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Devwudfw

Wkh g|qdplfv ri rslqlrq wudqvirupdwlrq lv prghohg e| d qhxudo
qhwzrun zlwk d qrqqhjdwlyh pdwul{ ri frqqhfwlrqv1 Qrlvh lv lqwur0
gxfhg dw hdfk vlwh/ dqg wkh olplw ri wkh vwdwlrqdu| glvwulexwlrqv ri wkh
uhvxowlqj Pdunry fkdlqv dv wkh qrlvh jrhv wr }hur lv wdnhq dv dq lqglfd0
wlrq ri zkdw frq�jxudwlrqv zloo eh vhhq1 Dq dojrulwkp iru frpsxwlqj
wklv olplw lv jlyhq/ dqg d qxpehu ri h{dpsohv duh zrunhg rxw1 Vrph ri
wkh pdwkhpdwlfdo lghdv ghyhorshg/ vxfk dv ylvleoh vwdwhv/ wlph vfdohv/
dqg d fdofxoxv ri lqgh{hg suredelolwlhv/ duh ri lqghshqghqw lqwhuhvw1

4 Lqwurgxfwlrq
Wkh pdwkhpdwlfv ghyhorshg lq wklv sdshu zdv lqvsluhg e| prghov ri wkh
vwdwlvwlfdo phfkdqlfv ri vrfldo lqwhudfwlrq ^9`1 Rqh frqvlghuv d �qlwh jurxs ri
lqglylgxdov zkr fdq lq xhqfh hdfk rwkhu*v rslqlrq ghshqglqj rq krz forvh
wkh| duh wr hdfk rwkhu dqg rq krz shuvxdvlyh wkh| duh1 Dq lqglylgxdo*v
rslqlrq dw dq| wlph zloo ghshqg rq klv rslqlrq/ dqg wkdw ri klv qhljkeruv/
dw wkh suhylrxv wlph1 Iru vlpsolflw| zh olplw wkh srvvleoh rslqlrqv ri wkh
lqglylgxdov wr wzr1 Wkh lqwhuhvw lv lq orqj whup froohfwlyh skhqrphqd1 Lq
sduwlfxodu/ wkh srvvleoh shuvlvwhqfh ri plqrulw| rslqlrq lq vslwh ri wkh idfw
wkdw wkh prvw vwdeoh frq�jxudwlrqv rffxu zkhq hyhu|rqh lq wkh jurxs krogv
wkh vdph rslqlrq1
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Rxu prghov ehdu d vxshu�fldo uhvhpeodqfh wr yrwhu prghov ^4`1 Lq erwk
wkh lqglylgxdov duh lq rqh ri wzr vwdwhv dqg duh lq xhqfhg e| wkh vwdwhv ri
wkhlu qhljkeruv1 Lq erwk rqh lv lqwhuhvwhg lq wkh h{lvwhqfh ri lqkrprjhqhrxv
vwdwlrqdu| glvwulexwlrqv1 Krzhyhu/ yrwhu prghov qrupdoo| lqyroyh lq�qlwh
krprjhqhrxv qhwzrunv/ �{hg suredelolvwlf wudqvlwlrqv/ dqg frqwlqxrxv wlph1
Rxu qhwzrunv duh �qlwh/ riwhq vpdoo/ dqg xvxdoo| lqkrprjhqhrxv1 Wkh wudq0
vlwlrqv duh edvhg rq d ghwhuplqlvwlf glvfuhwh vwhsslqj zklfk lv prgl�hg e|
lqmhfwlqj qrlvh/ dqg zh dqdo|}h wkh ehkdylru ri wkh v|vwhpv dv wkh qrlvh jrhv
wr }hur1

Ri frxuvh lw lv hdv| wr frqvwuxfw ghwhuplqlvwlf prghov zkhuh plqrulw|
rslqlrq shuvlvwv1 Li wkh lq xhqfh ri hdfk lqglylgxdo lv htxdo wr }hur/ wkhq
dq| glvwulexwlrq ri rslqlrq zloo shuvlvw wkurxjkrxw doo wlph1 Vlplodu wklqjv
kdsshq iru prghov wkdw lqfoxgh olplwhg qrlvh li wkhuh duh frq�jxudwlrqv wkdw
fdqqrw eh dowhuhg e| wkdw qrlvh1 Iru wklv uhdvrq/ dqg ehfdxvh d qdwxudo zd| wr
lqvhuw qrlvh lv wr dgg d qrupdoo| glvwulexwhg udqgrp yduldeoh wr wkh lq xhqfhv
ghwhuplqlqj dq lqglylgxdo*v rslqlrq/ zh frqvlghu qrlv| prghov zkhuh/ iru dq|
ohyho ri qrlvh/ lw lv srvvleoh wr jr iurp hdfk frq�jxudwlrq wr dq| rwkhu1

Zkdw grhv lw phdq iru wkh pdmrulw| rslqlrq dozd|v wr suhydlo lq vxfk
d vlwxdwlrqB Ehfdxvh ri wkh qdwxuh ri wkh qrlvh/ wkhuh zloo dozd|v eh wlphv
zkhq wkhuh lv vrph plqrulw| rslqlrq1 Pruhryhu/ wkh pdmrulw| rslqlrq lwvhoi
zloo frqvwdqwo| fkdqjh/ li iru qr rwkhu uhdvrq wkdq wkdw doo lqglylgxdov zloo eh
vwuxfn e| d uhyhodwlrq/ lq wkh irup ri dq h{wuhpho| uduh rffxuuhqfh ri qrlvh/
wkdw zloo fkdqjh doo wkhlu rslqlrqv vlpxowdqhrxvo|1 Wkh �uvw sureohp lv wr
irupxodwh d pdwkhpdwlfdo frqglwlrq wkdw dffxudwho| uh hfwv wkh vwdwhphqw
wkdw pdmrulw| rslqlrq dozd|v suhydlov1

Iru d �{hg ohyho ri qrlvh/ wkh frq�jxudwlrqv ri rslqlrq duh vwdwhv lq d
Pdunry fkdlq1 Ehfdxvh ri wkh qdwxuh ri wkh qrlvh/ wklv Pdunry fkdlq lv
luuhgxfleoh +uhfxuuhqw/ hujrglf,/ wkdw lv/ vwduwlqj dw dq| vwdwh/ wkhuh lv d
srvlwlyh suredelolw| ri ehlqj lq dq| rwkhu vwdwh dw vrph wlph lq wkh ixwxuh�
lqghhg wkhuh lv d srvlwlyh suredelolw| ri ehlqj lq dq| rwkhu vwdwh dw wkh qh{w
vwhs1 Vxfk d Pdunry fkdlq kdv d xqltxh vwdwlrqdu| glvwulexwlrq/ lqghshqghqw
ri zkdw lwv lqlwldo vwdwh pljkw eh1 Wkh vwdwlrqdu| glvwulexwlrq lv wkh vhw ri
suredelolwlhv wkdw wkh v|vwhp zloo eh lq dq| jlyhq vwdwh diwhu lw kdv ehhq
uxqqlqj iru d orqj wlph1 Ehfdxvh wkh fkdlq lv luuhgxfleoh/ wkhvh suredelolwlhv
duh doo qrq}hur1 Zh irfxv dwwhqwlrq rq zkdw kdsshqv wr wkhvh suredelolwlhv dv
wkh ohyho ri qrlvh jrhv wr }hur1 Wkh vwdwhphqw wkdw pdmrulw| rslqlrq dozd|v
suhydlov pd| eh lqwhusuhwhg dv wkh frqglwlrq wkdw wkh olplw ri wkh vwdwlrqdu|
glvwulexwlrqv dvvljqv }hur suredelolw| wr hyhu| vwdwh h{fhsw wkh wzr zkhuh doo
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wkh lqglylgxdov kdyh wkh vdph rslqlrq1
Li d vwdwh kdv d qrq}hur suredelolw| lq wkh olplwlqj vwdwlrqdu| glvwulexwlrq

zh vd| wkdw lw lv ylvleoh1 Zkdw wkdw phdqv lv wkdw li |rx zdlw d orqj wlph
dqg wkhq orrn dw wkh glvwulexwlrq ri rslqlrq/ wkh suredelolw| wkdw |rx zloo
vhh wkdw sduwlfxodu vwdwh lv erxqghg dzd| iurp }hur iru doo qrlvh ohyhov1 Wkh
shuvlvwhqfh ri plqrulw| rslqlrq fruuhvsrqgv wr wkh frqglwlrq wkdw wkhuh eh
ylvleoh vwdwhv rwkhu wkdq wkh krprjhqhrxv rqhv1

Rxu vshfl�f h{dpsohv duh pxfk olnh fhooxodu dxwrpdwd h{fhsw wkdw wkh|
qhhg qrw eh krprjhqhrxv= wkh lqglylgxdov fdq kdyh gl�huhqw srzhuv ri shu0
vxdvlrq/ gl�huhqw vwuhqjwkv1 Wkh| idoo xqghu wkh jhqhudo uxeulf ri qhxudo
qhwzrunv zlwkrxw qhjdwlyh lq xhqfhv1 Pruh jhqhudoo| wkh| fdq eh wkrxjkw
ri dv �qlwh glvfuhwh g|qdplfdo v|vwhpv zlwk qrlvh1 Wkhvh ghwhuplqh Pdunry
surfhvvhv zklfk fdq eh dqdo|}hg lq wkh }hur0qrlvh olplw1 Khuh zh pxvw glvwlq0
jxlvk ehwzhhq wkh olplwlqj surfhvv/ zklfk lv xvxdoo| txlwh hdv| wr ghwhuplqh/
dorqj zlwk lwv vwdwlrqdu| glvwulexwlrqv/ dqg wkh olplwlqj vwdwlrqdu| glvwulex0
wlrq1

Gl�huhqw wlph vfdohv sod| d elj uroh lq xqghuvwdqglqj zkdw lv jrlqj rq1
Dv wkh qrlvh ohyho jrhv wr }hur/ ydulrxv fulwlfdo hyhqwv kdsshq lqiuhtxhqwo|1
Wkhvh hyhqwv fdq eh fodvvl�hg e| krz orqj |rx kdyh wr zdlw/ rq dyhudjh/ wr
vhh wkhp/ phdvxuhg e| wkh uhflsurfdov ri wkhlu suredelolwlhv1 Fhuwdlq hyhqwv
duh uduh/ exw rwkhuv zloo kdsshq rqo| diwhu wkrxvdqgv ri wkrvh uduh hyhqwv
rffxu1 Ri frxuvh wkh udulw| ghshqgv rq wkh dfwxdo qrlvh ohyho1 Wr kdqgoh
wklv skhqrphqrq zh ghyhors d fdofxoxv ri wkuhvkrog h{suhvvlrqv +Vhfwlrq
8, zklfk vwdqg iru wkh suredelolw| wkdw wkh qrlvh yduldeohv h{fhhg fhuwdlq
wkuhvkrogv1 Wkh| duh qrw vlpso| suredelolwlhv/ exw suredelolwlhv lqgh{hg e|
wkh qrlvh ohyho/ dqg wkh| duh vruwhg lqwr htxlydohqfh fodvvhv ghshqglqj rq
wkhlu olplwlqj ehkdylru iru vpdoo qrlvh1 Wzr +htxlydohqfh fodvvhv ri, lqgh{hg
suredelolwlhv uhsuhvhqw wkh vdph wlph vfdoh li hdfk lv d srvlwlyh uhdo pxowlsoh
ri wkh rwkhu1

Vhfwlrqv 5 wr 9 duh ghyrwhg wr ghyhorslqj wrrov wr fdofxodwh olplwlqj vwd0
wlrqdu| glvwulexwlrqv/ zkloh wkh uhpdlqlqj vhfwlrqv suhvhqw wkh fdofxodwlrqv
iru d qxpehu ri vshfl�f h{dpsohv1 Lq Vhfwlrq 914 zh rxwolqh dq dojrulwkp/
zklfk kdv ehhq lpsohphqwhg rq d frpsxwhu/ wkdw zloo shuirup wkhvh fdofx0
odwlrqv1 Wkh lpsohphqwdwlrq lv olplwhg wr qhwzrunv zlwk dw prvw �2 qrghv1
Wkh odvw vhfwlrq olvwv d ihz xqdqvzhuhg txhvwlrqv1
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5 Ilqlwh glvfuhwh g|qdplfdo v|vwhpv zlwk qrlvh
Frqvlghu d �qlwh glvfuhwh g|qdplfdo v|vwhp/ wkdw lv/ d �qlwh vhw 7 ri vwdwhv
dqg d ixqfwlrq A G 7 $ 71 Zh fdq wklqn ri wklv dv d Pdunry fkdlq zkrvh
wudqvlwlrq pdwul{ A frqvlvwv ri f*v dqg �*v/ zlwk h{dfwo| rqh � lq hdfk urz1
Qrlvh lv lqwurgxfhg lqwr wkh v|vwhp e| phdqv ri d �qlwh qxpehu ri lqgh0
shqghqw lghqwlfdoo| glvwulexwhg udqgrp yduldeohv f�1 Wkh frpprq ghqvlw|
ixqfwlrq ri wkh f� lv ri wkh irup

�

j
s
�%
j

�

zkhuh s lv frqwlqxrxv/ hyhu|zkhuh qrq}hur/ v|pphwulf durxqg }hur/ dqg/ iru
hdfk w : �/

*�4
%<"

sEw%�

sE%�
' f� +4,

Wkh sdudphwhu j uhsuhvhqwv wkh vwuhqjwk ri wkh qrlvh1 Li
U"
3" %2sE%�_% lv

�qlwh/ wkhq zh pljkw dv zhoo dvvxph wkdw
U"
3" %2sE%�_% ' �/ lq zklfk fdvh

j2 lv wkh yduldqfh ri f�1
Wkh pdlq h{dpsoh ri vxfk dq s lv wkh vwdqgdug qrupdo ghqvlw| ixqf0

wlrq

sE%� '
�s
2Z

e3%
2*2�

Lq wklv fdvh f� lv d qrupdo udqgrp yduldeoh zlwk phdq f dqg yduldqfh j21 Dq
h{dpsoh ri d ixqfwlrq s wkdw grhvq*w vdwlvi| Frqglwlrq 4 lv sE%� ' Z

�n%2
zkhuh

wkh olplw lv �*w21 Iru d glvwulexwlrq zlwk �qlwh yduldqfh/ frqvlghu sE%� '
I
2*Z

�n%e

zklfk kdv yduldqfh � dqg wkh olplw lv �*we1
Dqrwkhu h{dpsoh lv wkh orjlvwlf glvwulexwlrq �*E� n i TE�2q��� zklfk

kdv ehhq surplqhqw lq wkh vwxg| ri qhxudo qhwzrunv +vhh ^7/ sdjh 5:`,1 Wkh
yduldqfh ri wklv glvwulexwlrq lv j2 ' Z2*E�2q2�1 Lwv ghqvlw| ixqfwlrq/ qrupdo0
l}hg wr kdyh yduldqfh �/ lv

sE%� '
Z*
s
�2

2 ULt�2EZ%*
s
�2�

zkhuh zh kdyh vhw wkh sdudphwhu q htxdo wr Z*
s
�21
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Wkh qrlvh fkdqjhv wkh wudqvlwlrq pdwul{ A e| uhsodflqj wkh f*v e| +w|sl0
fdoo| vpdoo, srvlwlyh qxpehuv/ dqg fkdqjlqj wkh �*v vr wkdw wkh pdwul{ uhpdlqv
vwrfkdvwlf +wkh vxp ri wkh hohphqwv lq hdfk urz lv �,1 Ghqrwh wkh uhvxowlqj
wudqvlwlrq pdwul{ e| �Ej�1 Zh zloo uhtxluh wkh hqwulhv ri �Ej� wkdw uhsodfh
wkh f*v ri A wr eh surgxfwv ri whupv ri wkh irup � Ef� : o�� dqg � Ef� 	 o��1
D vlpsoh/ dqg w|slfdo/ h{dpsoh lv surylghg e| d erxqghg fhooxodu dxwrpdwrq
rq d uhfwdqjxodu julg zkhuh hdfk vlwh fdq wdnh hlwkhu wkh ydoxh n� ru wkh
ydoxh ��1 Khuh lv d vwdwh ri d D� . h{dpsoh1

n � n n n � n
� n n n � n n
� � � n n � n
n n � n � � �
n � n � � n �

Wkh vwdwh vsdfh 7 frqvlvwv ri wkh 2�D gl�huhqw sdwwhuqv1 Wkh vwhsslqj uxoh
lv wkdw wkh ydoxh ri wkh vlwh dw wlph | n � lv ghwhuplqhg e| wkh ydoxhv ri lw
dqg lwv +xs wr irxu, qhduhvw qhljkeruv dw wlph | lq dffrugdqfh zlwk pdmrulw|
uxoh�zh vlpso| dgg wkh ydoxhv dw wkrvh vlwhv/ dqg xvh wkh uhvxowlqj vljq1 Lq
fdvh ri d wlh/ zkhuh wkh vxp lv }hur/ wkhuh lv qr fkdqjh1 Qrlvh lv dgghg e|
ohwwlqj wkh udqgrp yduldeoh f� frqwulexwh wr wkh yrwh dw wkh �0wk vlwh1 Wkxv
wkh wkuhvkrog o� zloo eh wkh qhjdwlyh ri wkh yrwh dw vlwh � zlwkrxw wkh qrlvh1

Ohw �o '
�
j

U"
o

s
�
%
j

�
_% eh wkh suredelolw| wkdw wkh qrlvh h{fhhgv o1 Eh0

fdxvh s lv v|pphwulf/ �o n �3o ' �1 Wkh fuxfldo frqglwlrq iru rxu dqdo|vlv
lv wkdw/ li f � o 	 r/ wkhq

�r

�o
'

U"
r

s
�
%
j

�
_%U"

o
s
�
%
j

�
_%

'

U"
r

j

s E%� _%U"
o

j

s E%� _%
$ f +�,

dv j $ f1 Wkdw lv wr vd|/ zkdwhyhu wkh gl�huhqfh lq qrlvh wkuhvkrogv uhtxluhg
iru wzr wudqvlwlrqv/ li wkh qrlvh lv vx!flhqwo| zhdn/ wkhq wkh suredelolw| lv
ryhuzkhoplqj lq idyru ri wkh pruh olnho| wudqvlwlrq1 Lq sduwlfxodu/ wdnlqj
o ' f/ zh vhh wkdw �r frqyhujhv wr f/ � ru �*2/ dv j jrhv wr f/ ghshqglqj rq
zkhwkhu r : f/ r 	 f/ ru r ' f1 Vr wkhuh lv d zhoo0gh�qhg olplwlqj wudqvlwlrq
pdwul{ �Efn�/ zkrvh qrq}hur hqwulhv duh srzhuv ri �*21

Lw*v hdv| wr vhh wkdw li s vdwlv�hv Frqglwlrq 4/ wkhq s vdwlv�hv wklv frqgl0
wlrq1 Lqghhg li w ' r*o dqg ? ' o*j/ wkhqU"

r

j

s E%� _%U"
o

j

s E%� _%
'

U"
w?

s E%� _%U"
?

s E%� _%
'

w
U"
?

s Ew%� _%U"
?

s E%� _%
� w t�T

�
sEw%�

sE%�
G % � ?

�
1
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Iru wkh qrupdo glvwulexwlrq zh fdq jhw d pruh h{solflw hvwlpdwh ri �r*�o1 Li
sE%� ' �I

2Z
e3%

2*2/ wkhq

sE%�

�
�

%
� �

%�

�
	

] "

%

sE1�_1 	 sE%�
�

%

iru % : f +vhh ^5/ sdjh 4:8`, vr

�r

�o
� i T

�
�r2 � o2

2j2

�
o

r

Iru wkh orjlvwlf glvwulexwlrq zh jhw

�r

�o
� i T

�
� r� o

j
s
�*Z

�

Zh wkxv kdyh d idplo| ri Pdunry surfhvvhv lqgh{hg e| j 5 Efc4�/ zklfk
zh pd| lghqwli| zlwk d idplo| ri vwrfkdvwlf pdwulfhv �Ej�1 Wkh pdwul{ A
dvvrfldwhg zlwk wkh g|qdplfdo v|vwhp pd| eh lghqwl�hg zlwk �Ef�1 Li vrph
ri wkh qrlvh wkuhvkrogv duh f/ wkh olplw �Efn� ri �Ej� dv j dssurdfkhv f iurp
deryh qhhg qrw eh wkh vdph dv wkh pdwul{ �Ef�1 Iru h{dpsoh/ wdnh wkh �� 2
fdvh ri wkh fhooxodu dxwrpdwrq deryh1 Wklv kdv irxu vwdwhv ��/ �n/ n�/ dqg
nn zklfk duh doo �{hg srlqwv +e| rxu wlh frqyhqwlrq,1 Vr wkh pdwul{ �Ef� lv
wkh lghqwlw|/

�Ef� '

3
EEC

� f f f
f � f f
f f � f
f f f �

4
FFD

zkloh

�Efn� '

3
EEC

� f f f
�*e �*e �*e �*e
�*e �*e �*e �*e
f f f �

4
FFD

Zh zloo ghqrwh wkh hqwulhv ri d pdwul{ � e| @��/ dqg wkh hqwulhv ri �6

e| @
E6�
�� 1 D vwdwh � lv fdoohg vwdeoh li @��Efn� ' �/ vr wkh vwdwhv �� dqg nn

deryh duh vwdeoh1 D vwdwh � lv fdoohg wudqvlhqw iru �Efn� li wkhuh h{lvwv d
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vwdwh � dqg d srvlwlyh lqwhjhu 6 vxfk wkdw @E6�
�� Efn� : f/ dqg @

E?�
�� Ef

n� ' f iru
doo ?1 Vr wkh vwdwhv �n dqg n� duh wudqvlhqw vwdwhv iru �Efn�1

Dv hdfk �Ej� lv luuhgxfleoh +lq idfw/ doo ri lwv hqwulhv duh qrq}hur,/ hdfk
kdv d xqltxh vwdwlrqdu| glvwulexwlrq TEj�/ d suredelolw| glvwulexwlrq rq wkh
vwdwhv vxfk wkdw TEj��Ej� ' TEj�1 Zh zdqw wr fdofxodwh wkh olplw TEfn� ri
TEj� dv j $ f1 Lq wklv olplwlqj glvwulexwlrq/ wkh qxpehu R� uhsuhvhqwv wkh
suredelolw| wkdw/ li |rx orrn dw wkh v|vwhp diwhu lw kdv ehhq uxqqlqj iru d orqj
wlph dw d orz qrlvh ohyho/ |rx zloo vhh wkh vwdwh �1 Zh vd| wkdw wkh vwdwh � lv
ylvleoh li R� : f/ lqylvleoh li R� ' f1 Lw*v suhww| fohdu +dqg lv d frqvhtxhqfh
ri Wkhruhp 4 ehorz, wkdw wudqvlhqw vwdwhv duh lqylvleoh1 Zh vkdoo vhh wkdw
vwdeoh vwdwhv fdq dovr eh lqylvleoh1

6 Wkh lq xhqfh pdwul{
Zh duh lqwhuhvwhg lq g|qdplfdo v|vwhpv wkdw uhsuhvhqw glvwulexwlrqv ri rslq0
lrqv dprqj 6 lqglylgxdov +qrghv/ vlwhv,1 Wkh vwdwhv ri wkh v|vwhp duh 60
yhfwruv/ lqgh{hg e| wkrvh lqglylgxdov/ zkrvh hqwulhv duh 	�/ uhsuhvhqwlqj wkh
wzr gl�huhqw rslqlrqv wkdw dq lqglylgxdo pljkw kdyh1 Wkh g|qdplfv duh vshf0
l�hg e| dq lq xhqfh pdwul{/ dq 6�6 pdwul{ � zkrvh hqwu| S�� lqglfdwhv
wkh lq xhqfh h{huwhg e| wkh �0wk qrgh rq wkh �0wk qrgh1 Wkh pdwul{ � rshu0
dwhv rq d vwdwh yhfwru � e| wudqviruplqj lw lqwr d yhfwru �� dffruglqj wr wkh
vwhsslqj htxdwlrq

�� ' t}?��

zkhuh zh vhw ��� ' �� li wklv fdofxodwlrq uhvxowv lq ��� ' f1 Lq wkh �� 2 fdvh ri
wkh fhooxodu dxwrpdwrq deryh/ wkh lq xhqfh pdwul{ lv vlpso|

� '

�
� �
� �

�

dqg

��� ' t}?E�� n �2�

li �� n �2 9' f/ vr/ lq idfw/ ��� ' �� dozd|v1 Wkh � � � fdvh lv d olwwoh pruh
lqwhuhvwlqj1 Khuh wkh lq xhqfh pdwul{ lv

� '

3
C � � f

� � �
f � �

4
D �

:



Zh wklqn ri �� dv uhsuhvhqwlqj wkh orfdo rslqlrq �hog dw hdfk vlwh �/
wkh lqglylgxdo dvvxplqj wkh vljq ri wkdw �hog/ ru uhpdlqlqj xqfkdqjhg li wkh
�hog lv }hur1 Wkh ehkdylru zkhq wkh �hog lv }hur wxuqv rxw wr eh xqlpsruwdqw
ehfdxvh lw zloo eh dq hyhqw ri suredelolw| }hur1 Lq idfw/ zhuh zh wr doorz
suredelolwlhv wr hqwhu douhdg| dw wklv vwdjh/ zh zrxog eh lqfolqhg wr  ls d
frlq wr ghwhuplqh wkh ydoxh ri ��� lq fdvh wkh orfdo rslqlrq �hog dw � lv }hur1

Wklv lv d ghvfulswlrq ri d qhxudo qhwzrun/ wkh pdwul{� ehlqj wkhpdwul{
ri frqqhfwlrqv1 Lq d jhqhudo qhxudo qhwzrun/ wkhuh lv dovr d yhfwru M ri
wkuhvkrogv/ dqg wkh vwhsslqj htxdwlrq lv �� ' t}?E�� � M�1 Iru xv/ M ' f�

Wr dgg qrlvh wr wkh v|vwhp/ zh fkdqjh wkh vwhsslqj htxdwlrq wr

�� ' t}?Ejn���

zkhuh j lv d qrlvh yhfwru1 Qrwlfh wkdw wkh qhjdwlyh phdq ri wkh qrlvh j
frxog vhuyh dv d yhfwru ri wkuhvkrogv1 Zh zloo rqo| frqvlghu qrlvh zlwk phdq
f1

Qrupdoo| doo wkh hqwulhv ri � duh qrqqhjdwlyh/ dqg wkh qrq}hur hqwulhv lq
froxpq � duh doo htxdo�wkh frpprq ydoxh lv fdoohg wkh vwuhqjwk ri wkh �0wk
qrgh1 Wkh lqwhudfwlrqv duh qrupdoo| v|pphwulf lq wkh vhqvh wkdw S�� 9' f li
S�� 9' f1 Wkh qxpehu S�� lv fdoohg wkh vhoi0vxssruw ri wkh �0wk qrgh1

7 Lqylvleoh vwdwhv
Ohw 7 eh wkh vhw ri vwdwhv ri d �qlwh Pdunry fkdlq zlwk wudqvlwlrq pdwul{
� ' E@���1 Uhfdoo wkdw d vxevhw U ri 7 lv forvhg li @�� ' f zkhqhyhu � lv lq
7 dqg � lv qrw lq 71 Hdfk vwdwh lv hlwkhu wudqvlhqw ru lv lq d xqltxh plqlpdo
forvhg vxevhw1 Wkhuh lv d xqltxh vwdwlrqdu| glvwulexwlrq rq hdfk plqlpdo
forvhg vhw/ dqg wkh vwdwlrqdu| glvwulexwlrqv rq 7 duh frqyh{ frpelqdwlrqv ri
wkhvh xqltxh glvwulexwlrqv1

Zh vwduw zlwk d vlpsoh fulwhulrq iru d vwdwh ri d fkdlq wr kdyh d vpdoo
suredelolw| ri ehlqj vhhq1

Wkhruhp 4 Ohw � ' E@��� eh wkh wudqvlwlrq pdwul{ ri d �qlwh Pdunry fkdlq
zlwk d vwdwlrqdu| suredelolw| glvwulexwlrq T1 Ohw & eh d vwdwh dqg U d vhw ri
vwdwhv qrw frqwdlqlqj &1 Li

B '
[
�MU

@&� dqg 0 ' 4@ 
�MU
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wkhq R& � 0*E0n B�1
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Surri1 Li & lv d wudqvlhqw vwdwh/ wkhq R& ' f1 Li & lv d uhfxuuhqw vwdwh/
zh pd| dvvxph wkdw T lv wkh xqltxh vwdwlrqdu| glvwulexwlrq vxssruwhg e|
wkh plqlpdo forvhg vhw ri vwdwhv frqwdlqlqj &1 Prgli| � e| uhsodflqj hdfk
wudqvlwlrq wr d vwdwh qrw lq U e| d wudqvlwlrq wr &1 Wklv grhvq*w fkdqjh B ru 0/
dqg fdq*w ghfuhdvh R&1 Wkh vhw U ^ i&j lv qrz forvhg/ vr doo rwkhu vwdwhv pd|
eh ljqruhg1 Iru � 5 U/ zh kdyh @��& '

S
� *MU @�� � 01 Wkxv li zh frpelqh doo wkh

vwdwhv lq U lqwr rqh vwdwh/ 2/ dqg frqvlghu wkh Pdunry fkdlq zlwk wudqvlwlrq
pdwul{ �

�� B B
0 �� 0

�
c

wkhq R�� � R&1 Exw

R�� '
0

0n B
�

Ohw� ' E@��� eh wkh wudqvlwlrq pdwul{ ri d Pdunry fkdlq/ dqg B d srvlwlyh
qxpehu1 E| d B0sdwk iurp d vwdwh � wr d vwdwh �/ zh phdq d vhtxhqfh ri
vwdwhv � ' &�c &2c � � � c &6 ' � vr wkdw @&|&|n� � B iru � � | 	 61

Ohppd 5 Ohw ? eh d srvlwlyh lqwhjhu/ dqg o : � d uhdo qxpehu1 Wkhuh h{lvwv
d uhdo qxpehu g vxfk wkdw iru dq| Pdunry fkdlq zlwk ? vwdwhv/ dqg srvlwlyh
qxpehu B � �*o?/ li wkh vwdwhv fdq eh sduwlwlrqhg lqwr wzr vhwv 7f^7� vr wkdw

� iurp hdfk vwdwh lq 7�/ wkhuh h{lvwv d B0sdwk wr d vwdwh lq 7f/ dqg

� @�� 	 oB zkhqhyhu � 5 7� dqg � 9' �/

wkhq wkh phdq wlph wr jr iurp dq| vwdwh lq 7� wr vrph vwdwh lq 7f lv dw prvw
g*B1

Surri1 Wkh rqo| wudqvlwlrq suredelolwlhv @�� wkdw pdwwhu duh wkrvh iru
zklfk � 5 7�/ vr zh pd| dvvxph wkdw 7f frqvlvwv ri d vlqjoh vwdwh f zlwk
@ff ' �1 Iluvw ohw B ' �*o?1 Fohduo|

@
E&?�
�f � �� E�� B?�&

iru hdfk &/ vr/ dv @E6�
�f lqfuhdvhv zlwk 6/

@
E6�
�f � �� E�� B?��6*?0 � �� KS6

<



iru doo 6/ zkhuh S ' E�� B?��*? dqg K ' �*E�� B?�1 Ohw " eh wkh pdwul{ ri
wkh fkdlq uhvwulfwhg wr 7�1 Wkhq wkh hqwulhv ri "6 duh erxqghg e| KS6/ vr
wkh hqwulhv ri

� ' E��"�3� ' �n"n"2 n � � �

duh erxqghg e| g ' K*E�� S�1
Wkh srlqw ri orrnlqj dw wkh vshfldo fdvh B ' �*o? lv vr wkdw g zloo ghshqg

rqo| rq ? dqg o/ dqg qrw rq B ru rq dq| rwkhu surshuw| ri wkh wudqvlwlrq pdwul{
�1

Qrz frqvlghu duelwudu| B � �*o?1 Ohw b ' �*o?B/ dqg ohw �� ' � n
bE� � ��1 Qrwh wkdw �� lv d Pdunry pdwul{1 Wkh gldjrqdo hqwulhv ri ��

zloo eh srvlwlyh ehfdxvh wkh r�0gldjrqdo hqwulhv ri � duh erxqghg e| oB/ vr
wkh r�0gldjrqdo hqwulhv ri �� zloo eh erxqghg e| �*?1 Wkhq zh duh lq wkh
B ' �*o? fdvh/ vr wkh hqwulhv ri �� duh erxqghg e| g1 Exw

�� ' E��"��3� ' EbE��"��3� ' b3��

vr wkh hqwulhv lq � duh erxqghg e| bg1
E| ^8/ Wkhruhp 61517` wkh ��0wk hqwu| ri � lv wkh h{shfwhg qxpehu ri

wlphv wkh fkdlq lv lq vwdwh � diwhu lw vwduwv lq vwdwh �1 Vr wkh urz vxpv ri �
jlyh wkh phdq wlph wr uhdfk 7f vwduwlqj iurp d vwdwh lq 7�1 Wkhvh urz vxpv
duh qr juhdwhu wkdq bg? ' g*oB 	 g*B1

Wr vhh wkh qhhg iru vrph k|srwkhvlv lq Ohppd 5 wkdw erxqgv wkh r�0
gldjrqdo hohphqwv/ frqvlghu wkh Pdunry fkdlq zlwk wudqvlwlrq pdwul{

� '

3
C � f f

f �� B B
B �� B f

4
D �

Wkh wrs vwdwh lv devruelqj/ dqg zh fdq jhw wr lw iurp hlwkhu ri wkh rwkhu wzr
vwdwhv zlwk d B0sdwk ri ohqjwk dw prvw 21 Exw

� ' E��"�3� '
�

B �B
B � � �

�3�
'

�
B2

�
� B

�� B B

�

vr wkh phdq wlph wr jr iurp wkh erwwrp vwdwh wr wkh wrs vwdwh lv �*B2 zklfk
fdq*w eh erxqghg e| d frqvwdqw ryhu B1
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Wkhruhp 6 Ohw ? eh d srvlwlyh lqwhjhu/ dqg o : � d uhdo qxpehu1 Vxssrvh
wkh ? vwdwhv ri d Pdunry fkdlq zlwk wudqvlwlrq pdwul{ � ' E@��� frqwdlq wzr
glvmrlqw vxevhwv 7f dqg 7� vxfk wkdw

41 wkhuh lv d B0sdwk lq 7f ^ 7� iurp hdfk vwdwh lq 7� wr 7f/

51 @�� 	 oB zkhqhyhu � 9' � 5 7�/

61 @�� 	 0 iru � 5 7f dqg � *5 7f1

Li T lv d vwdwlrqdu| glvwulexwlrq iru �/ wkhq R& 	 g0*B iru hdfk & lq 7�/
zkhuh g lv d frqvwdqw ghshqglqj rqo| rq ? dqg o1

Surri1 Li & lv d wudqvlhqw vwdwh/ wkhq R& ' f1 Rwkhuzlvh zh pd| dvvxph
wkdw T lv vxssruwhg rq wkh plqlpdo forvhg vxevhw frqwdlqlqj &1 Zh pd|
holplqdwh wkh vwdwhv wkdw duh qrw lq 7f ^ 7� e| devruelqj wkhp lqwr &1 Wkh
pdwul{ � lv prgl�hg e| holplqdwlqj wkh urzv dqg froxpqv wkdw fruuhvsrqg
wr vwdwhv rxwvlgh ri 7f ^ 7�/ dqg vhwwlqj

@��& ' @�& n
[

� *M7f�7�
@���

Wkh h�hfw lv wr lqfuhdvh R&/ wr ghfuhdvh ?/ dqg wr lqfuhdvh 0 dqg o e| dw prvw
d idfwru ri ?1 Wkxv zh pd| dvvxph wkdw 7f ^ 7� lv d sduwlwlrq ri wkh vwdwhv/
dqg Ohppd 5 dssolhv1

Ehfdxvh zh duh ghdolqj zlwk d Pdunry fkdlq/ hdfk uhdol}dwlrq frqvlvwv ri
wkh uhvxowv ri d vhtxhqfh ri lqghshqghqw wuldov/ hdfk frqvlvwlqj ri wudqvlwlrqv
vwduwlqj iurp wkh vwdwh & dqg hqglqj wkh �uvw wlph & lv ylvlwhg diwhu ylvlwlqj
7f1 Ohw u eh wkh qxpehu ri vwhsv lq vxfk d wuldo/ dqg A wkh qxpehu ri ylvlwv
wr & gxulqj wkh wuldo1 Vfkhpdwlfdoo|/ wkh uhvxowv ri d wuldo orrn olnh

& & � � � & � &
zkhuh hyhu| ylvlw wr & lv lqglfdwhg/ � lv dq hohphqw ri 7f/ dqg wkhuh pd| eh
xqlqglfdwhg hohphqwv ri 7f wr wkh uljkw ri �/ exw qrqh wr wkh ohiw1 Dv wkhvh
wuldov duh frqfdwhqdwhg/ zh lqfoxgh rqo| wkh whuplqdo srlqwv ri hdfk wudqvlwlrq
+vr zh rplw wkh lqlwldo &,1 Ehfdxvh zh kdyh wr jr iurp 7f wr &/ Frqglwlrq
6 lpsolhv .Eu� : �*01 Dv A lv qr juhdwhu wkdq wkh qxpehu ri vwhsv xqwlo
|rx uhdfk 7f/ zh kdyh .EA � � g*B e| Ohppd 51 Wkh qxpehu ri ylvlwv wr
& gxulqj ? wuldov lv A� n � � � n A?/ dqg wkh qxpehu ri vwhsv lv u� n � � � n u?/
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vr EA� n � � � n A?�*Eu� n � � � n u?� frqyhujhv wr R& doprvw vxuho|1 Vlploduo|
EA�n � � �nA?�*? frqyhujhv wr .EA � dqg Eu�n � � �nu?�*? frqyhujhv wr .Eu�/
vr R& ' .EA �*.Eu� 	 g0*B1

Uhwxuqlqj wr wkh h{dpsoh mxvw ehiruh Wkhruhp 6/ vxssrvh wkh wudqvlwlrq
pdwul{ lv

� '

3
C �� 0 0 f

f �� B B
B �� B f

4
D

zkhuh B2 � 0� B1 Wkh vwdwlrqdu| glvwulexwlrq lv sursruwlrqdo wr EB2c 0c B0�/
vr wkh plggoh vwdwh +zklfk lv lq 7�, lv vhhq wkh prvw qr pdwwhu krz vpdoo
0*B lv1 Wkh sureohp lv wkh odujh r�0gldjrqdo whup �� B1

8 Lqgh{hg suredelolwlhv= wkuhvkrog h{suhvvlrqv
Zh zloo eh ghdolqj zlwk idplolhv ri wudqvlwlrq pdwulfhv �Ej� lqgh{hg e| wkh
srvlwlyh uhdo qxpehuv/ dqg zh vhw �Efn� htxdo wr *�4j<f�Ej�1 Zh pd|
wklqn ri vxfk d idplo| dv d pdwul{ ri lqgh{hg suredelolwlhv +lqgh{hg e| j,1 E|
dq lqgh{hg suredelolw| zh phdq d +frqwlqxrxv, ixqfwlrq iurp wkh srvlwlyh
uhdo qxpehuv wr wkh kdoi0rshq lqwhuydo Efc �o1 Lq sduwlfxodu/ hdfk qxpehu lq
Efc �o lv d +frqvwdqw, lqgh{hg suredelolw|1

Zh duh lqwhuhvwhg lq vpdoo suredelolwlhv ghwhuplqhg e| qrlvh wkuhvkrogv1
Lw zloo eh frqyhqlhqw wr kdyh d zd| ri ghqrwlqj wkh suredelolwlhv lq whupv ri
wkh wkuhvkrogv1 Ohw f ghqrwh wkh qrlvh udqgrp yduldeoh/ zklfk ghshqgv rq
wkh sdudphwhu j : f/ dqg lv ri wkh w|sh ghvfulehg lq Vhfwlrq 51 Iru o d uhdo
qxpehu/ zh ghqrwh e| dooEj� wkh suredelolw| wkdw f : o1 Pruh jhqhudoo|/

do�c o2c � � � c o?oEj� ' do�oEj�do2oEj� � � � do?oEj�
ghqrwhv wkh mrlqw suredelolw| wkdw f� : o�/ zkhuh wkh f� duh lqghshqghqw
udqgrp yduldeohv zlwk wkh vdph glvwulexwlrq dv f1 Wkxv do�c o2c � � � c o?o lv
dq lqgh{hg suredelolw|�wkdw lv/ do�c � � � c o?o lv d ixqfwlrq1 Lq sudfwlfh/ wkh
o� zloo eh wkuhvkrogv iru wkh qrlvh yduldeohv dw ydulrxv vlwhv dw ydulrxv wlphv1
Qrwh wkdw dfoEj� ' �*2 dqg wkdw dooEfn� ' f iru o : f1 Zh fdoo wkh lqgh{hg
suredelolw| do�c � � � c o?o dq hohphqwdu| wkuhvkrog h{suhvvlrq1 Wkh frq0
vwdqw ixqfwlrq � pd| eh wkrxjkw ri dv dq hohphqwdu| wkuhvkrog h{suhvvlrq
zlwk dq hpsw| olvw ri wkuhvkrogv1

45



D wkuhvkrog h{suhvvlrq/ lq jhqhudo/ lv d olqhdu frpelqdwlrq ri hoh0
phqwdu| wkuhvkrog h{suhvvlrqv zlwk srvlwlyh frh!flhqwv1 Dq h{dpsoh lv
d2c eo n E�*2�d�c �c �o1 Qrwlfh wkdw wkuhvkrog h{suhvvlrqv duh forvhg xqghu dg0
glwlrq dqg pxowlsolfdwlrq1 Lqghhg/ wkh wkuhvkrog h{suhvvlrqv pljkw ehvw eh
wkrxjkw ri dv sro|qrpldov/ zlwk srvlwlyh frh!flhqwv/ lq h{suhvvlrqv ri wkh
irup doo1 Iru qrupdo dqg orjlvwlf qrlvh/ zh zloo vkrz wkdw dq| wkuhvkrog
h{suhvvlrq lv htxlydohqw wr d srvlwlyh pxowlsoh ri dq hohphqwdu| rqh +dq|
sro|qrpldo lv htxlydohqw wr d prqrpldo,1 Zh qrz gh�qh wkh dssursuldwh
qrwlrq ri htxlydohqfh1

Ohw @ dqg K eh lqgh{hg suredelolwlhv1 Dv zh duh lqwhuhvwhg rqo| lq wkh
ydoxhv ri @Ej� dqg KEj� iru j qhdu }hur/ zh zulwh

@ � K li *�4
j<f

@Ej�

KEj�
' �1

Wklv phdqv wkdw @ dqg K duh hvvhqwldoo| lqwhufkdqjhdeoh dv idu dv wkhlu ehkdy0
lru lq wkh }hur0qrlvh olplw lv frqfhuqhg1 Qrwh wkdw li o 	 f/ wkhq dooEfn� ' �/
vr doo � �/ wkh frqvwdqw ixqfwlrq �1 Iru wklv uhdvrq/ zh duh qrw xvxdoo|
frqfhuqhg zlwk qhjdwlyh wkuhvkrogv1 Dovr/ dfo � �*2/ vr zh frxog jhw dorqj
zlwkrxw }hur wkuhvkrogv1

Xqghu wklv htxlydohqfh uhodwlrq/ dq lqgh{hg suredelolw| @ vxfk wkdw @Efn� '
f ehkdyhv pxfk olnh dq lq�qlwhvlpdo1 Iru h{dpsoh/ � n @ � �1 Lqghhg/ pdq|
gl�huhqw ohyhov ri vpdooqhvv pd| eh gh�qhg dv iroorzv1 Li @ dqg K duh lqgh{hg
suredelolwlhv/ wkhq zulwh

@ ! K li *�4
j<f

@Ej�

KEj�
' f/

@ � K li *�4
j<f

@Ej�

KEj�
h{lvwv1

Qrwh wkdw @ ! � li dqg rqo| li @Efn� ' f/ dqg wkdw @ ! K li dqg rqo| li
@ n K � K1 Wkh frqglwlrq E�� wkdw zh lpsrvhg rq doo qrlvh glvwulexwlrqv
lq Vhfwlrq 5 vd|v wkdw li f � o 	 r/ wkhq dro ! doo1 Lq sduwlfxodu/ doo ! �
zkhqhyhu o : f1

Wkh suhrughu @ � K jlyhv ulvh wr dq htxlydohqfh uhodwlrq @ � K gh�qhg
wr phdq wkdw @ � K dqg K � @/ ru/ htxlydohqwo|/ wkdw @Ej�*KEj� frqyhujhv
wr d srvlwlyh uhdo qxpehu1 Wkh lghd lv wkdw li @ ! K/ wkhq @ dqg K uhsuhvhqw
hvvhqwldoo| gl�huhqw wlph vfdohv +lq wkh }hur0qrlvh olplw,/ zkloh li @ � K/ wkhq
@ dqg K uhsuhvhqw hvvhqwldoo| wkh vdph wlph vfdoh1 Li |rx kdyh dq hyhqw wkdw
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rffxuv zlwk suredelolw| R/ wkhq |rx duh dsw wr vhh lw rqo| li |rx revhuyh rq
wkh rughu ri �*R wuldov1 Vr li @ ! K/ wkhq iru vx!flhqwo| vpdoo j/ |rx fdq slfn
d wlph shulrg lq zklfk |rx zloo vhh orwv ri hyhqwv wkdw rffxu zlwk suredelolw|
KEj� exw doprvw qrqh wkdw rffxu zlwk suredelolw| @Ej�1 Qrwh wkdw @ � K li
dqg rqo| li @ � |K iru vrph srvlwlyh qxpehu |1

D �qhu sduwldo rughu/ zklfk lv frqvlvwhqw zlwk wkh htxlydohqfh @ � K/ lv
rewdlqhg e| vhwwlqj

@ 	 K li *�4
j<f

@Ej�

KEj�
	 �1

Iru qrupdo dqg orjlvwlf qrlvh/ zh zloo vhh wkdw wklv jlyhv d wrwdo rughu rq wkh
wkuhvkrog h{suhvvlrqv1 Li @ 	 K ru @ � K/ wkhq @*K lv dq lqgh{hg suredelolw|/
dw ohdvw iru vpdoo ydoxhv ri j/ zklfk lv doo wkdw pdwwhuv1 Zh kdyh wr shuirup
vxfk glylvlrqv zkhq zh holplqdwh lqylvleoh vwdwhv +Fruroodu| :,1

Zh vwduw zlwk dq 60e|06 wudqvlwlrq pdwul{ �Ej� zkrvh hqwulhv duh hoh0
phqwdu| wkuhvkrog h{suhvvlrqv

@��Ej� ' do�c o2c � � � c o6oEj��

Khuh o& ' �s&E��r&E��/ zkhuh s&E�� lv wkh �hog dw qrgh & zkhq wkh v|vwhp
lv lq vwdwh �/ dqg r&E�� lv wkh vljq ri qrgh & zkhq wkh v|vwhp lv lq vwdwh �1
Zh zloo vkrz wkdw wkh olplwlqj vwdwlrqdu| glvwulexwlrq ghshqgv rqo| rq wkh
htxlydohqfh fodvvhv ri wkh lqgh{hg suredelolwlhv @��1 Wr gr wklv/ lw vx!fhv
wr vkrz wkdw vpdoo shufhqwdjh fkdqjhv lq wkh hqwulhv ri d Pdunry pdwul{
zlwk doo srvlwlyh hqwulhv surgxfh vpdoo shufhqwdjh fkdqjhv lq lwv vwdwlrqdu|
glvwulexwlrq1 Iluvw d vlpsoh ohppd derxw orjdulwkpv ri udwlrv1

Ohppd 7 Ohw S� dqg _� eh srvlwlyh qxpehuv/ � ' �c � � � c 61 Li m*L} S�*_�m � B
iru doo �/ wkhq

����*L}
T

S�T
_�

���� � 6B dqg

����*L}
S

S�S
_�

���� � B

Surri1 Wr suryh wkh �uvw lqhtxdolw|/ mxvw fdofxodwh
����*L}

T
S�T
_�

���� '
����
[

*L}
S�
_�

���� �
[����*L} S�_�

���� � 6B�
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Iru wkh vhfrqg lqhtxdolw|/ wkh k|srwkhvlv vd|v wkdw S� ' _�e
|� zlwk �B � |� �

B/ vr

�B ' *L}

S
_�e

3BS
_�

� *L}

S
_�e

|�S
_�

� *L}

S
_�e

BS
_�

' B

dqg wkh plggoh whup lv *L} E
S

S�*
S

_��1

Wkhruhp 8 Ohw � dqg � eh ?0e|0? Pdunry pdwulfhv zlwk doo qrq}hur hq0
wulhv/ dqg +xqltxh, vwdwlrqdu| glvwulexwlrqv R dqg ^1 Li m*L}E@��*K���m � B iru
doo � dqg �/ wkhq m*L}ER�*^��m � 2E?� ��B iru doo �1

Surri1 Frqvlghu wkh pdwul{ � ' � � U/ zkrvh urz vxpv duh }hur1
Ohw E���?3��� eh wkh fridfwru ri wkh �0wk hqwu| lq wkh �uvw froxpq ri � /
vr E���?3�E����3��� lv wkh ghwhuplqdqw ri wkh vxepdwul{ ri � iruphg e|
ghohwlqj wkh �uvw froxpq dqg wkh �wk urz1 Wkhq � ' E��c � � � c �?� lv d yhfwru
lq wkh ohiw qxoo vsdfh ri� ehfdxvh _i|� ' f1 Hdfk �� lv d vxp ri prqrpldov
ri ghjuhh ? � � lq wkh r�0gldjrqdo hqwulhv ri � +doo vljqv srvlwlyh�zh duh
lqghewhg wr Ddurq Ph|hurzlw} iru srlqwlqj wklv rxw,1 Khqfh � ' R

S?
�'� ��1

Ohw � eh wkh yhfwru iruphg iurp wkh fruuhvsrqglqj vxpv ri prqrpldov lq
wkh r�0gldjrqdo hqwulhv ri �1 Iurp Ohppd 7 +erwk lqhtxdolwlhv, lw iroorzv
wkdw m*L}E��*���m � E?� ��B vr

m*L} ER�*^��m '
����*L}E��*��� n *L}

S?
�'� ��S?
�'� ��

���� � 2E?� ��B�

Rqh frqvhtxhqfh ri wklv lv wkdw zh fdq holplqdwh qhjdwlyh wkuhvkrogv iurp
hohphqwdu| wkuhvkrog h{suhvvlrqv/ dqg vr dvvxph wkdw wkh hqwulhv lq wkh lqlwldo
pdwul{ � duh hlwkhu � ru ri wkh irup do�c o2c � � � c o?o zlwk hdfk o& � f1

814 Qrupdo dqg orjlvwlf qrlvh

Li wkh qrlvh ixqfwlrq lv qrupdo/ dqg o�c o2c � � � c o? duh srvlwlyh/ wkhq

do�c o2c � � � c o?oEj� �
�

js
2Z

�?

e3
S

o2
�
*2j2 �T

o�
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iru vpdoo j1 Iurp wklv zh vhh wkdw

do�c o2c � � � c o?o ! do��c o
�
2c � � � c o

�
6o li

[
o2� :

[
o�2� / ru

li
[

o2� '
[

o�2� dqg ? : 61

do�c o2c � � � c o?o �
�\ o��

o�

�
do��c o

�
2c � � � c o

�
?o li

[
o2� '

[
o�2� 1

Li vrph ri wkh o� duh f/ zh vlpso| idfwru rxw d srzhu ri �*2 dqg frpsduh
zkdw*v ohiw1 Wkxv zh fdq frpsduh wkhvh hohphqwdu| wkuhvkrog h{suhvvlrqv
idluo| hdvlo|1 Qrwh wkdw li qrqh ri wkh o� dqg o�� duh f/ wkhq do�c o2c � � � c o?o �
do��c o

�
2c � � � c o

�
6o h{dfwo| zkhq ? ' 6 dqg

S
o2� '

S
o�2� 1

Vr iru d qrupdo qrlvh ixqfwlrq/ wkh wkuhvkrog h{suhvvlrq |do�c o2c � � � c o?o/
zlwk srvlwlyh hqwulhv/ lv frpsohwho| vshfl�hg e| wkh wulsoh

S
o2� / ?/ dqg |*

T
o�1

Frqyhuvho|/ jlyhq dq| wulsoh E�c �c �� ri uhdo qxpehuv/ zlwk � : f/ dqg hlwkhu
� : f ru � ' f dqg � : f/ zh jhw dq lqgh{hg suredelolw|

�
js
2Z

��

e3
S

�*2j2�

Wkh wulsohv E�c �c �� duh olqhduo| rughuhg e| vhwwlqj E��c ��c ��� 	 E�2c �2c �2�
li

�� : �2/ ru �� ' �2 dqg �� : �2/ ru �� ' �2 dqg �� ' �2 dqg �� 	 �2

Wklv rughulqj fruuhvsrqgv wr wkh rughulqj @ ! K ri lqgh{hg suredelolwlhv1 Zh
pxowlso| dqg dgg vxfk wulsohv/ dqg pxowlso| wkhp e| srvlwlyh uhdo qxpehuv/
dv iroorzv=

� E@�c K�c S�� � E@2c K2c S2� ' E@� n @2c K� n K2c S�S2�

� E@�c K�c S��nE@2c K2c S2� '

;?
=

E@�c K�c S�� li @� 	 @2/ ru @� ' @2 dqg K� 	 K2/
E@2c K2c S2� li @� : @2/ ru @� ' @2 dqg K� : K2/
E@�c K�c S� n S2� li @� ' @2 dqg K� ' K21

� oE@c Kc S� ' E@c Kc oS�1

Wkdw wkh pxowlsolfdwlrq dqg vfdodu pxowlsolfdwlrq uxohv jlyh wkh fruuhvsrqglqj
rshudwlrqv rq lqgh{hg suredelolwlhv lv lpphgldwh1 Wkh dgglwlrq uxoh iroorzv
iurp wkh revhuydwlrq wkdw li @ ! K duh lqgh{hg suredelolwlhv/ wkhq @ n K � K1
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Qrwh wkdw zh fdq dovr glylgh dq| wzr wulsohv> wkh uhvxow pd| qrw fruuhvsrqg
wr d wkuhvkrog h{suhvvlrq +iru h{dpsoh/ wkh �uvw ru vhfrqg hohphqw pljkw
eh qhjdwlyh, exw li E@�c K�c S�� 	 E@2c K2c S2�/ wkhq wkh txrwlhqw E@� � @2c K� �
K2c S�*S2� fruuhvsrqgv wr dq htxlydohqfh fodvv ri lqgh{hg suredelolwlhv1

Iru orjlvwlf qrlvh/ wkh vlwxdwlrq lv hyhq vlpsohu1 Lq wklv fdvh/

dooEj� ' E� n eZo*j
I
��3� � e3Zo*j

I
�c

iru o : f1 Vr do�c � � � c o?o � do� n � � � n o?o/ li doo wkh o� duh srvlwlyh/ dqg
doo ! do�o h{dfwo| zkhq o : o�/ li o� � f1

9 Frpsxwlqj olplwlqj vwdwlrqdu| glvwulexwlrqv
Ohw � eh d wudqvlwlrq pdwul{ zkrvh hqwulhv duh lqgh{hg suredelolwlhv +dq
lqgh{hg wudqvlwlrq pdwul{, dv ghvfulehg lq wkh odvw vhfwlrq1 Iluvw qrwh wkdw
dq| wudqvlhqw vwdwh iru wkh pdwul{ �Efn� lv lqylvleoh1 Wklv lv ehfdxvh TEfn�
lv d vwdwlrqdu| glvwulexwlrq iru �Efn�/ e| frqwlqxlw|/ vr pxvw ydqlvk rq dq|
wudqvlhqw vwdwh ri �Efn�1

Zh fdq holplqdwh lqylvleoh vwdwhv iurp dq lqgh{hg wudqvlwlrq pdwul{ �
zlwkrxw fkdqjlqj TEfn� ehfdxvh li zh holplqdwh d vwdwh zlwk d orz vwdwlrq0
du| suredelolw| iurp �Ej�/ iru �{hg j/ wkh vwdwlrqdu| suredelolwlhv ri wkh
uhpdlqlqj vwdwhv gr qrw fkdqjh pxfk1 Khuh lv krz lw lv grqh1

Wkhruhp 9 Ohw � ' E@��� eh wkh wudqvlwlrq pdwul{ ri dq luuhgxfleoh Pdunry
surfhvv/ dqg T lwv vwdwlrqdu| glvwulexwlrq1 Li zh holplqdwh vwdwh �/ vhwwlqj

@��� ' @�� n
@��@��S
& �'� @�&

c

iru doo � 9' � dqg � 9' �/ wkhq

R�� '
R�

�� R�
�

Surri1 Fdofxodwh T��� ' T�1

Zh xvh
S

& �'� @�& lq wkh ghqrplqdwru/ udwkhu wkdq � � @��/ vr wkdw zkhq
lpsohphqwlqj wkh dojrulwkp rq dq lqgh{hg wudqvlwlrq pdwul{/ zh qhhg rqo|
dgg/ pxowlso|/ dqg glylgh1
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Fruroodu| : Ohw � ' E@��� eh dq lqgh{hg wudqvlwlrq pdwul{1 Li vwdwh � lv
lqylvleoh/ dqg zh holplqdwh lw/ uhsodflqj hdfk @�� e|

@�� n
@��@��S
& �'� @�&

c

wkhq R�Ef
n� grhv qrw fkdqjh iru � 9' �1

Wkh qh{w wkhruhp lv xvhg wr lghqwli| lqylvleoh vwdwhv1 Lq lw zh wdon derxw
B0sdwkv iru dq lqgh{hg wudqvlwlrq pdwul{ � ' E@���/ zkhuh B lv dq lqgh{hg
suredelolw|1 Wkhvh duh gh�qhg h{dfwo| dv iru wkh qrqlqgh{hg fdvh/ zlwk B � @��
uhsodfhg e| B � @��1 Wkh surshuw| zh zloo xvh lv wkdw li � lv d B0sdwk iru �/
wkhq wkhuh h{lvwv | : f dqg j� : f/ vxfk wkdw � lv d |BEj� sdwk iru �Ej� iru
hdfk j � j�1

Wkhruhp ; Ohw � ' E@��� eh dq lqgh{hg wudqvlwlrq pdwul{/ dqg B eh dq
lqgh{hg suredelolw| zlwk BEfn� ' f1 Vxssrvh wkhuh duh wzr glvmrlqw qrqhpsw|
vhwv ri vwdwhv 7f dqg 7� vxfk wkdw

41 wkhuh lv d B0sdwk lq 7f ^ 7� iurp hdfk vwdwh lq 7� wr 7f/

51 @�� � B zkhqhyhu � 9' � 5 7�/

61 @�� ! B iru � 5 7f dqg � *5 7f1

Wkhq wkh vwdwhv lq 7� duh lqylvleoh1

Surri1 Iurp Frqglwlrq 4 wkhuh lv | : f dqg j� : f vr wkdw iurp hdfk
vwdwh lq 7� wkhuh lv d sdwk lq 7f ^ 7� wr 7f wkdw lv d |BEj�0sdwk iru �Ej� iru
hdfk j � j�1

Li � 9' � 5 7�/ wkhq @�� � B/ vr *�4j<f @��Ej�*BEj� h{lvwv1 Wkhuhiruh/ wkhuh
lv j2 : f dqg o : � vr wkdw/ li j � j2/ wkhq @��Ej� 	 o|BEj�1

Li � 5 7f dqg � *5 7f/ wkhq @�� ! B/ vr @��Ej�*BEj� $ f1 Wkhuhiruh/ iru
hdfk 0 : f/ wkhuh lv j� : f vr wkdw li j � j�/ wkhq @��Ej� 	 0|BEj�1

E| Wkhruhp 6/ li j � 4�?Ej�c j2c j��/ wkhq R&Ej� 	 g0| iru hdfk & lq 7�/
zkhuh g lv d frqvwdqw ghshqglqj rqo| rq o1

Zh h{whqg wkh lghd ri d wudqvlhqw vwdwh wr dq lqgh{hg wudqvlwlrq pdwul{
� ' E@��� dv iroorzv1 Ohw B eh wkh odujhvw r�0gldjrqdo hqwu| ri �1 Wkhq d
vwdwh � lv wudqvlhqw iru � li wkhuh h{lvwv d vwdwh �/ dqg d B0sdwk iurp � wr �/
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exw qr B0sdwk iurp � wr �1 Wklv phdqv/ urxjko|/ wkdw wkh vwdwh � lv wudqvlhqw
dw wkh vpdoohvw lqwhuhvwlqj wlph vfdoh1 Ohw 7� eh doo wkh vwdwhv wkdw olh rq
dq| ri wkh B0sdwkv iurp � wr �1 Ohw 7f eh doo wkh vwdwhv |rx fdq uhdfk zlwk
B0sdwkv iurp �1 Wkhq Wkhruhp ; vkrzv wkdw � lv lqylvleoh1

D vwdwh wkdw lv wudqvlhqw iru �Efn� lv wudqvlhqw iru �1 Lqghhg/ li � lv d
wudqvlhqw vwdwh iru �Efn�/ wkhq wkhuh lv � 9' � vxfk wkdw � � @��1vr zh fdq
wdnh B ' � lq wkh gh�qlwlrq ri �wudqvlhqw iru �� dqg wkh frqglwlrq lv h{dfwo|
wkdw � eh wudqvlhqw iru �Efn�1

Lq dgglwlrq wr lghqwli|lqj dqg holplqdwlqj lqylvleoh vwdwhv/ rqh pruh whfk0
qltxh frphv lqwr sod| zkhq frpsxwlqj olplwlqj vwdwlrqdu| glvwulexwlrqv1 D
vhw 7 ri vwdwhv pd| irup dq luuhgxfleoh Pdunry fkdlq rq lwv rzq dw d fhuwdlq
wlph0vfdoh1 Hyhu| wlph |rx hqwhu 7/ |rx vwd| orqj hqrxjk wr dfklhyh d orfdo
vwdwlrqdu| glvwulexwlrq ehiruh |rx ohdyh1 Lq wklv fdvh/ zh fdq froodsvh 7 lqwr
d vlqjoh vwdwh/ �qg wkh suredelolw| ri vhhlqj wklv frpsrvlwh vwdwh/ dqg pxowl0
so| e| wkh orfdo vwdwlrqdu| glvwulexwlrq wr �qg wkh suredelolw| ri vhhlqj wkh
lqglylgxdo vwdwhv ri 71 Ohw*v pdnh wklv pruh suhflvh1

Ohw B eh dq lqgh{hg suredelolw|1 Fdoo d vhw 7 ri vwdwhv B0luuhgxfleoh li

41 @�� ! B iru � 5 7 dqg � *5 7/

51 Li �c � 5 7 dqg � 9' �/ wkhq @�� � B/

61 Li �c � 5 7 dqg � 9' �/ wkhq wkhuh lv d B0sdwk iurp � wr �1

Zkdw lv wkh orfdo vwdwlrqdu| glvwulexwlrq rq 7B Frqglwlrq +5, vd|v wkdw/ li
� dqg � duh glvwlqfw hohphqwv ri 7/ wkhq @��Ej�*BEj� frqyhujhv wr d qrqqhjdwlyh
uhdo qxpehu |��1 Frqglwlrq +4, vd|v wkdw @��Ej�*BEj� frqyhujhv wr f li � lv lq
7 dqg � lv qrw1 Frqglwlrq +6, lpsolhv wkdw wkh pdwul{ lqgh{hg e| 7/ zlwk |��
r� wkh gldjrqdo dqg wkh gldjrqdo whupv fkrvhq vr wkdw wkh urz vxpv duh f/
kdv d rqh0glphqvlrqdo ohiw qxoo vsdfh1

Wr vhh wklv/ vfdoh wkh urzv vr wkdw wkh gldjrqdo hqwulhv duh doo ��1
Wklv grhvq*w fkdqjh wkh uljkw qxoo vsdfh/ zklfk frqwdlqv wkh doo
�*v froxpq yhfwru �f/ khqfh grhvq*w fkdqjh wkh glphqvlrq ri wkh
ohiw qxoo vsdfh1 Wkh uhvxowlqj pdwul{ lv ri wkh irup �Un�/ zkhuh
� lv wkh pdwul{ ri dq luuhgxfleoh Pdunry fkdlq1 Li �� ' �/ wkhq
�&� ' �1 Exw �& frqyhujhv wr d pdwul{ � zkrvh urzv duh wkh
xqltxh vwdwlrqdu| glvwulexwlrq ri �1 Wkxv wkh froxpqv ri � duh
pxowlsohv ri �f/ dqg �� ' �/ vr � lv d pxowlsoh ri �f1
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Qrupdol}lqj d yhfwru lq wkdw qxoo vsdfh jlyhv wkh ghvluhg vwdwlrqdu| glvwulex0
wlrq1

Ohw E^���M7 eh wkh orfdo vwdwlrqdu| glvwulexwlrq rq wkh B0luuhgxfleoh vhw
71 Wr froodsvh 7 lqwr d vlqjoh +pl{hg, vwdwh f/ zh vhw @��f '

S
�M7 @�� dqg

@�f� '
S

�M7 ^�@��1 Zh rplw wkh yhul�fdwlrq wkdw wklv doo zrunv rxw1

914 Wkh dojrulwkp

Zh fdq qrz rxwolqh wkh dojrulwkp iru frpsxwlqj olplwlqj vwdwlrqdu| glvwul0
exwlrqv iru qrupdo qrlvh1 Wklv dojrulwkp zdv lpsohphqwhg xvlqj wkh frp0
sxwdwlrqdo uhvrxufhv surylghg e| wkh Pxowl0Glvflsolqdu| Uhvhdufk Frpsxw0
lqj Idflolw| zklfk lv ixqghg mrlqwo| e| wkh Qdwlrqdo Vflhqfh Irxqgdwlrq dqg
Iorulgd Dwodqwlf Xqlyhuvlw|1

41 Vhw xs wkh vtxduh pdwul{ � ri wulsohv/ lqgh{hg e| wkh 2? vwdwhv ri wkh
qhwzrun1 Hdfk hqwu| lv d surgxfw ri ? wulsohv/ rqh iru hdfk qrgh/ zklfk
duh ri wkh irup Eo2c �c �*o� li lw uhtxluhv d qrlvh ri o wr vzlwfk ru krog
wkdw qrgh wr wkh uhtxluhg vljq/ ri wkh irup Efc fc �� li wkh qrgh zloo
dvvxph wkh ghvluhg vljq iru dq| vx!flhqwo| vpdoo qrlvh/ dqg ri wkh irup
Efc fc �*2� li wkh qrgh zloo dvvxph wkh vljq ri wkh qrlvh +wkdw lv/ wkh
lq xhqfh �hog lv f dw wkdw qrgh,1

51 Ilqg wkh odujhvw r�0gldjrqdo whup B1

61 Ghohwh wkh wudqvlhqw vwdwhv ri wkh pdwul{/ prgli|lqj wkh hqwulhv ri wkh
pdwul{ dffruglqj wr Fruroodu| :1

71 Fuhdwh pl{hg vwdwhv iru hdfk B0luuhgxfleoh vxevhw ri wkh prgl�hg pdwul{1
Uhfrug wkh frpsrvlwlrq ri wkhvh pl{hg vwdwhv wrjhwkhu zlwk wkhlu orfdo
vwdwlrqdu| glvwulexwlrqv1

81 Li pruh wkdq rqh vwdwh uhpdlqv/ jr wr vwhs 51

Lq dfwxdo sudfwlfh/ wkh pdwul{ � lv lqgh{hg e| rqo| 2?3� vwdwhv ehfdxvh ri
wkh v|pphwu| ri lqwhufkdqjlqj srvlwlyh dqg qhjdwlyh vljqv rq wkh qrghv1

Iru orjlvwlf qrlvh/ wkh surjudp lv wkh vdph/ h{fhsw wkdw wkh hqwulhv lq
wkh pdwul{ � duh sdluv ri uhdo qxpehuv/ Eoc r�/ zlwk r : f/ uhsuhvhqwlqj wkh
wkuhvkrog h{suhvvlrq rdoo1 Qrwh wkdw wkh sdlu Efc 2� fruuhvsrqgv wr wkh wulsoh
Efc fc ��/ dqg wkh sdlu Efc �� fruuhvsrqgv wr wkh wulsoh Efc fc �*2�1
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: Wkh vlqjoh0vwuhqjwk flufoh
Zh looxvwudwh krz wr lghqwli| lqylvleoh vwdwhv lq d vlpsoh fdvh1 Frqvlghu d
jurxs ri 6 shrsoh vlwwlqj durxqg d flufxodu wdeoh/ hdfk rqh lq xhqfhg rqo|
e| klpvhoi dqg klv wzr qhduhvw qhljkeruv1 Wkh lq xhqfh pdwul{/ iru 6 ' S/
lv

� '

3
EEEEEEC

� � f f f �
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f � � � f f
f f � � � f
f f f � � �
� f f f � �

4
FFFFFFD

Li wzr dgmdfhqw vlwhv kdyh wkh vdph vljq/ wkhq wkdw frqglwlrq zloo shuvlvw
lqgh�qlwho| lq wkh devhqfh ri qrlvh1 Vr d shulrglf vwdwh pxvw frqvlvw ri
dowhuqdwlqj vljqv doo durxqg wkh flufoh/ dqg wklv lv srvvleoh rqo| li 6 lv hyhq1

Wkh vwdeoh vwdwhv duh suhflvho| wkrvh lq zklfk hdfk qrgh lv qh{w wr d qrgh
ri wkh vdph vljq1 Zh vkdoo vkrz wkdw wkh rqo| ylvleoh vwdwhv duh wkrvh lq
zklfk hyhu|erg| kdv wkh vdph vljq +d krprjhqhrxv vwdwh,1 Lw lv fohdu wkdw
wkhuh lv d d�o0sdwk iurp dq| lqkrprjhqhrxv vwdeoh vwdwh wr wkh doo0soxv vwdwh
e| vxffhvvlyho| fkdqjlqj wr soxv wkrvh plqxv vlwhv wkdw duh qh{w wr soxv vlwhv1
Qhlwkhu krprjhqhrxv vwdwh fdq eh h{lwhg zlwk suredelolw| juhdwhu wkdq d�o/
dqg qr lqkrprjhqhrxv vwdeoh vwdwh fdq eh h{lwhg zlwk suredelolw| juhdwhu
wkdq d�o1 Vr hdfk lqkrprjhqhrxv vwdeoh vwdwh lv lqylvleoh e| Wkhruhp ;1
Pruhryhu dq| shulrglf vwdwh/ li suhvhqw/ fdq eh fkdqjhg/ zlwk qrlvh ri �/ wr d
wudqvlhqw vwdwh wkdw hyroyhv wr d krprjhqhrxv vwdwh/ vr wkh| duh dovr lqylvleoh1

; D wzr0vwuhqjwk kh{djrqdo qhwzrun
Qh{w zh orrn dw dq h{dpsoh zkhuh wkhuh duh ylvleoh lqkrprjhqhrxv vwdwhv1
Frqvlghu d jurxs ri 6 shrsoh vlwwlqj durxqg d flufxodu wdeoh/ hdfk rqh lq x0
hqfhg rqo| e| klpvhoi dqg klv wzr qhduhvw qhljkeruv/ exw qrz vrph duh vwurqj
dqg vrph duh zhdn1 Zh dvvljq vwuhqjwkv � dqg o 	 � wr wkh vwurqj dqg
zhdn uhvshfwlyho|1 Frqvlghu vshfl�fdoo| wkh vlwxdwlrq zkhuh 6 ' S/ h{dfwo|
wzr duh vwurqj/ dqg wkhvh duh vlwwlqj dfurvv iurp hdfk rwkhu1 Uhsuhvhqw wkh
vwdwh ri vxfk d v|vwhp e| d vwulqj ri soxvhv dqg plqxvhv1 Sxw wkh wzr vwurqj
qrghv lq srvlwlrqv 2 dqg D/ vr li wkh vwurqj qrghv duh lq rqh vwdwh dqg wkh
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zhdn qrghv lq wkh rwkhu/ wkhq wkh vwulqj lv �n��n� ru n�nn�n1 Khuh
lv wkh frq�jxudwlrq ���nnn
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E
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6

Wkh lq xhqfh pdwul{ lv

� '

3
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Wkh vwdwhv fdq eh jurxshg lqwr wzr0hohphqw frpsrvlwh vwdwhv ehfdxvh ri
wkh v|pphwu| ri lqwhufkdqjlqj soxv dqg plqxv1 Wkhvh duh qrw wkh pl{hg
vwdwhv ri vwhs 7 ri wkh dojrulwkp> udwkhu wkh| duh iruphg dw wkh vwduw wr fxw
wkh lqlwldo qxpehu ri vwdwhv lq kdoi/ dv phqwlrqhg lq wkh uhpdun iroorzlqj
wkh dojrulwkp1 Li o 	 �*2/ wkhq doo frpsrvlwh vwdwhv rwkhu wkdq wkh wzr wkdw
frqwdlq n n n n nn dqg �� � n nn duh wudqvlhqw iru wkh pdwul{ �Efn�1
Diwhu holplqdwlqj wkh wudqvlhqw vwdwhv zh jhw wkh wudqvlwlrq pdwul{�

� d2o n �o
d2o n �o n 2d�c �o �

�

iru wkh wzr vwdeoh frpsrvlwh vwdwhv1 Wkh hqwu| d2o n �o frphv iurp h�hfwlqj
wkh wudqvlwlrq iurp nnnnnn wr ���nnn e| qrlvh ri lqwhqvlw| 2on �
dw wkh vhfrqg qrgh +d vwurqj qrgh,1 Wklv wdnhv |rx wr wkh wudqvlhqw vwdwh
n�nnnn zklfk lpphgldwho| jrhv wr ���nnn ehfdxvh o 	 �*21 Wkh
hqwu| d2o n �o n 2d�c �o frphv iurp wkh wzr gl�huhqw zd|v ri sdvvlqj iurp
���nnn wr nnnnnn1 Wkh �uvw lv e| qrlvh ri lqwhqvlw| 2o n � dw wkh
vhfrqg qrgh1 Wkh vhfrqg lv qrlvh ri lqwhqvlw| � dw wkh �uvw ru wklug qrghv/
iroorzhg lpphgldwho| e| qrlvh ri lqwhqvlw| � dw wkh vhfrqg qrgh1

Qrwh wkdw wkh urz vxpv duh �/ hyhq wkrxjk wkh r�0gldjrqdo hqwulhv duh
qrq}hur/ ehfdxvh dro ! � iru dq| r : f1 Wr frpsxwh wkh vwdwlrqdu| glvwulex0
wlrq/ zh fdq fkdqjh wkh gldjrqdo hqwulhv wr pdnh wkh urz vxpv f/ dqg wkhq
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frpsxwh wkh ohiw qxoo vsdfh1 Wkh lvvxh qrz lv krz d2on�o frpsduhv wr d�c �o1
Wkdw ghshqgv rq wkh qrlvh1

Iru qrupdo qrlvh/ wkh| frpsduh dv E2o n ��2 dqg 2/ vr zh pxvw frpsduh
2o n � wr

s
21 Li o : E

s
2� ��*2 � � 2f.��/ wkhq

d2o n �o n 2d�c �o � 2d�c �o " d2o n �o

vr wkh rqo| ylvleoh +frpsrvlwh, vwdwh lv krprjhqhrxv1 Li o � E
s
2���*2/ wkhq

d2o n �o n 2d�c �o � d2o n �o dqg wkh wzr �{hg +frpsrvlwh, vwdwhv duh htxdoo|
olnho|1

Iru orjlvwlf qrlvh/ wkh| frpsduh dv 2o n � dqg 2/ dqg 2o n � 	 2 ehfdxvh
o 	 �*21 Vr d�c �o ! d2o n �o/ zkhqfh

d2o n �o n 2d�c �o � d2o n �o

vr wkh wzr vwdwhv duh htxdoo| olnho| zkhqhyhu o 	 �*211
Li o ' �*2/ wkhq doo vwdwhv rwkhu wkdq nn nn nn dqg ���n nn duh

wudqvlhqw iru wkh pdwul{ �Efn�/ dv ehiruh1 Diwhu holplqdwlqj wudqvlhqw vwdwhv/
wkh pdwul{ ehfrphv �

� �
��
d2o n �o

S.
2S
d�c �o �

�
�

Wkh gl�huhqfh ehwzhhq wklv dqg wkh o 	 �*2 fdvh lv wkdw/ iru wkh odwwhu/ d
qrlvh ri 2on� dw d vwurqj qrgh jxdudqwhhv d wudqvlwlrq iurp nnnnnn wr
n�nnnn wr���nnn/ exw li o ' �*2/ wkh wudqvlhqw vwdwhn�nnnnpljkw
uhyhuw edfn wr nnnnnn1 Pruhryhu/ iru wkh wudqvlwlrq iurp ���nnn
wr nnnnnn/ wkh wudqvlhqw vwdwh ��nnnn pljkw shuvlvw dzkloh/ jlylqj
pruh rssruwxqlw| iru d vhfrqg qrlvh ri � wr vzlwfk wkh qhjdwlyh vwurqj qrgh1
Wkh frh!flhqwv lq wklv pdwul{ duh qrw vr hdv| wr frpsxwh�lw wrrn vrph
frpsxwhu uxqv wr jhw wkhp uljkw1 Rqfh frpsxwhg/ krzhyhu/ zh vhh wkdw/ iru
qrupdo qrlvh/ rqo| wkh krprjhqhrxv vwdwh lv ylvleoh/ zkloh iru orjlvwlf qrlvh/
wkh vwdwlrqdu| glvwulexwlrq rq wkh krprjhqrxv dqg lqkrprjhqhrxv vwdwhv lv
ES.*.�c S*.��1

Qrz vxssrvh o : �*21 Lw zloo eh frqyhqlhqw/ iru kdqg frpsxwdwlrq/ wr
xvh wkh v|pphwulhv derxw wkh krul}rqwdo dqg yhuwlfdo d{hv/ lq dgglwlrq wr
lqwhufkdqjlqj soxv dqg plqxv/ wr irup frpsrvlwh vwdwhv1 Wkxv ����nn
lv lq d frpsrvlwh vwdwh frqwdlqlqj vhyhq rwkhu vwdwhv1 Qr vwdwh zkhuh vrph
qrgh kdv d vljq gl�huhqw iurp erwk lwv qhljkeruv lv vwdeoh1 Ri wkhvh/ wkh vwdwh
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� n � n �n kdv shulrg 2 +exw lv vwdeoh dv d frpsrvlwh vwdwh, dqg wkh uhvw
duh wudqvlhqw iru �Efn�1 Iru h{dpsoh/ n�n�nn jrhv wr nn�nnn jrhv
wr n n n n nn1 Wkh vwdwh n n � � nn lv vwdeoh/ dv duh �� �� nn dqg
n���nn1 Wkdw*v wkh orw�vl{ vwdeoh +frpsrvlwh, vwdwhv=

nnnnnn
���nnn
�n�n�n
nn��nn
����nn
n���nn

Wkh pdwul{ iru wkhvh vl{ vwdwhv lv3
EEEEEEC

� � � � ed� n 2oc 2o � �c 2o � �o �
� � � � ed�o �

2d2o � �o � � � � �
d2o � �o � � � � �
2d�o d2o � �o � � � 2d�o
� � � 2d�o 2d2o � �o �

4
FFFFFFD
�

Vrph ri wkh hqwulhv duh gl!fxow wr frpsxwh e| kdqg/ exw lw lv qrw qhfhvvdu| wr
frpsxwh wkhp doo h{dfwo|1 Wkrvh pdunhg e| d grw duh rq d wlph vfdoh odujhu
wkdq dq| frpsxwhg hqwu| lq wkh vdph urz1 Wkh hqwu| @�D/ iru h{dpsoh/
dulvhv iurp vzlwfklqj d vwurqj qrgh/ zklfk uhtxluhv d qrlvh ri � n 2o/ wkhq
kroglqj wkdw vwurqj qrgh lq wkh qhz vwdwh/ zklfk wdnhv d qrlvh ri 2o � �/
zkloh vlpxowdqhrxvo| vzlwfklqj dq dgmdfhqw zhdn qrgh/ zklfk dovr wdnhv d
qrlvh ri 2o � �1 Wkh frh!flhqw ri e frphv iurp wkh irxu fkrlfhv ri d vwurqj
qrgh wrjhwkhu zlwk dq dgmdfhqw zhdn qrgh1 Wkh frh!flhqw ri e lq @2D frphv
iurp wkh idfw wkdw zh fdq vzlwfk dq| ri wkh irxu zhdn qrghv1

Vwdwhv wkuhh dqg irxu duh lqylvleoh e| Wkhruhp ; zlwk B ' d2o � �o1
Holplqdwlqj wkhp zh jhw wkh pdwul{

3
EEC

� � ed� n 2oc 2o � �c 2o � �o �
� � ed�o �

2d�o d2o � �o � 2d�o
2d�o � 2d2o � �o �

4
FFD �

Vwdwhv �yh dqg vl{ +qrz vwdwhv wkuhh dqg irxu, duh dovr lqylvleoh e| Wkhruhp
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; zlwk B ' d2o � �o1 Holplqdwlqj vwdwh vl{ zh jhw wkh pdwul{
3
C � � ed� n 2oc 2o � �c 2o � �o

� � ed�o
2d�o d2o � �o �

4
D �

Holplqdwlqj vwdwh �yh zh jhw
3
C � ed� n 2oc 2o � �c 2o � �o

Hd�c �o

d2o � �o
�

4
D �

Iru erwk qrupdo dqg orjlvwlf qrlvh d� n 2oc 2o � �c 2o � �o ! d�c �o*d2o � �o/
zkhqfh vwdwh wzr lv lqylvleoh e| Wkhruhp ; zlwk B ' Hd�c �o*d2o � �o vr wkh
rqo| ylvleoh vwdwhv duh wkh krprjhqhrxv rqhv1

< D vlpsoh olqh
Frqvlghu wkh fdvh ri d olqh ri ? : � zhdn qrghv zlwk wzr vwurqj qrghv rq
wkh hqgv1 Khuh zh zloo vhh wkh qrwlrq ri d B0luuhgxfleoh vhw lq dfwlrq1

� � � E E E 6

Iru o � �*2/ wkh vwdeoh vwdwhv duh wkrvh iru zklfk hyhu|erg| lv qh{w wr
vrphrqh ri wkh vdph vljq1 Iru o : �*2/ wkh vwdeoh vwdwhv duh wkrvh iru zklfk
hdfk zhdn qrgh lv qh{w wr vrphrqh ri wkh vdph vljq1 Zh pd| ljqruh wkh
xqvwdeoh vwdwhv/ zklfk duh doo wudqvlhqw iru �Efn�1

Zkdw lv wkh hdvlhvw fkdqjh iurp d vwdeoh vwdwhB Ghqrwh n dqg � e| R
dqg 6/ dqg xvh xsshu fdvh iru vwurqj qrghv1

� Iru RR6$ R66 wkh wkuhvkrog lv o1

� Iru RR� $ R6� wkh wkuhvkrog lv 2o � �1

� Iru R� $ R� wkh wkuhvkrog lv �� o

Zh fdq holplqdwh wkh vhw 7� ri vwdwhv zlwk d zhdn qrgh qh{w wr d vwurqj
qrgh ri wkh rssrvlwh vljq1 Wr vhh wklv/ qrwh wkdw wkhvh duh xqvwdeoh iru
o � �*21 Iru o : �*2/ ohw 7f eh wkh rwkhu vwdwhv dqg B ' 4@ Ed2o��oc d��oo�1
Wkhq @�� � d�o iru � 5 7f dqg � 5 7�/ dqg @�� � B iru � 9' �/ vr Wkhruhp ;
dssolhv1
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Qrz ohw 7f eh wkh vhw ri vwdwhv vxfk wkdw hdfk zhdn qrgh fdq wudfh d
vwulqj ri zhdn qrghv ri wkh vdph vljq wr d vwurqj qrgh ri wkh vdph vljq/
dqg ohw 7� frqvlvw ri wkh uhvw ri wkh vwdwhv1 Li � 5 7f dqg � 5 7�/ wkhq
@�� � 4@ Ed�ooc d� n oo� ! doo/ zkloh li � 9' �/ wkhq @�� � doo1 Dv wkhuh lv dq
doo0sdwk iurp dq| vwdwh wr d vwdwh lq 7f/ wkh vwdwhv rxwvlgh ri 7f duh lqylvleoh
e| Wkhruhp ;1

D vwdwh lq 7f zkrvh vwurqj qrghv kdyh wkh vdph vljq lv krprjhqhrxv1
Wkh vhw ri vwdwhv lq 7f zkrvh vwurqj qrghv kdyh �{hg rssrvlwh vljqv irupv
dq doo0luuhgxfleoh vhw/ dqg wkh orfdo dfwlrq lv d udqgrp zdon ri wkh erxqgdu|
ehwzhhq wkh zhdn qrghv ri gl�huhqw vljqv/ zklfk fdq eh lq dq| ri ? � �
srvlwlrqv1 Wkh ylvleoh vwdwhv duh htxdoo| olnho| ehfdxvh wkh wudqvlwlrq pdwul{
+iru ? ' S, lv
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Zh pd| wkxv uhgxfh wr wzr frpsrvlwh vwdwhv zkrvh frqvwlwxhqw vwdwhv duh
htxdoo| olnho|= d krprjhqhrxv vwdwh +2 hohphqwv,/ dqg dq lqkrprjhqhrxv
vwdwh +2E?� �� hohphqwv,1 Wkh wudqvlwlrq pdwul{ ehfrphv

�
� 2d� n oo

2d� n oo n d�c �� oo 2
?3� �

�
�

Wkh hqwu| 2d� n oo n 2d�c �� oo*E? � ��/ wkh suredelolw| ri jrlqj iurp lqkr0
prjhqhrxv wr krprjhqhrxv/ frphv derxw dv iroorzv1 Wkh whup 2d� n oo lv
wkh suredelolw| wkdw d vwurqj qrgh zloo fkdqjh vljq1 Wkh dgmdfhqw zhdn qrgh
fkdqjhv vljq dw wkh qh{w vwhs dqg wkh uhvxowlqj vwdwh ehfrphv krprjhqhrxv
lq wkh wlph vfdoh doo1 Wkh rwkhu whup frphv lqwr sod| zkhq wkh erxqgdu|
ehwzhhq zhdn qrghv ri gl�huhqw vljqv lv dv idu ohiw ru uljkw dv lw fdq eh1 Lq
wkrvh vwdwhv/ d qrlvh ri � dw d zhdn qrgh/ iroorzhg lpphgldwho| e| d qrlvh ri
� � o dw wkh dgmdfhqw vwurqj qrgh zloo fkdqjh wkh vljq ri wkh vwurqj qrgh1
Li ? : 2/ wkh suredelolw| ri ehlqj lq rqh ri wkhvh vlwxdwlrqv lv 2*E? � ��1 Li
? ' 2/ wkhq zh jhw d idfwru ri 2 ehfdxvh hlwkhu ri wkh zhdn qrghv lv holjleoh
wr fkdqjh1

Li d�c ��oo " d�noo/ wkhq wkh lqkrprjhqhrxv vwdwhv zloo eh lqylvleoh1 Wklv
lv dozd|v wuxh li o ' �/ wkdw lv/ zkhq doo qrghv kdyh wkh vdph vwuhqjwk1 Lq wkh

59



qrupdo fdvh/ lw kdsshqv h{dfwo| zkhq �2 n E�� o�2 	 E� n o�2/ wkdw lv/ zkhq
o : �*e1 Li o � �*e/ wkhq d�c �� oo ! d� n oo vr wkh vwdwlrqdu| glvwulexwlrq lv
htxdoo| glylghg ehwzhhq wkh frpsrvlwh krprjhqhrxv vwdwh dqg wkh frpsrvlwh
lqkrprjhqhrxv vwdwh1 Wkdw lv/ wkhuh duh 2? ylvleoh vwdwhv= wzr krprjhqhrxv
rqhv hdfk zlwk suredelolw| �*e ri ehlqj vhhq/ dqg 2E? � �� lqkrprjhqhrxv
rqhv/ hdfk zlwk suredelolw| �*eE?� �� ri ehlqj vhhq1

Lq wkh orjlvwlf fdvh/ d�c � � oo " d� n oo h{dfwo| zkhq 2 � o 	 � n o/ wkdw
lv/ zkhq o : �*21 Vr li o : �*2/ wkhq wkh lqkrprjhqhrxv vwdwhv zloo eh
lqylvleoh1 Li o ' �*2/ wkhq d�c �� oo � d� n oo dqg wkh vwdwlrqdu| glvwulexwlrq
rq wkh frpsrvlwh krprjhqhrxv vwdwh dqg wkh frpsrvlwh lqkrprjhqhrxv vwdwh
lv E?*E2?� ��c E?� ��*E2?� ���/ zkloh li o 	 �*2 lw lv E�*2c �*2�1

Li zh wdnh ? ' � lq wklv h{dpsoh/ wkhq wkhuh duh hvvhqwldoo| wzr +frpsrv0
lwh, vwdeoh vwdwhv= rqh zkhuh hyhu| qrgh kdv wkh vdph vljq/ dqg rqh zkhuh
wkh vwurqj qrghv kdyh gl�huhqw vljqv1 Wkh wudqvlwlrq pdwul{ lv

�
� 2d� n oo

d�� oo �

�

vr wkh lqkrprjhqhrxv vwdwh lv lqylvleoh iru doo o : f +zkdwhyhu wkh qrlvh,1

43 Wkh wzr0vwuhqjwk flufoh
Frqvlghu d �qlwh qxpehu ri qrghv duudqjhg lq d flufoh/ hdfk kdylqj rqh ri
wzr vwuhqjwkv/ � ru o 	 �*21 Zh zloo dvvxph wkdw hdfk zhdn qrgh lv qh{w wr
dqrwkhu zhdn qrgh1 Wkh vwdeoh vwdwhv duh wkrvh iru zklfk hyhu|erg| lv qh{w
wr vrphrqh ri wkh vdph vljq/ dqg li d zhdn qrgh lv qh{w wr d vwurqj qrgh/
wkhq wkh| kdyh wkh vdph vljq1

Wkh wkuhvkrogv wkdw duh qr juhdwhu wkdq � iru fkdqjlqj d vwdeoh vwdwh duh

� o iru RR6$ R661

� o iru R�� $ 6�� +zklfk sdvvhv wkurxjk wkh xqvwdeoh vwdwh R��,1

� � iru ��� $ ��� 1

Vr wkh dfwlrq vwduwv rxw ri wkh irup RR6 $ R66 dqg R�� $ 6�� 1
Zh fdq �qg dq doo0sdwk iurp dq| vwdwh wr d vwdwh zkhuh hdfk zhdn qrgh fdq
wudfh d fkdlq ri zhdn qrghv zlwk wkh vdph vljq wr d vwurqj qrgh ri wkh vdph
vljq zkr lv qh{w wr dqrwkhu qrgh ri wkh vdph vljq1 Wkh suredelolw| ri h{lwlqj
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wkhvh vwdwhv lv rq wkh rughu ri d�oc oc oo n d�o1 +Wkh d�oc oc oo whup frphv iurp
fkdqjlqj RRRR wr R6RR/ zklfk uhtxluhv d qrlvh ri �o/ wkhq fkdqjlqj R6RR wr
R66R/ zklfk uhtxluhv d qrlvh ri o wr krog wkh6/ vlpxowdqhrxvo| zlwk d qrlvh
ri o wr fkdqjh wkh rwkhu R1 Wkh d�o whup frphv iurp fkdqjlqj ����6 wr
����61, Vr rqo| wkhvh vwdwhv fdq eh ylvleoh1

Holplqdwh doo exw wkhvh srvvleo| ylvleoh vwdwhv1 Fdoo wzr vwdwhv htxlydohqw
li wkh| djuhh rq wkh vwurqj qrghv1 Wkhq dq| htxlydohqfh fodvv ri vwdwhv lv dq
doo0luuhgxfleoh vhw1 Oxps wkhp lqwr frpsrvlwh vwdwhv1 Qrz wkhuh lv d d�o0sdwk
iurp dq| vwdwh wr d vwdwh zkhuh dgmdfhqw vwurqj qrghv kdyh wkh vdph vljq/
dqg wkh suredelolw| ri h{lwlqj wklv vhw ri vwdwhv lv ohvv wkdq d2 n oo1 Vr rqo|
wkhvh vwdwhv fdq eh ylvleoh1

Frqvlghu d �{hg dvvljqphqw ri vljqv wr wkh vwurqj qrghv/ vr wkdw dgmdfhqw
vwurqj qrghv kdyh wkh vdph vljq1 Wkhq/ ehwzhhq wzr jurxsv ri vwurqj qrghv
ri rssrvlwh vljqv/ zh jhw d udqgrp zdon dv lq wkh h{dpsoh ri wkh vlpsoh olqh1
Vr/ lq wklv fdvh/ zlwk srvlwlyh suredelolw|/ d zhdn qrgh qh{w wr d vwurqj qrgh/
zklfk pxvw eh wkh vdph vljq iru wkh vwdwh wr eh ylvleoh/ lv qh{w wr d zhdn
qrgh ri wkh rssrvlwh vljq1 Wkdw lv/ wkh vlwxdwlrq ehwzhhq wzr vwurqj qrghv
ri rssrvlwh vljq orrnv olnh �R66 � � �66� zlwk suredelolw| �*E&��� zkhuh
& lv wkh qxpehu ri zhdn qrghv lq ehwzhhq1

Iru zkdw ydoxhv ri o duh rqo| wkh krprjhqhrxv vwdwhv ylvleohB Frqvlghu
wkh vlwxdwlrq zkhuh wkhuh lv dq lvrodwhg vwurqj qrgh zkrvh qhljkerulqj jurxsv
ri vwurqj qrghv kdyh dw ohdvw wzr hohphqwv/ vr wkh| gr qrw vzlwfk rq wkh vdph
wlph vfdoh dv wkh lvrodwhg rqh1 Wkh slfwxuh pljkw orrn olnh

��666�6666���

\rx h{lw wkh krprjhqhrxv vwdwh e| vzlwfklqj wkh lvrodwhg vwurqj qrgh zlwk
suredelolw| d�n2oo/ dqg uhyhuw zlwk suredelolw| d�n2oon wd�c �o/ zkhuh w : f
lv d vfdodu1 Wkh d�c �o lv wkh suredelolw| ri wkh wudqvlwlrq R�R6$ R�66 e|
�uvw vzlwfklqj wkh R dqg wkhq wkh � / hdfk ri zklfk rffxuv zlwk suredelolw|
d�o1 Wkh w lv wkh suredelolw| wkdw zh duh lq wkh vwdwh R�R6 udwkhu wkdq R�RR
ehfdxvh ri wkh udqgrp zdon wdnlqj sodfh dw wkh vkruwhu wlph vfdoh rq wkh
zhdn qrghv1 Lq wkh qrupdo fdvh/ zh kdyh wr frpsduh E�n2o�2 ' �neoneo2

zlwk �2 n �2 ' 21 Wkh| duh htxdo zkhq o ' ��
2
n �

2

s
2 ' � 2f.��1 Zkdw

grhv wkdw vd|B \rx zrq*w vhh d vlqjoh lvrodwhg vwurqj qrgh li o : �2f.��1
Iru orjlvwlf qrlvh/ wkh frqglwlrq lv � n 2o ' 2/ ru o ' �*2/ vr iru o 	 �*2/
zklfk zh kdyh dvvxphg/ zh duh dv olnho| wr vhh wkh lvrodwhg vwurqj qrgh zlwk
d gl�huhqw vljq dv wr vhh wkh krprjhqhrxv vwdwh1 Wkh dqdo|vlv lq wkh jhqhudo
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fdvh/ zkhuh wkhuh duh vhyhudo lvrodwhg vwurqj qrghv ehwzhhq wzr odujhu jurxsv/
pxvw frqvlghu udqgrp zdonv rq wkrvh lvrodwhg vwurqj qrghv/ exw zh hqg xs
frpsdulqj wkh vdph wkuhvkrog h{suhvvlrqv1

Wkhuh duh wzr zd|v wr h{lw d krprjhqhrxv vwdwh e| vzlwfklqj d jurxs ri
wzr dgmdfhqw vwurqj qrghv1 Rqh lv wr vzlwfk d vwurqj qrgh/ wkhq krog lw lq
sodfh wkh yhu| qh{w wlph1 Wkh vfhqdulr lv

R��RR$ R��RR$ R��6R

Wklv odvw vwdwh lv lqylvleoh/ dqg/ zlwk suredelolw| �*2/ zloo hyhqwxdoo| wudqvlw
wr R��6R dqg wkhq wr 6��6R1 Vr wklv vzlwfk rffxuv zlwk suredelolw|
�
2
d2 n oc oo1 Ru zh frxog vzlwfk d zhdn qrgh �uvw/ dv deryh/ wkhq vzlwfk wkh
dgmdfhqw vwurqj qrgh dqg krog lw

R��RR$ R��6R$ R��RR$ R��6R

zklfk kdsshqv zlwk suredelolw| d�n2oc 2�oc oo ! d2noc oo1 Vr wkh suredelolw|
ri vzlwfklqj wzr dgmdfhqw qrghv lq d +orfdoo|, krprjhqhrxv vwdwh lv rq wkh
rughu ri d2 n oc oo1

Zkdw lv wkh suredelolw| ri vzlwfklqj wzr dgmdfhqw vwurqj qrghv lq dq
lqkrprjhqhrxv vlwxdwlrqB Zlwk srvlwlyh suredelolw| wkh vlwxdwlrq lv R��R6
vr zh fdq vzlwfk yld

R��R6$ R��66$ R��R6$ R��66

zlwk suredelolw| d�c 2� oc oo ru yld

R��R6$ R��R6$ R��66

zlwk suredelolw| d2 n oc oo/ dv lq wkh krprjhqhrxv fdvh1 Frpsdulqj wkh wzr
suredelolwlhv/ zh vhh wkdw d2 n oc oo ! d�c 2 � oc oo lq wkh qrupdo fdvh h{dfwo|
zkhq o : �*H/ dqg lq wkh orjlvwlf fdvh zkhq o : �*2 +wkdw lv/ qhyhu,1

Vr iru orjlvwlf qrlvh lw dsshduv wkdw wkh ylvleoh vwdwhv duh wkrvh iru zklfk
dq| wzr dgmdfhqw qrghv kdyh wkh vdph vljq li rqh ri wkhp lv vwurqj/ dqg hdfk
zhdn qrgh fdq wudfh d fkdlq ri zhdn qrghv zlwk wkh vdph vljq wr d vwurqj qrgh
ri wkh vdph vljq1 Hdfk glvwulexwlrq ri vljqv wr wkh jurxsv ri vwurqj qrghv
lv htxdoo| olnho|/ dqg/ jlyhq vxfk d glvwulexwlrq/ zh revhuyh udqgrp zdonv
ri wkh vljq erxqgdu| ri wkh zhdn qrghv ehwzhhq wzr qhljkerulqj jurxsv ri
vwurqj qrghv ri rssrvlwh vljqv1 Zh kdg frqmhfwxuhg wkdw wklv zdv wkh fdvh
iru qrupdo qrlvh/ exw wkh ehkdylru wkhuh lv d orw pruh frpsolfdwhg1

5<



Ohw*v orrn dw vrph vshfl�f fdvhv zlwk qrupdo qrlvh1 Vxssrvh |rx kdyh
rqh sdlu ri dgmdfhqw vwurqj qrghv dqg rqh lvrodwhg vwurqj qrgh1 Zkdw gr |rx
vhhB Li o : �2f.��/ |rx mxvw vhh wkh krprjhqhrxv vwdwhv1 Li o 	 �2f.��/ wkh
lvrodwhg vwurqj qrgh lv jrlqj wr fkdqjh edfn dqg iruwk/ vr wkh sdlu ri vwurqj
qrghv duh kdoi wkh wlph lq wkh krprjhqhrxv vlwxdwlrq dqg kdoi wkh wlph qrw1
Wkh sdlu ri vwurqj qrghv vzlwfk dw udqgrp/ dqg zh kdyh irxu htxdoo| olnho|
vwdwhv iru wkh wzr foxpsv1

Qrz vxssrvh |rx kdyh wkuhh sdluv ri vwurqj qrghv/ dqg rqh lvrodwhg vwurqj
qrgh1 Vxssrvh �*H 	 o 	 �2f.�� dqg wkh foxpsv duh htxdoo| vsdfhg zlwk
& n � vpdoo qrghv ehwzhhq dgmdfhqw foxpsv1 Khuh lv wkh slfwxuh zlwk & ' 21
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Wkhuh duh hvvhqwldoo| wkuhh vwdwhv1 Wkh lvrodwhg qrgh lv dozd|v vzlwfklqj edfn
dqg iruwk1 Wkh wkuhh sdluv fdq hlwkhu eh wkh vdph vljq/ ru wkh rgg sdlu fdq
eh rq wkh hqg/ ru wkh rgg sdlu fdq eh lq wkh plggoh1 Ohw ^ ' d�c 2 � oc oo/
wkh suredelolw| ri d sdlu vzlwfklqj vljq li wkhuh lv d qhdue| +doprvw dgmdfhqw,
zhdn qrgh ri wkh rssrvlwh vljq1 Wkhq wkh wudqvlwlrq pdwul{ lv
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wkdw lv
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Iloolqj lq wkh grwv vr wkdw wkh urz vxpv duh }hur/ wkh pdwul{ ehfrphv hvvhq0
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wldoo|
3
C �2 2 f

� �e �
e S ��f

4
D

vr lwv ohiw qxoo vsdfh lv jhqhudwhg e| E�.c �fc ��1 Wkxv wkh lqyduldqw glvwulexwlrq
rq wkhvh wkuhh frpsrvlwh vwdwhv lv sursruwlrqdo wr E�.c �fc ��1

Li o � �*H/ wkhq wkhuh lv qr gl�huhqfh ehwzhhq d krprjhqhrxv dqg dq
lqkrprjhqhrxv hqylurqphqw/ vr wkh �S vwdwhv ri wkh irxu foxpsv zloo eh
htxdoo| suredeoh1 Li o : �2f.��/ wkhq rqo| wkh krprjhqhrxv vwdwhv zloo eh
ylvleoh1

44 Wkh kh{djrq zlwk qr vhoi0vxssruw
Ohw*v orrn djdlq dw wkh kh{djrq prgho ri Vhfwlrq ;/ exw wklv wlph zlwk qr
vhoi0vxssruw1 Wkhuh duh �yh frpsrvlwh vwdwhv/ frpsulvlqj �S sxuh vwdwhv/ wkdw
zh qhhg frqvlghu1

nnnn nn 2 Wkh krprjhqhrxv vwdwhv= vwdeoh1
n�nnnn H Irxu sdluv ri shulrg0wzr vwdwhv= rqh rgg vwurqj qrgh1
�n�n�n 2 D sdlu ri shulrg0wzr vwdwhv= dowhuqdwlqj1
n�nn�n 2 D sdlu ri shulrg0wzr vwdwhv= vwurqj yhuvxv zhdn1
���nnn 2 Wkh doprvw krprjhqhrxv vwdwhv= vwdeoh1

Wkh rwkhu eH vwdwhv duh

�nnnnn H Rqh zhdn qrgh= lpphgldwho| uhyhuwv wr krprjhqhrxv1
nn��nn e Wzr dgmdfhqw zhdn qrghv= dovr lpphgldwho| uhyhuwv1
�nn�nn e Wzr qrqdgmdfhqw zhdn qrghv= lpphgldwho| uhyhuwv1
��nnnn H Wzr dgmdfhqw qrghv/ rqh vwurqj= Jrhv wr �q�nnn
n�n�nn H Wzr qrqdgmdfhqw qrghv/ rqh vwurqj/ rqh zhdn=

Jrhv wr �n�nnn
nn���n e Jrhv wr nq n�q�/ wkdw lv

nnn��� ru n�n�n� ru nnn�n�
�nn��n e Jrhv wr nq n�q�
n�n��n H Jrhv wr �n��q�

zklfk duh doo lqylvleoh ehfdxvh wkh| duh wudqvlhqw +dshulrglf,1
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Vxssrvh o 	 �*�/ wkdw lv/ 2o 	 ��o1 Wkhq/ diwhu holplqdwlqj wkh lqylvleoh
vwdwhv/ wkh wudqvlwlrq pdwul{ lv
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� 2d2oo � � �
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� 2d2oo � � �

4
FFFFD

jlylqj d suredelolw| glvwulexwlrq sursruwlrqdo wr �c ec �c �c �/ vr hdfk ri wkh �S
vwdwhv lv htxdoo| olnho|1

Vxssrvh o : �*�/ wkdw lv �� o 	 2o1 Wkhq wkh wudqvlwlrq pdwul{ lv
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� 2d2oo � � �
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d2oo

� 2d2oo � � �
� 2doo � � �
� 2doo � � �

4
FFFFD

vr vwdwhv 2/ e dqg D duh lqylvleoh1 Holplqdwlqj wkhp uhvxowv lq wkh pdwul{�
� d2oo
d2oo �

�

vr wkh glvwulexwlrq lv �iw|0�iw| ehwzhhq wkh krprjhqhrxv vwdwhv nnnnnn
dqg wkh dowhuqdwlqj vwdwhv �n�n�n1 Wklv lv wuxh hyhq li o ' �1

Zkdw kdsshqv zkhq o ' �*�B Wkh pdwul{ lv
3
EEEEC

� 2d2o � � �
d2o � d2o �

2
d2o �

2
d2o

� 2d2o � � �
� ed2o � � �
� ed2o � � �

4
FFFFD

dqg wkh vwdwlrqdu| glvwulexwlrq lv sursruwlrqdo wr ec Hc ec �c �1

45 Wkh vlqjoh0vwuhqjwk wruxv
Zh hqg zlwk d wzr0glphqvlrqdo prgho= wkh odwwlfh srlqw rq d wruxv +zlwk
wkh xvxdo vhoi0vxssruw/ xqolnh wkh suhfhglqj vhfwlrq,1 Zh vkdoo vkrz wkdw li
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hyhu| vlwh rq wkh wruxv kdv wkh vdph vwuhqjwk/ wkhq wkh rqo| ylvleoh vwdwhv duh
wkh krprjhqhrxv rqhv1 Qrwh wkdw lq wklv h{dpsoh wkh olplw pdwul{ �Efn�
lv wkh wudqvlwlrq pdwul{ ri wkh g|qdplfdo v|vwhp1 Zh pd| dvvxph wkdw wkh
wudqvlhqw vwdwhv kdyh ehhq holplqdwhg +exw qrw wkh shulrglf rqhv,1

Ohw 7� frqvlvw ri wkrvh vwdeoh vwdwhv wkdw kdyh vlwhv zkhuh wkh orfdo �hog lv
	�/ dqg 7f wkh uhpdlqlqj vwdeoh vwdwhv1 Fohduo| @�� � d�o zkhqhyhu � 9' � 5 7�/
dqg @�� ! d�o iru � 5 7f dqg � *5 7f1 Wr dsso| Wkhruhp ;/ zh qhhg wr vkrz
wkdw wkhuh lv d d�o0sdwk iurp hdfk vwdwh lq 7� wr 7f1

Wkh dojrulwkp iru �qglqj vxfk d sdwk lv wklv1 Fkdqjh soxvhv wr plqxvhv
dw vlwhv zkhuh wkh orfdo �hog lv � xqwlo wkhuh duh qr pruh sodfhv zkhuh wkh
orfdo �hog lv �1 Dv |rx gr wklv/ vrph soxvhv pd| vsrqwdqhrxvo| fkdqjh wr
plqxvhv ehfdxvh wkh �hog wkhuh kdv wxuqhg qhjdwlyh1 Li/ diwhu kdylqj grqh
wklv/ wkh vwdwh lv qrw lq 7f/ wkhq fkdqjh plqxvhv wr soxvhv dw vlwhv zkhuh wkh
orfdo �hog lv �� xqwlo wkh orfdo �hog lv qrzkhuh ��1 Wkh nh| idfw lv wkdw li
wkh orfdo �hog lv qrzkhuh �/ wkhq wkh eorfnv ri plqxvhv irup uhfwdqjohv +hdfk
soxv lv qh{w wr dw ohdvw wkuhh rwkhu soxvhv�orrn dw wkh erxqgdu| ehwzhhq
soxv dqg plqxv,1 Vr zkhq |rx vwduw fkdqjlqj plqxvhv wr soxvhv/ |rx fkdqjh
wkh lvrodwhg uhfwdqjohv ri plqxvhv +wkrvh wkdw grq*w jr durxqg wkh wruxv lq
hlwkhu gluhfwlrq, wr soxvhv dqg dovr wkrvh uhfwdqjohv ri zlgwk �/ vr |rx hqg
xs lq 7f1

Vr vxssrvh wkh v|vwhp lv lq d vwdeoh vwdwh zkhuh wkh orfdo �hog lv 	� ru
	D dw hdfk vlwh1 Wkhvh vwdwhv doo kdyh wkh irup ri urzv ri krprjhqhrxv edqgv
ri zlgwk dw ohdvw 2/ olnh

n n n n n n
n n n n n n
� � � � � �
� � � � � �
� � � � � �

Fdoo wklv vwdwh %1 Zh jhw rxw ri vwdwh % zlwk suredelolw| d�c �c �o e| fuhdwlqj
d vwdeoh wzr0e|0rqh lqfxuvlrq1

n n n n n n
n n n n n n
� � n n � �
� � � � � �
� � � � � �
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Wkhq zh fdq uhod{ d olwwoh dqg zdwfk d fkdlq rq �0qrlvh zklfk hlwkhu hqgv xs
dw wkh ruljlqdo vwdwh ru dw wkh vwdwh

n n n n n n
n n n n n n
n n n n n n
� � � � � �
� � � � � �

zklfk zh fdoo vwdwh +1 Dv wkh lqwhuphgldwh vwdwhv duh lqylvleoh/ zh kdyh
@%+ � d�c �c �o1

Vr wkhuh lv d d�c �c �o0sdwk iurp vwdwh % wr d krprjhqhrxv vwdwh1 Rq wkh
rwkhu kdqg/ wr jhw rxw ri d krprjhqhrxv vwdwh/ lw wdnhv dDc �c �c �c �c �c �o wr
jhw d wzr0e|0wzr vtxduh/ zklfk lv wkh plqlpdo yldeoh frq�jxudwlrq1 Wkxv
wkh rqo| ylvleoh vwdeoh vwdwhv duh wkh krprjhqhrxv rqhv1 Wkhuh uhpdlqv wkh
srvvlelolw| wkdw d shulrglf vwdwh frxog eh ylvleoh1

E| d wkhruhp ri Jrohv dqg Rolyrv/ hyhu| shulrglf vwdwh kdv shulrg 2 ^6/
Wkhruhp 514`1 Zlwk suredelolw| dw ohdvw d�c �o zh fdq wudqvlw iurp d shulrglf
vwdwh wr rqh zklfk kdv ihzhu shulrglf vlwhv +e| kroglqj wzr vlwhv �{hg,1 Iluvw
holplqdwh wkrvh wkdw kdyh d orfdo �hog ri 	� vrphzkhuh�wkhvh fdq eh h{lwhg
zlwk suredelolw| d�o1 Wkh rqo| shulrglf vwdwh zlwk qr orfdo �hog ri 	� lq
hlwkhu skdvh lv wkh fkhfnhuerdug +li lw h{lvwv,/ exw wklv idfw lv qrw qhhghg iru
wkh dujxphqw1

46 Txhvwlrqv
� Zh kdyh vkrzq/ iru wkh vlqjoh0vwuhqjwk flufoh/ olqh/ dqg wruxv/ wkdw wkh
rqo| ylvleoh vwdwhv duh krprjhqhrxv1 Lv wkdw wuxh iru vlqjoh0vwuhqjwk
qhwzrunv zlwk dq| frqqhfwhg jhrphwu| zkdwvrhyhuB

� Zkdw lv wkh odujhvw udwlr o ri zhdn wr vwurqj iru zklfk wkhuh duh ylvleoh
lqkrprjhqhrxv vwdwhv lq vrph wzr0vwuhqjwk frqqhfwhg qhwzrun zlwk
qrupdo qrlvhB Wklv zrxog eh � li wkh dqvzhu wr wkh suhfhglqj txhvwlrq
zhuh �qr1� Iru wkh kh{djrqdo qhwzrun lq Vhfwlrq ; zh vdz wkdw wkh
fulwlfdo ydoxh ri o zdv E

s
2 � ��*2 � �2f.��1 Iru wkh olqhdu qhwzrunv

lq Vhfwlrq </ wkh fulwlfdo ydoxh ri o lv �*e1 Iru wkh kh{djrqdo qhwzrun
zlwkrxw vhoi0vxssruw lq Vhfwlrq 44/ wkh fulwlfdo ydoxh lv �*��exw lw lv
uhdoo| d vhsdudwh txhvwlrq dv wr zkdw kdsshqv zkhq |rx ydu| wkh vhoi0
vxssruw1
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� Fdq wkh ehkdylru ri wzr0vwuhqjwk flufohv zlwk qrupdo qrlvh eh frp0
sohwho| fodvvl�hg lq d uhdvrqdeoh zd|B

� Wkh dojrulwkp/ dv lw qrz vwdqgv/ uhtxluhv pdlqwdlqlqj d odujh pdwul{/
qrqh ri zkrvh hqwulhv duh }hur1 Wklv olplwv wkh dojrulwkp wr idluo| vpdoo
qhwzrunv/ d pd{lpxp ri 45 qrghv lq wkh fxuuhqw lpsohphqwdwlrq1 Fdq
wklv eh flufxpyhqwhgB

Uhihuhqfhv
^4` Fr{/ M1 W1/ dqg Ulfn Gxuuhww/ Qrqolqhdu yrwlqj prghov/ Udqgrp

zdonv/ Eurzqldq prwlrq/ dqg lqwhudfwlqj sduwlfohv v|vwhpv/ 4;<�534/
Elunkçxvhu 4<<4

^5` Zlooldp Ihoohu/ Dq lqwurgxfwlrq wr suredelolw| wkhru| dqg lwv dssol0
fdwlrq/ Zloh| 4<:31

^6` Hulf Jrohv dqg Vhuyhw Pduwðqh}/ Qhxudo dqg dxwrpdwd qhwzrunv/
Noxzhu 4<<31

^7` Khuw}/ Mrkq/ Dqghuv Nurjk dqg Ulfkdug J1 Sdophu/ Lqwurgxf0
wlrq wr wkh wkhru| ri qhxudo frpsxwdwlrq/ Dgglvrq0Zhvoh| 4<<41

^8` Mrkq J1 Nhphq| dqg M1 Odxulh Vqhoo/ Ilqlwh Pdunry fkdlqv/ G1
Ydq Qrvwudqg 4<931

^9` Pdflhm Ohzhqvwhlq/ Dqgu}hm Qrzdn dqg Elee Odwdqì/ Vwdwlv0
wlfdo phfkdqlfv ri vrfldo lpsdfw/ Sk|vlfdo Uhylhz 78 +4<<5, :96�::91

ulfkpdqCidx1hgx

68


