoftheseobservationshasaconverse:twooperatorswithabsolutevaluesare
isometriciftheirabsolutevaluesareequal.

T h e ore m 10 . Iftheoperators T and R areisometric,thenthereisanisometryU
from ranR toranT such thatT = U R . H ence T is compactifandonly ifR is
compact.

Proof. T heequationhR x;R yi=hT x;T yiallowsustodē neU byU R x=T x,and
showsthatU isanisometry.IfX istheimageoftheunitballunderR ,thenU X is
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theimageoftheunitballunderT.A sU isanisometry,X istotallyboundedifand
onlyifU X is.

Theorem 1 0 is aversionofpolardecomposition.N ormally,onewantstoextend
U inacanonicalwaytoallofH.Classically,this isdonebyextendingU (uniquely)
totheclosureofranR anddē ningU tobezeroontheorthogonalcomplementof
ranR .H owever,thisdoesnotdē neU onallofHunlessranR islocated.(A subset
K ofH islocatedif

½(x;K)=inffkx¡yk:y2Kg
exists foreachx2H.) A subspaceofH is located ifandonlyifits closureis the
imageofaprojection.

L etP be aprojection and U an operator. T hen the followingconditions are
equivalent:

²jU jexistsandequals P ;

²U isanisometryontherangeofP andis 0 onthekernelofP :

IftheseholdforsomeprojectionP ,wesaythatU isapartialisometry.N otethat
ifU is apartialisometry,then U jU j= U .T heBrouwerianexampleQ is apartial
isometry.

Proposition11. A nadjointofapartialisometryisapartialisometry.

Proof. L etU beapartialisometrywithadjointU ¤.T hen

(U U ¤)2 =U jU j2 U ¤=U jU jU ¤=U U ¤.

Takingsquarerootsofbothsides,wehavejU ¤j2 =jU ¤j;sojU ¤jisaprojection.

L e mma12. IfT =U R ,whereU isapartialisometry,thenthefollowingareequiv-
alent.

1.T andR areisometricoperators.

2.jU jisanisometryonranR .

3.jU jR =R .

4.kerU ½(ranR )?.
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Proof. A s
hjU jR x;jU jR yi=hU R x;U R yi=hT x;T yi,

(1)and(2)areequivalent.A sjU jisaprojection,(2)and(3)areequivalent.
N otethatkerU =kerjU j.Supposethat(3)holds.Ifx2kerU ,then

hx;R yi=hx;jU jR yi=hjU jx;R yi=h0 ;R yi=0 .

So(4)holds.Conversely,supposethat(4)holds.T henkerjU j½(ranR )?,so

ranR ½(ranR )??½(kerjU j)?=ranjU j
and(3)holds.

IfT ,R and U areas intheabovelemma,thenwesaythatT = U R isapolar
decomposition:IfU hasanadjoint,thenforallx;y2H;

hU ¤T x;yi=hT x;U yi=hU R x;U yi=hjU jR x;yi=hR x;yi;
soR =U ¤T isapolardecomposition.

Proposition13 . IfR isanoperatorthathasanadjointandapolardecomposition
R =U T ,thenT ¤=R ¤U .

Proof. U singpart(3)ofL emma1 2,wehave

hU T x;yi=hjU jT x;yi=hU T x;U yi=hx;R ¤U yi:

IfT and R are isometricoperators such thatranT and ranR are located| a
classicallytrivialcondition| thenthereexists apartialisometry U withanadjoint
suchthat

T =U R andR =U ¤T.

ToconstructU ,extendthe U ofT heorem 1 0 toH by settingitequaltozeroon
thecomplementofranR .T hen U ¤ is the inverseofU on ranT and zeroonthe
complementofranT.

IfQ is theB rouwerianexampleofthe introduction,then Q = Q jQ jis apolar
decomposition.SoapolardecompositionT =U jT jdoesnotguaranteethatT ¤exists.
H owever,apolardecompositionjT j=U T doesentailthatT ¤exists(Proposition1 3);
infact,approximatepolardecompositionssu±ce(T heorem 1 5).

L etR andT beisometricoperators.W esaythatU R isan"-approximatepolar
decompositionofT ifU isapartialisometryandkT ¡U R k< ".Itisshownin[4]
(Theorem 1.1 )thatifT isaboundedoperatorwithanadjoint,thenforeach"> 0
thereexists apartialisometry U ,withanadjoint,suchthatkjT j¡U Tk < "and
kT ¡U ¤jT jk< ".ItfollowsthatifR and T areisometricoperatorswithadjoints,
thenjR j=jTjandforeach"> 0 thereisapartialisometryU ,withanadjoint,such
thatkR ¡U Tk< "andkT ¡U ¤R k< ".Thefollowinglemmawillbeusedtoprove
aconverseofthatresult.
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L e mma14. L etR and T beisometricboundedoperators.SupposefurtherthatR
hasanadjoint.Foreach"> 0 ,thereexists± > 0 suchthatifU T isa±-approximate
polardecompositionofR ,then

jhTx;yi¡hx;R ¤U yij·"

forallx;y intheunitballofH:

Proof. Choose± > 0 sothat
p
2(kTk+ ±)±+ ± < ".L etP =jU jandS =U T ¡R ,

sokR k·±.Forallx;y intheunitball

hP T x;P T yi = hU T x;U T yi
= h(R + S)x;(R + S)yi
= hT x;T yi+ hSx;R yi+ hR x;Syi+ hSx;Syi

so
jhP T x;P T yi¡hTx;T yij·(2kTk+ ±)±kxkkyk:

Since

k(P T ¡T)xk2 =hP T x¡T x;P T x¡T xi=¡hP T x;P T xi+ hTx;T xi;

itfollowsthatkP T ¡Tk2 ·(2kTk+ ±)±.T hen

jhTx;yi¡hx;R ¤U yij · jhT x;yi¡hP T x;yij+ jhU Tx;U yi¡hR x;U yij
· kT ¡P Tkkxkkyk+ kU T ¡R kkxkkyk
·

q
(2kTk+ ±)±+ ±

< "

completingtheproof.

T h e ore m 15 . L etR and T be bounded isometricoperators such thatR has an
adjoint.Ifforeach"> 0 thereisan"-approximatepolardecomposition U T ofR ,
thenT hasanadjoint.

Proof. T heresultfollowsimmediatelyfrom L emma1 4 andProposition9.
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