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ABSTRACT.  The relations among a set, its complement, and its boundary
are examined constructively. A crucial tool is a theorem that allows the con-
struction of a point where a segment comes close to the boundary of a set in a
Banach space. Brouwerian examples show that many of the results are the best
possible.

1. Introduction. In this paper we investigate such questions as:

If we can compute the distance of any point from a subset of a metric
space, can we compute the distance of any point from its boundary?

If a point is bounded away from the complement of a set, can we show that
it is in the set?

The constructive answers to such questions contain significant information and reveal
surprising connections that are hidden from a classical analysis.

We operate within the framework of Bishop’s constructive analysis. The reader
is assumed to be familiar with Chapters 1-4 and 6 of [2]. Additional background in
constructive mathematics can be found in [1], [4], and [8]. For information about the
recursive model of constructive mathematics see [6].

It is convenient to gather together some of the basic notions about subsets of a
metric space (X, p). A set is inhabited if there exists an element in it—this terminol-
ogy is preferred by some to nonempty in that it sounds more positive. An inhabited
set S is located if

plx,S)=inf{p(x,s):s€ 5}

exists for each x € X. If S is located, then
eS={reX:p(x,5)>0}.

It is natural to consider the empty set located, with p(z,0) = co for each z € X.
Below we will extend this further to sets that aren’t known to be empty or to be
inhabited.

It is convenient to talk about p(x,5) even if S is not located. Here is how we will
use this expression.



Sets, complements and boundaries 2

p(x,S) < r means that p(x,s) < r for some s in S,

p(x,S) > r means that p (x,5) < ris impossible, that is, that p(x,s) > r
for all s in S,

p(x,5) < p(x,S") means that p(x,S) < r whenever p(z,S") < r,

p(x,5) = p(x,S’) means p(x,S) < p(x,5") and p(z, ") < p(x, 5).

It is not hard to show that p(x,S) exists (as a real number) for an inhabited set
if and only for each r’ < r, either v < p(x,5) or p(x,S) < r. (See the constructive
least-upper-bound principle, [2, Chapter 2, (4.3)]). We take this latter condition to

be the definition of “located” for an arbitrary set S:

An arbitrary subset S of a metric space X is located if for each pair
r’ < r of real numbers, and each « € X, either ' < p(x,5) or p(z,S) < r.

[t is easy to see that S is located if and only if p(x, S) can be thought of as an extended
nonnegative real number—that is, an element of the one-point compactification of
[0, 00)—for each . To illustrate this definition, consider the located set S defined by
taking a decreasing binary sequence (a,) and setting

S = ((nay, ).

In the same way, we talk about
p(S,T) =1inf{p(s,t):s € Sand t € T}

for arbitrary subsets S and T'; note that this is not the Hausdorft metric. We refer to
objects like p(x, ) and p(S5,T) as distance expressions. Fach distance expression
A is determined by the set {r € R : A < r}, and may be thought of as the (possibly
empty) upper set of a Dedekind cut. Indeed the notion of a distance expression may
be identified with that of an open upper set of positive real (or rational) numbers:
if S is such a set, then p(0,5) = S. Distance expressions differ from the bounded
extended reals of [8] in that they need not be strongly monotonic.

If 2 is a point and r > 0 is a real number, then B(x,r) denotes the open ball of
radius r centered at z. In general, if S in an arbitrary set, then

B(S,r) ={y: ply,5) <r}
The closure of Sis S = {x € X : p(z,5) = 0}. The interior of S is

S°={r e X:B(x,e) C S for some ¢ > 0}.
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The complement of 5 is
~S={reX:p(x,s)>0foreach s € S};
the metric complement of S is
eS={r e X :px,5) >0} =(~9).

We write S ~ Q and S <Q for SN ~Q and S N &0 respectively. The boundary of
S s
0S=5n~8S.

2. Coherent sets. We will look at three ways that a point might get into a set
by virtue of distancing itself from the complement or the boundary, and clarify their
nature with Brouwerian examples.!

Let S and €2 be subsets of a metric space (X, p). We say that S is well contained
in Q, and we write S CC , if B(5,r) C Q for some r > 0. Note that if S CC €, then
S CC Q°. If a subset of an open set ) has the Heine-Borel property—every cover
by open sets has a finite subcover—then it is well contained in €. In the recursive
model of constructive mathematics, the Heine-Borel theorem is demonstrably false,
and there is a compact subset of the open ball in R? which has points arbitrarily
close to the boundary of the ball—see [4], Chapter 6, (2.11).

We say that Q is

weakly coherent if z € ) for each point 2 of Q that is bounded away
from ~();

edge coherent if z € Q for each point = of Q that is bounded away from
0f); and

coherent if € ) whenever z is bounded away from ~().

By definition, ) is coherent if <~ C Q. It follows that ) is coherent if and only if
Q° = &~(), and that an open set is coherent if and only if it is a metric complement.

It © is either coherent or edge coherent, then it is weakly coherent. If ) is weakly
coherent, then for each r > 0,

{xEﬁ:p(:p,wQ)Zr} CC

!For the nature and role of Brouwerian examples in constructive mathematics, see Chapter 1 of

[4].
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if € is edge coherent, then
{:1; €Q:p(z,00) > r} cc .

If Q is located and weakly coherent, then €2 is coherent, for if x is not in ~€), then
p(z,9) > 0 is impossible, so p(z,9) = 0; whence = € Q and, by weak coherence,
x € (). We shall show in Proposition 14 that if € is a located weakly coherent subset
of a Banach space, then () is edge coherent. So these three versions of coherence are
equivalent for a located set in a Banach space.

Classically, every subset of a metric space is edge coherent and coherent. The
following examples show why these coherence properties cannot be established con-
structively for arbitrary subsets. The first example is a very well-behaved set that is
not even weakly coherent. The second is a set that is edge coherent but not coherent.
The third is a coherent set that is not edge coherent. The fourth is a weakly coherent
set that is neither edge coherent nor coherent.

BROUWERIAN EXAMPLE 1. A totally bounded open subset 0 of R such that 0} is
finite and ~Q is located, but Q is not weakly coherent.

Let P be any proposition, and define the open subset © of R by
Q=(0,1)u(l,2)u{z€(0,2): PV-P}.

Clearly, © is dense in (0,2) and is therefore totally bounded. Since = (P V —P) is
impossible, 99 = {0,2} and

~Q = (&0, 0] U [2,00),
so 1, which belongs to €, is bounded away from ~€. But if 1 € Q, then PV -P. R

BROUWERIAN EXAMPLE 2. An inhabited, edge coherent, open subset of R that has
finite boundary, located complement, and is not coherent.

Let P be any proposition, and define
Q=(0,1)u(2,3)u{ze(1,2): PV-P}.

Then © is inhabited and open, ~Q = (<00, 0]U[3,00)U{1,2} and 9Q = {0,1,2,3} . If

z € Q) is bounded away from 92, then = belongs to one of the intervals (0, 1), (1,2),(2,3)
and therefore to Q. (If € 2N (1,2), then QN (1,2) is inhabited, so PV =P, and
therefore # € Q.) Thus Q is edge coherent. If, however, @ were coherent, then 3/2
would belong to  and we would have PV -P. R
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In our next Brouwerian example we will assume that every function from N to
N is recursive; this is Church’s thesis in a constructive setting. So we are working in
the recursive constructive mathematics of the Russian School founded by Markov; see
Chapter 3 of [4]. This enables us to construct (strong) Specker sequences: strictly
monotone, bounded sequences of rational numbers that are eventually bounded away
from any given real number.

PROPOSITION 3 [RECURSIVE EXAMPLE]. If u < v are real numbers, then there is
an inhabited open subset J of (u,v) such that 0.J and J(<J) are empty.

PROOF. It suffices to construct such a set in (<1, 1). Let (r,,) be a positive increasing
Specker sequence. By scaling we may assume that r,, < 1 for each m. Clearly
J = Ur_, (&rm,rm) is an inhabited open subset of (&1,1). If # € R, then there
exists M and § > 0 such that ||z| &r,,| > ¢ for m > M. So J = J, and ~.J is open,
hence equal to <J. That makes both J and <J simultaneously open and closed, so
each has empty boundary. W

BROUWERIAN EXAMPLE 4 [USES CHURCH’S THESIS]. An inhabited coherent bounded
open subset of R that has finite boundary and is not edge coherent.

By Proposition 3 we can construct, for each positive integer n, an inhabited open
subset [, of (1/(n + 1),1/n) with empty boundary. Let (a,) be a binary sequence
with at most one term equal to 1. Then

Q= (el ) e a, =1},

being a metric complement, is coherent and open. It is also inhabited. If a, = 1,
then Q = (&1,1) &1, and 9 = {&l,1}; so if there exists @ € 900 <{<l, 1}, then
a, = 0 for all n, @ = («1,1), and therefore 9 = {&1,1}, a contradiction. Hence
00 = {<l,1}.

Now suppose that €2 is edge coherent. Then 0 is in € because (<1,0) C Q, and 0
is bounded away from dQ) = {&1,1}, so 0 € Q. Choose a positive integer N such that
(&1/N,1/N) C Q. If a,, =0 for all n < N, then a,, = 0 for all n. So we could prove

Vn (a, =0) or In (a, =1).

Note that in this example, 2 is not located. Note also that [J{/, : a,, = 1} is open and
closed, but its complement is not open and its metric complement is not closed. W

BROUWERIAN EXAMPLE 5 [USES CHURCH’S THESIS]. An inhabited weakly coherent
bounded open subset of R that has finite boundary and is neither coherent nor edge
coherent.
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Again we assume Church’s thesis. Take the set () from the previous example and
translate it by <2, to obtain an inhabited coherent (and therefore weakly coherent)
bounded open subset 4 of (<3, <1) that has finite boundary and is not edge coherent.
Let €5 be the set constructed in Brouwerian Example 2: an inhabited, edge coherent
(and therefore weakly coherent), open subset of (0,3) that has finite boundary and
1s not coherent. The set we want 1s ; U);. M

3. Crossing the Boundary of a Set. One form of the intermediate value
theorem states that if f is a uniformly continuous function on [0,1], and f(a) <
0 < f(b) for 0 < a < b < 1, then there exists ¢ in [a,b] such that f(¢) = 0.
The intermediate value theorem is constructively equivalent to Bishop’s omniscience
principle LLPO (see Chapter 1 of [4]), and to the statement that for any two real
numbers x and y, either z <y or y < z. Indeed the usual interval-halving argument
for the intermediate value theorem relies on this property of real numbers, which is
recursively refutable in the sense that there exist recursive sequences (x,,) and (y,) of
recursive real numbers such that there is no binary recursive sequence (a,) with the
property that if ¢, = 0, then z, < y,, and if a, = 1, then y, < z,,.

We can’t find ¢ such that f(c¢) = 0, but we can find ¢ such that f(¢) is arbitrarily
close to 0. That is, we can show that p(0, f([a,b])) = 0. The same considerations
apply when traveling from a set to its complement along a straight line—we can’t
hope to find a point where we cross the boundary, but we might be able to find points
where we get arbitrarily close to the boundary. In fact, finding intermediate values is
a special case of finding boundary crossings on straight-line paths in R?.

PROPOSITION 6. Let [ :[0,1] — R be uniformly continuous, sup f < B, and 0 <
a <b<1 such that f(a) <0< f(b). Then

Q={(z,y) eR*:0< 2 <1 and f(z) <y < B}

is totally bounded, (a,0) € Q, and (b,0) € <. If (x,0) is on the segment joining
(a,0) and (b,0), and also in 09, then f(x) = 0.

ProoF. If 0 < 2’ < 1, then (2/,y) € Q if and only if f(2') < y, and (2',y) € <N if
and only if f(z') > y. So if (x,0) € 99, then f(x)=0. W

We are mostly interested in RY, but we can talk about straight line paths in any
linear space. For points x,y in a normed linear space we write

v,y ={te+ (1 &t)y:0<1t < 1}.

If # # y, that is, if ||z <y|| > 0, then [z, y] is closed.
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The following lemma is the key tool for finding approximate boundary crossings.
It A and p are distance expressions, then A V u denotes their supremum, which may
be described by the equality {r e R:r > AV pu}t={reR:r > Xand r > u}.

LEMMA 7. Let U and V be subsets of a Banach space such that U UV is dense.

(1) [fUO clU and Vg € V; then p([uo,vo],UﬂV) =0.
(il) p(z,UNV) = p(x,U) V p(z, V).

PROOF. We want to show that p([ug,vo], U NV) is small, so we construct an element
of UNV that is close to [ug, vg] by approximate interval halving. Choose 0 < & < 1/2.
Given u,_1 and v,_1, we construct u, and v, such that

L. [unv vn] C B([un—lv vn—l]v 5n)7
2. |u, &, < % |tun—1 Sv,_q| + &7,
3. |un S| + |vn Svas1] < 5 upet Sveor] +em

To do this choose w in U UV within £" of %(Un—1 +v,-1). fw e U, set u, =w
and v, = v,_1; w € V, set u, = u,—y and v, = w. Let ¢ = |ug Svg| + 2¢/(1 &2e).

From (2) we get,
c

|un <:>Un| < 2—n;

so from (3) we get
c
o
which shows that u and v are Cauchy sequences. From (2) they have a common limit
in U NV and, from (1), this limit is within /(1 ¢) of [ug,ve]. This proves (i).
Conclusion (ii) follows because if z is in [ug, vo], then |@ < z| < |z Sug| V |2 Svgl.

|

|un <:>>u7”a—1| —I' |vn <:>>vn—1| < ‘I’ 5n_17

We shall say that a subset € of a normed linear space has the boundary crossing
property if p (09, [x0,yo]) = 0 whenever 2y € Q and yo € ~.

PROPOSITION 8. Let Q be a subset of a Banach space such that QU ~) is dense.
Then Q has the boundary crossing property.
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ProoF. Apply Lemma 7 with U =Q and V =~Q. 1

COROLLARY. Any located subset of a Banach space has the boundary crossing prop-
erty.

PRrROOF. If € is a located subset of a Banach space, then QU <£) is dense. So U~
is dense, and we can apply Proposition 8. N

What about the boundary crossing property for straight line paths in complete

metric spaces other than Banach spaces?

BROUWERIAN EXAMPLE 9. There exists an open, totally bounded subset Q) of a com-
pact subspace of R? that does not have the boundary crossing property for straight line
paths.

Consider the compact subspace X of R? defined to be the closure of
{(z,0): 0 <2 < I}U{(%,%) ck=0,1,....n; n= 1,2,...}.

Let a, be an increasing binary sequence, and define ) to be the union of the three
open sets

{(x,y)EX:x<%}
{(£1)ex:
{(:1;,0) € X :z < 2and a, = 0 for all n}

Then € is open and totally bounded, and 99 C {(x,0) : 0 < a < 1}. Suppose that
(x,0) € Q. If @ < 2/3, then a, = 0 for all n is impossible, while if > 1/3, then
a, = 0 for all n. Thus we can’t find an element of 2. But (0,0) € ©Q and (1,0) € ~
are joined by a straight line in X. W

3 |

<%andan:0}

There are a number of applications of the boundary crossing property. First a
lemma about distance expressions.

LEMMA 10. Let X and p be distance expressions. [f AN p and AV p are extended real
numbers, then so are A and pu.

PRrROOF. Let s and ¢ be extended real numbers such that s = AA g and 7 = AV p.
To show that A is an extended real, let r,r’ be real numbers with r < /. If ¢ < 1/,
then A < r’, so we may assume that ¢ > r. If s > r, then A > r, so we may assume
that s < {. Because A Ay = s < t, either A <t or g < t. In the former case, p =1
and A = s, in the latter, A=t and g =s. N
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PROPOSITION 11. Let Q be a subset of a Banach space. Then Q and ~$ are located
if and only if 09 is located and U ~$ is dense.

PrOOF. Let A= Q and B = ~€. As AU B is dense in either case, Lemma 7 applies
and

p(x, AN B) = p(x, A)V p(z, B)

for all . In view of Lemma 10, this condition implies that A and B are located if

and only if AU B and AN B are located. Note that if B = ~A, then AU B is dense
if and only if it is located. M

PROPOSITION 12. Let £ be a coherent subset of a Banach space. If both 92 and ~$)
are located, then § is located.

PRrROOF. This time, ~Q U <(~Q) is dense. Coherence of {2 means that <(~) C Q,
so QU ~Q is dense. The desired conclusion follows from this and Proposition 11. H

Brouwerian Example 2 shows that we cannot drop the coherence hypothesis from
Proposition 12. The next example shows that we cannot drop the hypothesis that
~€) is located.

BROUWERIAN EXAMPLE 13. A bounded, edge coherent, coherent open subset 0 of
R such that 092 is located but ) is not located.

Let P be any proposition, and define

1 1 1 1
QE{x:xE(—,i),or’x€< ,—) and—'P,forsomen}.
2n’ 2n <1 2n+ 1" 2n

Then 02 is the closure of {1,1/2,1/3,...} and

S90 = ... U G%) U (%%) U (%1) U (00, 0) U (1, 00).

Clearly € is edge coherent. To see that () is coherent, note that if = € (2n1_|_1, i)

is bounded away from ~€), then =P, so x € Q. If p(%,ﬂ) < 11—2, then =P, while
if p(%,ﬂ) > 0, then == P, so it ) were located, we could prove the weak law of

excluded middle:

which is equivalent to DeMorgan’s Law: —(P A Q) & —P V Q. By Proposition
12, we could also prove this if ~) were located. M
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PROPOSITION 14. [If Q is a weakly coherent subset that has the boundary crossing
property, then ) is edge coherent.

PROOF. Let z be a point of Q and r a positive number such that p (z,9) > r. It
follows from the boundary crossing property that p(x,~) > r; whence @ € Q by
the weak coherence of (). W

PROPOSITION 15. IfQ is a Lebesque measurable subset of RN with located boundary,
then ) is located.

PROOF. Since ) is Lebesgue measurable, Q@ U ~Q is a full set. By [2] (Chapter 6,
(3.4)), every ball of positive radius intersects U ~Q, which is therefore dense. The
desired conclusion follows from this and Proposition 11. H

BROUWERIAN EXAMPLE 16. A Lebesqgue integrable, edge coherent, located open sub-
set of R? whose boundary is not located.

Let P be any proposition, and define
Q= (B(0,1)e{0})u{x € B(0,1): =P}

Then Q is open, located, and Lebesgue integrable. It is also edge coherent: for if
z € Qand ||z <yl > r >0 for all y € 99N, then either 0 < |[z]| < 1 or [|z]| < r; in
the latter case, 0 ¢ 99, so P is impossible, @ = B(0, 1), and therefore z € Q. But if
0§ were located, then, by considering p(0,99), we could prove =—=PV —-P. N

It is a trivial classical result that if  belongs to a subset €} of a normed linear
space, and if y is a closest point to x in 99, then ta + (1 &)y € Q for 0 <t < 1.
Constructively, we have to put some additional hypothesis on €, as the Brouwerian
example

Q={<l,0,1}JU{z: el <z<1land PV P}

shows. The following proposition also gives information when y € 9% is close to z,
but not necessarily the closest point in 99 to « (which we may not be able to find).

PROPOSITION 17. Let ) be a coherent subset of a Banach space such that Q0 U ~()
is dense and O is located. If x € Q0 and d = p(z,00) > 0, then B(x,d) C Q. It
follows that if y € 0Q and ||z <y|| < d + ¢, then xy = ta + (1 &1y € Q whenever

£ <t<1.
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PROOF. Lemma 7 gives p(x,090) = p(x,~Q). If ||z 2’| < d, then 2’ is bounded
away from ~f£2, so coherence gives z’ € ().
For the second part, compute

|z: || = (1 <t) ||z ey|| < (1 et)(d+e) <d.

The first inequality is strict if < 1, and the second is strict if ¢ > 2. H
One consequence of Proposition 17 is a result with applications in the constructive

theory of elliptic partial differential equations (see [9]).

PROPOSITION 18. Let Q be a coherent bounded subset of RN such that Q U~ is
dense and O is located. Let v : Q@ — R be uniformly continuous on Q, differentiable
on Q, and vanish on OQ. If |[Vu (2)|| < M for all x € Q, then

u(z)] < Mp(2,00) (x€0).

PROOF. Let d = p(x,09) and suppose |u(x)| > Md. Then p(x,09) > 0 because u
is uniformly continuous and vanishes on d€). Proposition 17 shows that B(x,d) C €.
Suppose y and z are in B(x,d). We may assume without loss of generality that z <y
is parallel to the N*" coordinate axis. So

ZN a
U (yh
w0
ZN a
<
<,

a_fu (yh .- '7yN—17§)‘ df
M |zn Syn|

M ||z <yl

0 (2) u () s, ) dg\

<
<

Thus the function u is M-Lipschitz on B(z,d) C Q, hence on B(z,d) C . As
u(y) = 0 for y € 9Q C Q, it follows that |u(z)| < M ||z y|| for each y € 99, so
lu(z)| < Md. W

4. Approximating internally with located sets. Let Q be a subset of a metric
space (X, p). We say that K approximates () internally to within ¢ if K’ CC ,
and p(x,00) < e for each x in Q&K If, for each ¢ > 0, the set ) can be approximated
internally to within ¢ by a set of type T, then we say that ) is approximated
internally by sets of type 7. Given such a set €, we denote by K< a set of type
T that approximates it to within . If the closure of a set of type T' is again of type
T, then we may assume that K is closed. We will be interested in sets that can be
approximated internally by located sets.
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Note that if @ C 99, then © is approximated internally by compact sets (take
K* empty). This observation gives rise to examples where neither  nor ~§ can be
shown to be inhabited: if P is any proposition, and Q is the set of rational numbers,
consider

N={recQ:PlU{re~Q:-P}.

Here is another class of examples.

PROPOSITION 19. Let Q be a subset of RN such that Q° = <L for some located set
L C ~Q. Then Q s approximated internally by located sets.

PROOF. As Q°U L is dense, and L C ~, we have p(x,00) < p(a,Q%) V p(x, L).
The set K(t) = {x € RN : p(z, L) > t} is located for all but countably many ¢ > 0.
Ift<e, and v € Q& K(1), then p(z, L) < e,s0 p(z,00) <e. N

Note that if € is open, then the hypothesis that L. C ~£ is superfluous, so a
metric complement of a located set in RY is approximated internally by located sets.
In particular, an open set that is approximated internally by compact sets need not
be located. Let (a,) be a increasing binary sequence, and

L={xeR:|z| > a,/n for all n}.

Then Q = <L is(@%, %) Ta,=1+a,1.

An open set can be approximated internally by compact sets without being bounded—
for example, U (n <:>%, n 4+ %)

Proposition 19 has a converse, at least for open sets.

PROPOSITION 20. Let Q) be a subset of RN that is approximated internally by located
sets. Then ~Q° is located and Q° = &~Q°.

PrROOF. We first show, for r > 0, that if p(a, K") > 0, then p(z,~Q°) < r. As
K'/™ cC Q for each positive integer n, we can construct a binary sequence (\,) so
that )\1 == 0,

if A\, =0 then p(z, K"/") > 0, and

if A, =1, then z € Q.
If A, = Aoy + 1, then 2 € Q ~ K01 5o ||z <y, || < r/(n 1) for some y, € ~A.
Construct a sequence (z,) in RY such that

x, = x if A, =0 for all m < n, and

Tp = Y if m < n is the first number such that A, = 1.
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Clearly (x,) is a Cauchy sequence that is well contained in B(x,r). Let 2, be its limit
in B(x,r). If o, were in Q°, then A, would have to be 0 for all n, so p(z, K"/™) > 0
for all n, and so x., ¢ Q°. Hence z., ¢ Q°.

We will show that ~Q° is located. Given z, a large real number R > 0, and a
small real number ¢ > 0, choose § > 0 so that B(K*®,26) C , and construct a finite
6-approximation A to B(x, R). Partition A into disjoint subsets Ay and A; such that
pla, K*) < 6 if a € Ao, and p(a, K*) > 0 if ¢ € A;. Then Ag C Q° and Ay C
B(~$° ). Now let d = p(x, A1), which is either a real number or (if Ay is empty)
oo . As Ay C B(~Q°,¢), we have p(x,~0°) < d+e. Suppose y € ~Q° N B(x, R), so
p(y, K7) > 26. Then there exists a € A within 6 of y. If a € Ay, then p(y, K*) < 26,
so a € Ay. Hence R A (d<6) < p(x,~£°). As we may assume that 6 < e, we have

RA(dee) < pla,~Q°) < d+e.

To show that ~Q° is located, let r < ¢/, R = sup{l,r'}, and ¢ = +(+' &r). If
d < r' e, then p(a, ~Q°) <5 if d > r + ¢, then r < p(x, ~0Q°).

[t remains to show that ° is the metric complement of ~§2°. Suppose p(x, ~Q°) =
r> 0. If p(x, K") > 0, then « cannot be in , so @ € ~0°, a contradiction. Thus
reK"CQ. 1

PROPOSITION 21. If Q is a subset of RN that is approximated internally by located
sets, then ) has the boundary crossing property.

PROOF. Let 2 bein , and y in ~Q. Given ¢ > 0, choose 6 > 0 such that B(K*®,26) C
Q. If p(x, K7) > 0, then p(a,0Q) < e. If p(x, K¢) < 6, set x; = (1 &t)x + ty and
f(t) = plxs, K7). Then f(1) > 26 and f(0) < 6. Choose t so that f(t) > 0 and f(?)
is near 6. Then z; € Q because B(K*®,26) C 2, and x; € &K because f(t) > 0. So
plr, 00) <e. N

PROPOSITION 22. Let Q a subset of a metric space, and suppose that § is approx-
imated internally by compact sets. Then ) is totally bounded if and only if Q) is
totally bounded.

PROOF. Let ¢ > 0, and choose r € (0,¢) such that B(K*,4r) C Q. If Q is totally
bounded, let {z1,...,2,} be an r-approximation to €, and partition {1,...,m} into
subsets [ and J such that p(x;, K¢) < rif¢ € [, and p(z;, K*) > 0if ¢ € J. For
each ¢ € J there is y; € 9§ such that p(x;,y;) < ¢. We will show that {y, :¢ € J} is
a 3e-approximation to 2.

Given y € 09, choose x € Q such that p(y,x) < r, and then choose ¢ such that
plx,x;) <r. Ifi €l then

p(y, K°) < p(y,x) +plx,2) + p(xs, K7) < 3r
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so B(y,r) C B(K®,4r) C Q. Thus y € Q°, which is absurd. Hence ¢ € J. Moreover,
pysyi) < ply,e)+p (e, ai) +p(eny) <rdr+e<3e,

so {y; : 1 € J} is a 3s-approximation to 0f2.

Now suppose that 9€2 is totally bounded. Let A be a finite e-approximation to 952,
and B be a finite e-approximation to K©. Since for each @ € Q either p(a, K¢) > 0
or p(x, K®) < e, it is clear that AU B is a 2e-approximation to . W

PROPOSITION 23. If a subset of a metric space is approzimated internally by located
sets, then it is edge coherent.

PROOF. Let Q be approximated internally by located sets. Let 2 € Q be such
that p(x,09) > 2r > 0. If p(x, K") > 0, then there exists 2’ €  so close to x
that p(a’, K") > 0 and p(2/,09) > r. This contradicts the properties of K", so
p(x, K") =0 and therefore x €¢ K" C Q. N

PROPOSITION 24. [f Q) is an edge-coherent totally bounded subset of a metric space,
and ) has totally bounded boundary, then € is approximated internally by compact
sets.

PROOF. Given ¢ > 0, choose r € (0,¢) such that
K= {:1; €Q:p(z,00) > r}

is compact ([2], Chapter 4, (4.9)). Since 2 is edge coherent, B(K,r/2) C £, so
K CC Q. On the other hand, if # € Q@ K, then p(2,00)<r<ec. N

5. The exterior poi condition. When ) is compact, 99 C <) because ~ =
&0. The condition 9Q C <f) is interesting in its own right. it is straightforward to
deduce from it that 9Q = 9Q. It is also easy to see that 9Q C &£ is equivalent to
the following condition:

If x € 9 and ¢ > 0, then for some 6 > 0 there is a é-ball contained in
~{) that is within ¢ of z.

If we think of the 6-ball as attached to = by a string of length less than ¢, then we
have pictured a poi (the Maori term for such an object). If, given ¢ > 0, we can
choose 6 independent of x, then we say that ) satisfies the exterior poi condition.

We get the uniformity required by the exterior poi condition if the boundary is
totally bounded.
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PROPOSITION 25. If 9% is totally bounded and contained in <£), then Q satisfies the
exterior poi condition.

PRrROOF. If & € 99, then p(z,y) < & for some y in <£). Let
o =inf {p(x,Q),e <p(r,y)}.

Then B(y,6) C ~Q N B(x,e).

Now let A be a finite e-approximation to 92, and choose ¢ > 0 so that ~QNB(a,¢)
contains a é-ball for each a in A. Then ~Q N B(x,2¢) contains a é-ball for each « in
0. m

In particular, if both © and 9§ are compact, then Q satisfies the exterior poi
condition. (Classically, it suffices to assume  is compact.) It is not sufficient, even
classically, to assume only that € is totally bounded with compact boundary—for
example, @ = (<1,0) U (0, 1).

We can get a partial converse to Proposition 25.

PROPOSITION 26. Let Q be a totally bounded subset of RN that satisfies the exterior
pot condition. Then 0 is compact.

PrOOF. For any ¢ > 0, let 6 > 0 be given by the exterior ball condition. We will
approximate 9 within 2. Choose a finite approximation A to a big ball containing
2 so that A intersects any open ball of radius 6 /2 contained in the big ball. Partition
A into disjoint subsets Ag and A; so that if a € Ag, then 0 < p(a,) < & while if
a € Ay, then p(a,Q) < 6/2 or p(a,Q) > ¢ <6/2. By boundary crossing, for each
a € Ag there is b, € 99 such that ||b, <al| < e. We shall show that each x € 9 is
within 2¢ of some b,.

Choose y so that B(y,6) C (~Q) N B(x,e). Then there is a in AN B(y,6/2). So
|la 2| <eand 6/2 < p(a,) <e<6/2. Thus a € Ag and ||b, 2| <2e. W

The uniformity of the exterior poi condition, rather than just the condition that
00 C €0, is necessary for Proposition 26. Let (r,,) be an enumeration of the rational
numbers in (0,1), starting with r; = 1, and let (a,,) be a decreasing binary sequence.
Let © be the closure of {a,r, : n =1,2,...}. Then £ is compact, so <) = ~Q D 9.
But if 9Q were located, then either p(3,9Q) < 1/2, in which there would be a point
in <0 in (0,1), and we could find n such that a, = 0, or p(3,99) > 0, in which case
a, = 1 for all n.

We cannot interchange the roles of {2 and 9€2 in Proposition 26.

PROPOSITION 27 [RECURSIVE COUNTEREXAMPLE]. There is a coherent, edge co-
herent bounded open subset Q of RN that has empty boundary, and is not located.
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PROOF. Let (r,) be a strictly decreasing Specker sequence in (0, 1), and define

A = {:1; c RV : ||z|| > r, for some n},
Q = eA={zcR":|z| <r, for all n}.

Then Q is bounded. It is open and coherent because it is a metric complement. It
is edge coherent because it is closed, and the boundary is empty. If it were located,
then it would be totally bounded, so

lim r, = inf r,
n—00 n>1

would exist, which is impossible as every real number is eventually bounded away
from (r,). W

A subset Q of R satisfies the exterior cone condition if there exist r,0 > 0
such that for each x € 02 there is a right circular cone C' with vertex x, vertex angle
0, and height r such that C N = {z}. The exterior cone condition rules out cusps
on df) pointing into £, and plays an important role in solving the Dirichlet Problem
on totally bounded open subsets of RY. The usual formulation of the exterior cone
condition allows r and 6 to vary with the point @ € 9€). However, a simple sequential
compactness argument shows, classically, that r and 6 can be chosen independent of
x when 99 is compact. Clearly the exterior cone condition implies the exterior poi
condition.

It is a classical theorem that if a bounded open subset © of RY satisfies the
exterior cone condition, then for each uniformly continuous f : 92 — R the Dirichlet
Problem

Au = 0 on €, (1)
u = [ ondd

has a continuous solution u : @ — R that is uniformly twice differentiable on each
compact set K well contained in Q [5]; in that case we say that the Dirichlet Problem
has a strong solution. This suggests that the exterior cone condition, plus solvabil-
ity of the Dirichlet problem, may be connected with locating a bounded open set ()
in RV,

The coherent, nonlocated set ) in Proposition 27 has empty boundary, so there
is only one uniformly continuous function—the empty function—on that boundary,
and the Dirichlet Problem (1) has infinitely many strong solutions.

The following example shows that adding the requirement that (1) have a unique
solution, but dropping coherence, does not locate 2.
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BROUWERIAN EXAMPLE 28. An inhabited, edge coherent, bounded, nonlocated open
subset O of RN that satisfies the exterior cone condition, such that 9 is compact and
the Dirichlet Problem (1) has a unique strong solution for each uniformly continuous

f:00 — R.

Let P be any proposition such that == P, and let (r,) be an increasing Specker

sequence in (%, 1) . Define open subsets of RY by

A = {xERN:rn<H:I:H<1foralln},

B = {xERN:Pand H:L'H<1},
Q1 = AUB.

It is easy to show that
~={z e RY ¢ |z] > 1}

and

00 ={r e R |z] = 1}.

So 99 is located and () satisfies the exterior cone condition. Given a point = of Q
that is bounded away from 0f2, and noting that ||x|| < 1, choose é > 0 and v such
that |||z]| r,| > 6 for all n > v. Then choose & € Q such that ||z &€]] < 6. If £ € A,
then

2]l = [[¢]] < llz <Ll > rn <6

for all n, so ||z|| > r, + 6 for all n > v and therefore + € A C Q; if £ € B, then
x € Q= B(0,1). Hence § is edge coherent.

For a given uniformly continuous function f : 92 — R, the restriction to Q of the
solution of the Dirichlet Problem

Au = 0 on B(0,1
u(z) = f(z) if [lef| =

certainly solves the Dirichlet Problem (1) on €. This solution is given explicitly by

_ Lo’ 1)

Non  Jigli=t ||z <¢)Y

)7
1

the formula
u ()

where dS denotes the element of surface on the boundary of the unit ball, and wy
is the hypervolume of that ball ([5], Theorem 2.6). Now suppose that the Dirichlet
Problem

Y

Au = 0 on €, (2)
u = 0 on Jf2
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has a solution u that is nonzero at some point of . If P holds, then = B (0,1) and
(2) has the unique solution 0, a contradiction; so =P holds, which is absurd. Hence
(2) has the unique solution 0, and therefore (1) has a unique solution.

However, if Q were located, then either p(0,Q) > 0 or p(x,Q) < r1. The former
is ruled out, as €0 = <B(0,1). Hence p(x,Q) < ry, so B is inhabited and therefore
P holds. H

6. Two recursive examples. We can sometimes modify Brouwerian examples
so that they become specific recursive examples that do not depend on an underlying
proposition P or binary sequence (a,). We will do this for Brouwerian Example
4. First we need to establish a couple of generalities about boundaries of metric
complements.

PROPOSITION 29. If A is a subset of a located set L, then ~(<=A) C L and therefore
d(eA)C L.

PROOF. Suppose, by way of contradiction, that @ € ~(<A) and p(x, L) > 0. Then
there exists y € ~(<A) such that p(y,L) > 0 and therefore y € <A, which is
impossible. W

PROPOSITION 30. Suppose Ly and Ly are located sets such that p(Ly, Ls) > 0. If
Al C Ll and A2 C Lz, then

O(S(AL U Ay)) = (A1) U 9(<Ay).

PROOF. Suppose that @ € d(<A;1) C L;. Then pla, Lz) > 0, s0 & € Ay N A
Since <A, is open, it follows that © € ©A; N ©Ay; whence @ € &(A; U As). Also,

z € ~(&A)) C ~(S(A U Ay)),

SO T € 8(<:>(A1 U Ag))
Conversely, suppose that @ € 9(<(A; U Ay)); then © € (A1 U Ay) C €A, and

v € ~(S(A UAy)) = ~((SA) N (S4y)).

By Proposition 29,
T € m = L_l U L_2§

without loss of generality, we may assume that € L;. Then x € A, so B(z,¢) C
Ay for some ¢ > 0. Choose y in B(x,g) N ~((&A41) N (<Az)); then y € €A, N
~((©A1)N(A,3)), so y € ~(&A1). Since € can be chosen arbitrarily small, it follows

that x € ~(&4;). W
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The next lemma uses Specker sequences as it relies on Proposition 3. The proof
of the proposition that follows it refers directly to an enumeration of the Turing
machines.

LEMMA 31. Let (a,) be a binary sequence with at most one term equal to 1. If u < v,
then there exists an open subset I of (u,v), such that

if an =1, then p(u,I) < =*;
if p(u, 1) > 0, then either a, =1 for some n, or a, =0 for all n; and
a(&d) is empty.

PrOOF. We may assume that u = 0 and v = 1. By Proposition 3, for each n there

is an inhabited open subset J, of (nl?, %) with d(</,,) empty. Let

I={J{Jn:a,=1}.

Clearly, I is inhabited if and only it @, = 1 for some n; in which case, I = J, and
p(0,1) < 1/n. If p(0,1) > 0, then choose N such that p(0,7) > 1/N; either a,, = 0
for each n < N, in which case a,, = 0 for all n, or else a,, = 1 for some n < N.

If € 9(&l), and a, = 1 for some n, then [ = .J,,, a contradiction. So a,, = 0 for
all n, and therefore I is empty; this is impossible as @ € d(<1). So d(<1) is empty.
|

PROPOSITION 32 [RECURSIVE COUNTEREXAMPLE]. There exists @ C R that is open
and coherent, has finite boundary, and is not edge coherent.

PROOF. Let a,,, = 1 if the m'® Turing machine halts on the input m at step n, and
amn = 0 otherwise. Construct

In C (m}H’ % <:>(m-ll—1)2)

from the sequence a1, a2, s, ... as in Lemma 31, and set

0 =(0,1) &L, = <:>((<:>oo,0] UL, o0) UU]m) .

Then € is coherent and open, and {0,1} C 99Q. Given = € (0,1) N 9IQ, choose m such
that « € ( ! L), and set

m+2’m

L = (s00 iy ortm] UL+ &),

R = (&0, 0lU[l,0)U ] .

n#Em, m+1
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Then @ = <([, Ul UR), RC L,and [, U 1,41 C ( L L) . Noting that L is

closed and located, and that e
p (L () = 0.
we now apply Proposition 30 to show that
0N =0(&(1, U l41)) UI(SR).
But d(<R) C L, by Proposition 29, and x ¢ L, so (again by Proposition 30)
€ NH 1 ULy)) =0(l,0)Ud(el,) = 0.

Hence 02 = {0, 1}.

If mL_H € Q, then p (mL_H, ]m) > 0, because ) C <1,,. Then, by Lemma 31, we can

decide the halting behaviour of the m'® Turing machine on the input m. It follows
that if ) were edge coherent, then, since mL_H is bounded away from 92 and belongs

to Q for each m, we could solve the restricted halting problem. W

Let ©Q be a bounded metric complement of a located set. We are interested in
approximating €} by a compact set K CC ). Proposition 19 shows that we can
always approximate () in terms of the metric. Our final example shows, however,
that even when () is integrable, we need not be able to approximate 2 in measure.

To show this, we construct a particular sequence which is eventually bounded
away from any given real number. Unlike a Specker sequence, this one enumerates a
compact set and is not monotone. Our construction starts with a singular cover of
R, the existence of which is a consequence of Church’s thesis.

PROPOSITION 33 [RECURSIVE COUNTEREXAMPLE]. For each & > 0 there is a count-
able compact set L of rational numbers in [0, 1] such that every point of L is isolated,
and B(L,6) has measure greater than 1 << for each 6 > 0.

PROOF. Let (I,) be a sequence of open intervals with rational endpoints that covers
R and satisfies 3", |1,| < ¢ for each m. Define

L, = 2% € [0,1]: (2%, Z;’—,}) is not contained in [y U---U ]n},
and let L be the union of the L,. Because each [; has rational endpoints, the set

L, is finite. If /2" € L,, for m > n, then ¢/2" € L,, so L is a detachable subset of
Q —that is, for each ¢ € Q either ¢ € L or ¢ ¢ L..
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To show that L is totally bounded, we show that the set Lo U ---U L, is a 27"-
approximation to L. Suppose that /2™ € L, and m > n. There exists j such

that o
() () %
so /2" is in L, and is within 27" of ¢/2™.
It r is any real number, then r € [ for some k. As [; is open, we can choose
n > k such that B(r,27") C Iy; whence B(r,27") C [y U--- U [,. We will show, by
induction on m, that

LN B(r,27" Yy C LyU--- U L,. ()

Let x = /2™ belong to L, N B(r,27""') with m > n. If ¢ is even, then (xx) holds
by induction. We shall show that ¢ cannot be odd. To this end, assume that ¢ is odd
and choose j as in (*). Then

(e 281)) 220 s |

gmy | 2ny 2n )

so r must be in (i m) Hence

2n9 9n
& il
2m> gm

contradicting the fact that « € L,,. This completes the inductive proof of ().
It follows that for each real number r there exists n such that

LNBr2"™ Y CLyU---U Ly;

whence r is bounded away from all but finitely many elements of L. This shows that
L is closed and therefore compact, and that each element of L is isolated.

Given 6 > 0, choose n so that 27" < §. If x is an irrational point z of [0,1] &
([1U---UI,), then there exists a unique 7 such that a € (2%, Z;’—nl) ; SO

2n 9 92N

ve (53 o U-U L)

o < 6, it follows that B(L,6) contains each
irrational point of [0,1] & (/; U---U,). Hence B(L,6) has measure greater than
l<e. 1

and therefore = € L,. Since ‘:1: <:>2Ln
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Although the set Q@ = (0,1) < L, being integrable with positive measure, can be
approximated in measure by compact sets that are contained in it ([2], Ch. 6, (6.7)),
the above proposition shows that it cannot be approximated in measure by compact
sets that are well contained in it. Contrast this to the classical situation in which you
can prove that any compact subset of an open set is well contained in it.

The set L, even without its measure-theoretic properties, can be used to con-
struct other standard pathological recursive examples. We get an ascending Specker
sequence by setting

Fogr =min{L\ {r,...,r.}}.

To construct a positive Lipschitz function f on [0, 1] with infimum 0, let (£,,) enumer-

ate L, and for each n choose é,, > 0 such that B((,,36,) N L = {{,}. Define
falz) =sup{0,6, &z <0,|}
and

f(@) = p(a, L) Vsup f.(x).

n>1
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