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Abstrect. Vaias guestias ebaut adjants, ebsolite vabes ad polar
decompaatias of (peratars ae addressed fran a arstrudtive pant of view.
T he Toas is an billnear Toms. Caditias are gven Tor the exdstae of an
adjant, and a genaeral notion of a polar deaompasitiaon is develped - T heR iesz
represeriation thearam is proad withaut counteble ddce-

1 - Inroductian- L et H be an inmer product space oer tre real ar aamplex
rumbers_A N gerataris an everyinnere e ned ineer tiarsfomatian fron H toH .
ITH is nitedmasiaal, then every bandsd goerator hes an adjant;, a thearem
thatcan be proad in greral using el avofFEcduded!ll iddie- In the castructinve
framenak of this pgper, honeer; it ot be shonn thatevery baundsd qoerator
o an in nie-dmesiaalt ibert space hes an adjant. In ader to eplEnN this by
mears of aB rawmerian example, we nesd a BEmmawhose proofis a stragitiovnward
goplication of the Caudwy-Sdwarz inequality.-

P
LemmalLe‘;,@n);(n)beseqemsofcgnpb(mnbersamm }]zl_ﬁ)nj
anegs ad n 1Jnj is bauded.T hen n 1 Pn nJOONSIOES.

A B rauvermaneanmpk( L et @ )beabinary ssopencewtha =0 and atmaost
ae tam equal ! ; ad Et @ ) be an athaxamal basis ofan in nite-dmasiaal
H ibartspae-L enmal eebks s de ne abaunded perator) sudh thatQ e, =

ag Toreed N.T hatis AX 1
Qx= ax a:
n=1

IFQ hes an adjant, tenatherk) "g k> | arebe k) “g k< 1:Sine
R e ei=RQai=a;

wesetatg =1 orsonmeninthe steee, ad g =0 forall n in the seood:
T hus the propasitian

Bvery lboundsd gperator an a segparcbE H 1 hertspace hes an adjaint

eta b the nacostructinve L imited P inadple of 0 mnisaena2 € PO ), acarte
bk fom oftre bwv ofexcluded middle:

Foreech hnary ssgpene @), eterg, =1 Torsamenorg, =0 forall
n.
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Inthis pgperve study caoditias thatare ecuivalntio the edstence ofan adjant,
begnmingwith a gaeral resulitabautwhen abi inesr fom an bewwritien as T yi;
a resulit that leeds toa smp e proof that a compact Qoerator hes an adjiant

T he usual de nitian of the absolLite \ale oF an peralor, ad the proof of the
exdstence of the polardsaompaaian, both depend an the edstence ofan adjant_ A s
thareis noguarantee thatan adjantedsts, itis desircbE tode ne the ebsoluitevale,
and 1 aastiuct a polar dsaompas ian, withaut relerence to an adjant. In Sectian
4 we g\e adjanefiee de nitias of the absolute \alle and of polar deaompasi ians,
and showv that it the absolute valLe ofF an qperator T hes gpprodmaite polar dsaom-
paitias, tenT hes an adjant.W e abog\we necsssary and sut-dentaondiias for
the exstace ofa polar dscompasition of a stendard pe-

B adgaud in aastrudtive mathamatics is aabBbe in[1 ] [2] [6] o [9F In
partiaular;, the basics ofaastructivet i bertspace theory may befourd in[2,, Chepter
71} W e do not restrict aursebhes 1o separcbk H ibbart spacss, as is tradiiaal in
astuctive mathematics ; nordowe assume the auntebke axian ofdace. In ader
1o deal with asbittary H ibert gpacess, we need acapke ofde nitias.

A northonomal besis Toran inerproductspace is asetofpaimise orthagaal
unitvedtors that generate a danse subspace - BExampes ofthis are proded by t2kiing
an abittaxy disaete =t S , and aasidering the space of aamplex valed functias
an' S with nite syppart. T his spae hes a natural inéer praduct structure, and
a basis asisting of thoe Tundios thatae ! arae ebEnatofS ad (i o te
others_ T he campEtian is al ibert space, L ¢ G), with the same basis, whidh nesd
notbe ssparcbe.-T his de nitian is mare treditiaal, even in the sparcble Gee, then
the ssopential ae in [ Jad [2 where baeds elemants mustbe alloned 1o be zero to
adhiee sit-datgeerality.

T he seaod de nitian aacamrs sums o,era’q;lay index sels-F;f(ri)Q. is a
fmily ofnaregative real riumbess, enwede ne ) iobesp: pF i, WEE
F rangs oerthe nite subsets of L. T his agress with the standard de nitian when
1is the setofpaative integrs -

T he Tollbning notatian Torinegualities involMing supremawi ll be aavenlent Gee
abo[8P-ITX isasusstofR ,ad®; 2R ,then

® < supX -

mears that® < xTorsonmex2X ,adthatx - fTorallx2X ,eenifthesypranum
ofX is notknonn o edst. Fareampk, ifT isan paatora H; ten Kk - |
mears that K Xk - | Torall untvectors X, ad K k _ 2 mears thattoreadh "> (
there is autTthvedorx sudh that K >k _ 2 § - 0 thersudh notatias will be used
in the dvas, aalogps was. ITS ad T ae aatos o H; ad a> 0 tten
Kk -ak kmeasthatifk k - cctenlSk - ac,adifc - KK ttenca - K k.
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2 _ LinearFunctiaaks - T he space HP ofbaunded nearfunctianak an H is not
ouite anamed space because abaundad inearfunctiaal T nesd nothave anam .-
H oneer; the statiemant kfk - rhes ameaning namely that jJf ) - rick torall
XiNnH:A bo, the anvexsets dsed balb) S = 1F -kfk - g satisly

230 :ﬁg,
=S, VoS gy »
=S, + Sg %S4 s-

and de ne auniform structure an HO.

T hereis anatural enbedding® :H! HPtEkingy © the near Onctianal ha;yi
whose nom is equal oky kT heR iesz represenitatian theorem says thati FF 2 HO
hes anaom, tenft 2°H)-A proofofthisisgvenin(2,2 3 pap4l9W egwa
directproofhere thatadds the countebke axdan ofdace and the prionen catian
thatlert is bcted iff is naowzero. Firstwe have a Emmawhidh will also be used
Bfer

Lemma?2. L etH = H; ©H be adsoonpaitian oFan inner product space H into
orthogomal subspaass - I T is a ineer functical an H, then

KK =KFK + KFK
where kfk; is the nam of the restriction of T O H; -

Proof.

KK = sup FOX

kik= 1

= P JFGD+ TG

kqlf+kuk2:1
= p Pif@D & F@ ) ;
kukK=kuk=1
Pui+Pi=1

where the st equality hols because we may risticttonazerow; ad uy, - In the
Estsupramum, we may furtter resstrictou; ad b, sudh et @ ) and F@Q, ) are
NaZero, Ssowe may assume thak®, Ty )ad ®, T, )are pasitive_H ence

ap  Pif@D O, TG = ap @f@)+ afG))
kukK=kuk=1 kgl =1
P+ =1 a21+a§=1
fFw)>0
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T he supramum an the ridht, T >&d u;, is realized when

q
a=T0)r T+ TG);

KK = sp F@) + F@Y =K + kK
kgl =1
F(w)>0

Itis impartant 1 dosene that the nams inL anma 2 nesd not exdist as real
rumbers; the equatian is an equality of eressias involMing suprama.

Theorem 3. Ll et be a inearfunctical an aH ibertgpae H.- IFf hes anom,
then ¥ = Iy Torsome (ecssarily unique) elamatty inH .

Proof. A sH isampkEtg, itsut-ass o shovtat T is in the dosure of° (H)-6 ven
+> [ ,weaostiucty 2 H suchthatkf j O @K - 2+ _EitherkfK < 2+ arkfK > ( _
Inte fomercedey =0 - In the BEtferwe may assume thatkfk=1 _P idky so
tatkyk=1 adf@)_ ! i+ GOTE) -1 iseaD.l etH =H, ©H, ;whare H, is
the span ofy; and H; is the arthagoal amplEmattofy - T hen

XFioy)oI=[1 Ir¢ill - o
sokf §°¢K -+, intenotation ofl enma2 Byl enma?2,

| =KfK =kFK + KFK _ ( §i+) + KK

KF OO =KFK -2+ j+:
Byl emma?2 aan,

KF i °GXK = KF @K + KF i°¢X
- A+ 2§ =2+

L etB be abilinearfom, ad Et

k= sp B &KYyX:
kxk - 1;kyk- 1

W esay thatB is EEft@espectively, ndD) represeritabke ifthere exsts an gparator
T, necessarily unigee, sudh thatB ¢gy) = H xqyi @epectively, B Gcy) = hT yi)
Torallxady -\ ofe that, inathercass, I8 k=K k;so, in partiaubr; B is baundsd
ifand oy ifT is baundsd -\ ote albo thattan perator T hes an edjantifand anly
ifthe (Eft ripresenitebe) bilinear fom K Xqyi is gt riepresariteble.-
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Theorem4.l etB beabiineer fom an aH ibartgpae. Then B is ngit repre-
satebk ifand oy iftte Inear functical B (Gy ) hes anam foreedhy -

Proof. D eoke the unigue z sudh thatB (@y)= hgzi by Ty - I'tis reedily deded
tTatT is an qpaator_ T he anverse is tival.

Ishihara[7]hes shonn thata necsssary and sut-dentaonditian or the exdstance
ofthe adjantofan qparatxrT anaf ibertgpae H is that

Tyl :x2H; k&k - 1g

be totally bounded foreedh y 2 H: T his thearem is an immediate aaseouenae of
Theoem 4

( orollary 5 . A ny aampactgeratoran al ibertgpace hes an adjant.

Proof. L etT be a ampact gerator and aasider the Oaundsd) biinear fam
B &cy)=H xyi-BeauseT is ampact; te inear functical B (dy ) hes anam
foreechy, hene B (@y)= HT “yi Torsane baunded near perator' T .

W e gwe a aiterian, in tams of the anvergene of a saries, Torwhen a linear
fUncticalan al ibertspace with an arthanamal besis hes anam - Fiistwe recuire
a Bnma abautan abitrary baundad nearmgpping betineent ilbbertspacss.-

Lemma6. L etE beanarthaamalbesis ofal ibertspaeH, adP - theprgectian
mttegpanofte nitesubosetr %E _LetT :H! K beabaudsd Ineermagpping-
Then K Pk - KPeKiff %F O ad

K k=supK Pk
F

Inpartauler, T hes anom ifand anly ifsup: K P e kexdsts.

Proof. | oie tatT P hes anom, since itis a ampact qperator_ 1T V4F 0 then
K Pk - K Pgdkbecuse the supranum is oerasmaliersst. Cearly

K k= sp K>x_ sup KPpxk=K Pk
kk- 1 kk- 1

AsT isbonndd, TPEx! TxToreedh xinH, so

K k= sup K>k=sup sup KP>xk=spK Pk-
kk- 1 Folock-1 F
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Theorem 7. L etE bean athahamal basis ofaH ibertgpae H, and T abaundd
near funcicala H.T hen

x FEf =KK

e2E

Inpartiaular; Tisbaxdedbyc _ ( ifadmyiﬁt’e_riiepa’ﬁalamsdPeZE_f(ej
are baunded by ¢ , and f hes nam cifand aly if

X
N (O
FY»E;F rlteeZF

edssadeqBké .

Proof. FarF a nite subsst ofE , EtP( be the prgection an the span ofF - It
ollons ran L enma?2 that

X
KPeK = jFE) :

e2F

T he resultnowllons fion L anmaeb -

3. The BExdstance of A dijants- W e are interested in codiias ecunalat to
the edstaxe ofan adjant. !l ote thatifT © is an adjantof T , then

K k= sup Jxyij= swp IhxT Vij=K k.
Kk 1 Kk 1
kyke 1 kyke 1

R ecall that an qparator' T hes an adjantifand anly ifthe bilinear fam K xgyi is
HOTt represaniizbe.

Theorem 8. L etE be an athanamal basis ofal ibertspace H, and EtB be a
baunded bilinearfom an H - T hen the Tolloning are equinalen

O T he Ineer Tunctical B (Gy) hes anam foreech X in H_ H exeB is ndit
represaiebe.

@ oo B €D cneags Brexh 26 -
@ " o B @yl anvergs Breachy 2 H:

Proof. T heaam 7 shons that () is equinvalet 1o Gii)- Clardy Gii) implies Gi)-
I owwassume Qi)Paﬁd ktc> | beabasd ©rB . T he near functiaalB (d;€”)
isbaudedbyc,s0 e B € - ¢, by T heoam 7.
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6 ivenx2 Had""> ( ,doosea nitesuosetr oft sudhthatkx Peoz,:oxoék<
" where o= h¢ei . T hen, wsing (i), dhoose a” nite subsetF ofE sudh thate
X X = —

B @) -

e2F O 2ErF

P
W iex=y+ zwerey = groXe’-S0o

—o0 15 =

;
- X - X - X = _
BPEI =80 xh—=— RBEH -k’ BEH
e@PFO e@PFO ePFO
fre2E nf (y the CaudySdwvarz inecuals) so
BEy) -k&K"
e 2Er+
ad
BED -k -2
e 2Er+
T hen
X X
BPEd = B Eey+tDi= PEB e
e 2ErF e 2ErF e2ErF
Hg— piﬂz
_ lodd "+ a" —lodd "+ '6+2k><k'b=®<k+ Cj"

P
(the tiangke inequality in L 2E ). Hene .o B @3 anveargess, so Gi) implies
@ii)-
I ote thatin the sttheorem the baundedness of B is anly required toproe that
@) Gi.-
Itis teEmpting 1© bdk omnaesleraditias thatanta  the edstance ofan adjant
0 ne natural cadidate is
inf sp Jiepdj=0; O
F e2ErF
whidh sut=ass to aastruct the adjant of Q , the B raunerian eampk in Sectian 1
T his aaditian is notgaerally stH=dent, eenwhen T hes anam, as the Tolloning
B raunerian exampke shons.
L et @ Dbeabimnary ssqpaewthag —a =0 andatmostae tem egual ol -
De realinreermappirngT :H! H as olbns:

=Te =0,Te =e,
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Z2ifac=0 Ior3 - K- n;tenTg, =0,
2ifg, =1 ;tenTeg =¢!‘.I=Teni1=p%q adTa.=0 frallk _2n:

Itis suagqtbvgdmmmw k=1_.Chlaly,T saﬁs_§ ()- B ut; althauch
thepartialsums -, i g ;qij acbaudedby! ;theseries .-, Ji e ;aij does
notanae. Ifitavags s, tenathers> | invwnidhcease i g ;160 Tor
saoneN ,adtecebeg =1 forsonen - N ;oekes< 1 adtacsioea =0 tor
alln:

I extwe shonvthatifabiinearfam is gpprodmately it ripresantebke, thenit
is ngt represantabke.

Profmsibn 9. L etB be abilinear fom an al ibertgpace H, and suppase et
Toreedh "> | there edsts an oerator T+ sudh that

B 6oy i heT-yii<

rall xy inthe unitball ofH: T hen B is rigt represanieble.

Proof. Farall"s'®> | and all xy in the uritball ofH we hae
Q- i Toyij- "+ %

oK~ § Tk - "+ "O_B ythe ampltaness of H; there exdsts an qperator T , whidh
T+ gpproadmates within ", such thatB ¢cy)=hTyi.

4 _ A bsolute V alles and P olar D ecompasiias- A N aosolute \albe ofFan
Qoeralr T is a (hecsssarily unigue) pasitinve selediantgperator jy J-H! H sudh
thatH Py Jyi =W xTyi Brall>xgy 2 H._IfT hesanadjdnt, ten j j =T°T,
ad this equation may be used tode re j j-

A N goerator nesd nothave an absolievalle- L etQ be the B raumerian eampke
oftte introductian, and P ;| theprgectiananthespanofe -T heqperatorT =P 1+ Q
does nothave an aosolutie vale, Tor ifthere were a inearmgppingS -H! H sudh
that

Be ai=HeaTei=lmQai=35
Toreadh n> |, then the ssquance @ ) vwauld be squaresummable, sowe wauld be
bk o daadce wether ttereedss nsudh ttektg, =1 - | oie et ranT Is ae-
dmeasiaal-

Onit‘edt’erl*erﬂ,alltnjgﬁ}gemmﬁ‘eajjdntdQ , V\e Gan aa+
stiuctits ebsoltevale: ) jx= 1. a6 -l oethatj) jis aprojedtian.

T oclrify the d®rance betneen having an adjantand having an absolute \alLe,
axsder any baunded qperator T thatt mgps H ino the ae-dimersiaal subspace
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P
saryed by e - IT,, =Heg;al, ten },zlj,nj hes baunded partial sums, but
aneagss ifand oy ifT hesanom -Suppcse T hes an absolue vale. 115 =j|'j ,

ten A)K !
Bxei=HXxTgi= % a0
k1
so the saries — —
X = A
Sh LK ®

n=1 k1

m,ergaslolé% :Cmersek,if(@m,ergas,ttmT hes an absolLite \alLe.-
Certanly & avags if ﬁzlj,nj anergs| thatis, ifT hasaBJm_But

te paatxQ (Wth |, = &, ) shons that the series an annvergeeven it },zlj,nj

anly hes baunded partial sums - BExpliatly, Torany X2 H, and any n, we clkearly haae

— % z
& axc - il
k1
O _ _
X — X £ ox
& acNe - Pad -

n=N+1 k1 n=N+1

T he righthaend side goss tozeroasN goes O 1 ,sopﬁzljsh P{c_la(xj aoNerces.

R ather then simply study the qoeratars T ad T, itis aonveniatt O study
Qoeratars T andR sudhthathi >T yi1 = R >R yi Torallxgy - Call tnosudh qperators
isometric_\ ote thatin thatcee

2ifathaR o T hses an asolute vale, then so doss the otherad the aosolute
\abes are egLal;

ZifattaR oT is baunded, then sois the other; ad

Z2ifattarR o'T hses anaom, then so doss the otter-
T he rstofthese dosenatias hes aaanverse: tho qeratars with sbsoluite valles are
isonetyic ifthalr absolite \alLes are equal-

Theorem 10 . Ifthe qperatxs T adR are isanetric, then there is an isometry U
fron R oranT sudhtatT = UR - Heawxe T is anpactifad oy ifR is

aompact.

Proof. Theequation iR >R yi = H x;Tyi allons us tode nelU byU R x=T >, ad
shons thatl is anisanetry. ITX is the image ofthe unitballundarR , tenU X is
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the image ofte unitballuder T _A sU isanisaonetry, X is oally baundd ifad
awifUX is.

T heorem 10 is avarsian of polar daaompasiaon- | amally, ae wants 1o exiad
U inaamialway toall ofH . Clessially, this is dae by extendingU - Uniquely)
otedsure ofanR adde nigl 1o be zero an the arthagmal complbment of
raR _H onewer; thisdaoss notde neU anallofH unkss ranR is bcated - ¢ subset
K ofH is located it
LEGK)=Iinffkx j yk:y 2 Kg

edss reedh X2 H) A subgpace of H is lbcated ifad aly ifits dosure is the
image of a projectian -

LetP be aprgecion ad U an goerator- T hen the Tolloning aondiias ae
equinalentc

2§ jedss adenakP ;

=2U isanisanetty ontterangeofP adis( antte kermel of P :

ITthese hold forsane prgjectian P , wesay thatU is apartial isonetry -\ ole that
ifU is apartial isonetry, thenU j) J=U _ T he B ramerian eampkQ is a partial
isonetry.

Promsikt DN 11 4 n adjantofa partial isometry is a partial isometry.
Proof. L etU be apartial isonetry with adjarty ©_T hen

U =UuJgju=Uuju==uu=.
T alking sopare 1oots ofboth sides, we hae j) °f = j) °f; so j) Cjis aprojection.

Lemmal12. IfT =UR ,whereU is apartial isometry, then the folloning are equinv-
abnt

1 _T adR areisanetric qperaiors .-
2_jJ jisanisanery an ranR _

3_J R =R -
4_lert Y2@@R )’ -
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Proof. A s
)R> RYI=HRXURYIi=H xTyi,

Oad @are eaqunalnt_ A s j jis aprgedtian, @)ad @) are ecuinalat.
I oe thatkert = kerj) j-Suppcse that @) holds_ IFx2 kert) |, then

heRyi=hej Ryi=H pcRyi=HRyi=0.
So @) holds. Canersely, suppase that @) holds . T hen kexj) j¥%4 @@R )7, so
raR Y2@@R Y 7 Yeteri D7 =rmanj j
and @) holks.

IfT ,R adU are as in tte aboe Bnma, tenwesay thakt T =UR is apolar
decompasitian: ITU  hes an adjant, then tarall gy 2 H;

hTxgyi=H>xUyi=HRxUyi=H Rxyi=Rxyi;
soR =U T is apolardecompasitian.-

Promsik DN 13 . ITR is an oparatarthathss an adjdntand a polardecompasrian
R=UT,tenT"=R"U .

Proof. Usngpart @)ofl. enmal2,wehae
hTxyi=H JTxyi=h TxUyi=hgR Vyi:

ITT adR ae isonetric uerators sudh tat renT ad ranR are baated| a
dessially tivial aonditian] then there exdsts a partial isonetry U with an adjant
sudh that

T =UR axdR =U"T .

ToastructU , exterd e U of T hearam 10 ©© H by setting it equal 1O zevro an
the amplbnaitofranR - ThenU ® is tte inverse ofU an reanT ad zaro an the
anpbnaitofienT -

ITQ is the B raumerian exampke of the intraducian, then Q = Q J) jis apdar
decompasition- SoapolardecompasiionT =U j jdoes notguarantee thatT = exdsts .-
H onever, apolardecompaatiaon j J=U T dossental thatT © exdsts @ rpasitian! 3);
in Bct;, gppradmate polardscompasitias sut-ce ([ hearam 15).

L etR adT beisometricperatxs W esay thatU R is an " “gppradamalte pokexr
deaompasiiaondfT iU isapartialisonetyad K j UR k< ""_Itisshonnin[4]
( heoam | 1) tatifT is abaundsd goeratarwith an adjant, then foreedh "> (
thare exdsts a partial isonetry U , with an adjant, sudh et ky Jj U T k< ""ad
K jU°§ k< " Itolons tetifR adT are isanetric goeratars with adjants,
ten R J=§ Jadtoreadh"*> | thereis apartial isonetry U , with an adjant, sudh
tatkkR jUTk< "adK jUR k< ""_T he olloning Enmawill be used to proe
aanvers of that resul.
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Lemmal4. Ll etR adT be isonetric bounded peratars.- Suppose further thatR
hes anadjant. Fareedh "™> [ , hereexdsts +> | sudh tatifu T is at-gpproamate
pdlardecompasitian of R , then

Fixyi i heRUyij -
forall x;y in the unitball of H:

Proof. Choset > | sothat’ 2 (@ K+ D)+ +< 'L etP = j jadS =UT iR,
0R k - +_Farall gy in the unrtball

RT>xPTylr = HTxUTyi

= IR + SR + S)yi
= KHxTyi+ B>GRyi+ R >Syi+ I8>5Syi

JRTxP Tyi § HxTyij - QK k+ £ kokkyk:
Sine
KT iTXK =RTXiTXPTXiTX = iR TP Txi+ H T xi;
itolbns thatke T § TR - QK k+ £ _Then
Fixyi ihgRUyij - Fixyi i RTxgyij+ JUTxcUyi j R U yij
- lé’ i PTklokkyk+ KT R klodkhyk

- QWK k+ £+ +
< LA}

ampkting the proof-

Theorem B . L etR ad T be baudsd isometric qoaratars sudh thatR hes an
adjant. ITToreaedch **> | there is an "goprodmate polar daaompaitian U T ofR
ten T hes an adjidnt.

Proof. T he resulitollons immediately from L enmal 4 and P rgpasitian 9 -
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