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a b s t r a c t

We model an impulse control problem when the controller’s action affects the state as well as the
dynamics of the state process for a random amount of time. We apply our model to solve a central bank
intervention problem in the foreign exchange market when the market observes and reacts to the bank’s
interventions.
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1. Introduction

The exchange rate of a country’s currency (the number of
domestic currency units per unit of foreign currency or a given
basket of foreign currencies) has always been recognized to play
a central role in the import and export operations of the country in
particular and its economy in general. A relatively strong exchange
rate can hurt an exporter as it weakens its ability to compete
in the world market. To prevent that from happening after the
earthquake and tsunami on March 11, 2011 in Japan, the central
bank of Japan intervened to weaken the yen as it had reached
its strongest value since World War II [25]. This intervention was
coordinated with the G7 countries to help Japan in its export
market according to the BBC [39]. On the other hand, a relatively
weak exchange rate can hurt an importer by making imported
goods more expensive. Consequently, it is important for a country
to keep its exchange rate within a band or close to a target rate,
determined by the country’s central bank.

Many intervention options are available to a central bank, viz.
intervention against depreciation [23], intervention against ap-
preciation [38], coordinated intervention [16], unilateral interven-
tion [41], announced intervention, secret intervention [4], spot
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market intervention [9], forward market intervention, options
market intervention [37] etc. For example, if a central bank chooses
to intervene against appreciation (depreciation), then it can buy
(sell) foreign currencies in the exchange rate market.

A central bank faces the problem of finding the best possible
intervention policy for its country, referred to as the CBI problem
hereafter. Cadenillas and Zapatero [12,13], and Mundaca and
Øksendal [35] model the CBI problem as an impulse control
problem under the assumption that the market does not observe
the interventions of the central bank. But, in practice, the foreign
exchange market observes and reacts to such interventions. This
may affect the dynamics of the exchange rate process temporarily,
and was the case in the Japanese example mentioned above. The
market reactions can either increase or decrease the exchange
rate volatility depending on various factors and this has been
already documented in [2,3,10,14,17,24,33,34,42]. Yet, the basic
impulse control models in [12,13,35] to treat the CBI problem do
not consider the market to observe and react to the interventions
resulting in an altered dynamics of the exchange rate.

In this paper, we propose an impulse control model that allows
for more general problems than the CBI problem with market
reactions. The model involves a reaction-adjusted cost operator in
the formulation of the resulting quasi-variational inequality (QVI).
This represents an extension of the basic QVIs studied in [6].

The rest of the paper is organized as follows. We introduce the
impulse control model with random reaction periods in Section 2.
We apply it to analytically solve a CBI problem with market reac-
tions in Section 3. Section 4 concludes the paper.
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2. Impulse control model with random reaction periods

Let (Ω, F , P) be a probability space equipped with a filtration
{Ft}t≥0 generated by a 1-dimensional Brownian motion B(t).
Consider the diffusion process of the form

dX(t) = µ(X(t))dt + σ(X(t))dB(t), X(0) = x, (1)

where µ and σ are real-valued functions on R satisfying some
conditions so that there is a unique solution of (1) (see [30]).

We consider n different types of interventions referred to as
type 1, type 2, . . . , type n. Specifically, when the system is in
state y at time t with the dynamics (1), and an impulse (i, ζ ) ∈

{1, 2, . . . , n} × Zi
⊂ N × R of type i and size ζ , where Zi is the

set of admissible impulse values associated with the intervention
of type i, is applied, the state jumps immediately from X(t−) = y
to X(t) = Γi(y, ζ ), where Γi is a given function. Furthermore, the
system dynamics switches to

dX i(t) = µi(X i(t))dt + σi(X i(t))dB(t), (2)

with µi and σi defined in ways similar to (1), and it persists for a
randomperiod of duration T i. In the course of the infinite horizon, a
sequence of such interventionswill bemade.We let τj and ij denote
the time and the type of the jth intervention, which will persist
until time τj + T

ij
j , where T

ij
j ≥ 0 is a bounded random variable for

ij ∈ {1, 2, . . . , n}, j = 1, 2, . . . . We call the period

τj, τj + T

ij
j


,

the reaction period. The system reverts back to the pre-intervention
process at the end of the reaction period. We assume that T i

j ∼ T i

for all j, where T i has the distribution function Fi, i = 1, 2, . . . , n,
and T i

j ’s are i.i.d. and independent of the process B(t). We now
provide the definition of an impulse control.

Definition 1. An impulse control is a double sequence ν = (τ1,
τ2, . . . , τj, . . . ; (i1, ζ1), (i2, ζ2), . . . , (ij, ζj), . . .), where τ1 < τ2 <
· · · areFt-stopping times (the intervention times), and i1, i2, . . . and
ζ1, ζ2, . . . are the corresponding intervention types and impulses
respectively at these times such that each ij and ζj are Fτj-
measurable.

Ifwe apply an impulse control ν = (τ1, τ2, . . . ; (i1, ζ1), (i2, ζ2), . . .)
to the state process Xx(t) with Xx(0) = x, the corresponding inter-
vened state process X (ν)

x (t) can be defined by

X (ν)
x (t) = Xx(t); 0 ≤ t < τ1, (3)

X (ν)
x (τj) = Γij(X

(ν)
x (τj−), ζj); j = 1, 2, . . . , (4)

X (ν)
x (t) = X

ij

X(ν)
x (τj)

(t) for τj ≤ t ≤ τj + T
ij
j ; j = 1, 2, . . . , (5)

X (ν)
x (t) = X

X(ν)
x (τj+T

ij
j )

(t) for τj + T
ij
j < t < τj+1;

j = 1, 2, . . . . (6)

Now let f (x) : R → R be the running cost and Ki : Zi
→ R be the

cost of type i intervention. Then we can define the performance
criterion by

J (ν)(x) := E


∞

0
e−rt f (X (ν)

x (t))dt +

∞
j=1

e−rτjKij(ζj)


, (7)

where r > 0 is the discount rate. Therefore, we are interested in
minimizing the functional given in (7) over the set of all admissible
impulse controls defined below:

Definition 2. V is the set of admissible impulse controls, if for all
x ∈ R, ν ∈ V ,

(i) a unique solution X (ν)
x (t), t ≥ 0, of the system (3)–(6) exists,

(ii) limj→∞ τj = ∞ a.s.,
(iii) E


∞

0 e−rt f (X (ν)
x (t))dt


< ∞,

(iv) E


∞

j=1 e
−rτjKij(ζj)


< ∞, and

(v) τj+1 − τj ≥ T
ij
j , j = 1, 2, . . . .

Note that condition (v)means that no interventions are possible
during a reaction period. We denote the value function of our
impulse control problem by Φ . That is, for all x ∈ R,

Φ(x) = inf

J (ν)(x); ν ∈ V


= J (ν

∗)(x).

Hence, our objective is to find the function Φ(x) and ν∗
∈ V .

2.1. Quasi variational inequality (QVI)

We present now the corresponding QVI of the impulse control
model with random reaction periods. We first introduce some
preliminary definitions. Let the infinitesimal generators A and Ai
be defined as follows:

AΦ(x) = µ(x)
∂Φ

∂x
+

1
2
σ 2(x)

∂2Φ

∂x2
− rΦ(x),

AiΦ(x) = µi(x)
∂Φ

∂x
+

1
2
σi

2(x)
∂2Φ

∂x2
− rΦ(x) for i = 1, 2, . . . , n.

Now, let i ∈ {1, 2, . . . , n} and consider the Cauchy problem

∂ξ i

∂t
= Aiξ

i
+ f ; with ξ i(0, x) = ϕ(x). (8)

We denote the solution of (8) by ξ i(t, x; ϕ) and define the mini-
mum cost operator Mi for an intervention of type i by

MiΦ(x) = inf
ζ∈Zi


Ki(ζ ) +


∞

0
e−rtξ i(t, Γi(x, ζ ); Φ)dFi(t)


.

We now define the minimum cost operator Mr for the impulse
control model with random reaction periods and the correspond-
ing QVI. The derivation of the QVI is standard and the reader is
referred to [6] for details.

Definition 3. MrΦ(x) = min

MiΦ(x); i ∈ {1, 2, . . . , n}


.

Definition 4. Let Φ be a C1 function. Then we say that Φ satisfies
the QVI for impulse control with random reaction periods, if for all
x ∈ R, we have

Φ(x) ≤ MrΦ(x),
AΦ(x) + f (x) ≥ 0,
[AΦ(x) + f (x)] [Φ(x) − MrΦ(x)] = 0.

A solution of the above QVI separates the real line into two
disjoint regions. Namely, a continuation region

C = {x : Φ(x) < MrΦ(x) and AΦ(x) + f (x) = 0},

and an intervention region

I = {x : Φ(x) = MrΦ(x) and AΦ(x) + f (x) > 0}.

The intervention region I consists of n sub-regions determined
by Mis for i = 1, 2, . . . , n, and some of these sub-regions may
be empty. We also recall that condition (v) of Definition 2 does
not allow us to intervene during the random reaction periods.
Hence, we control the process only when it reaches the boundary
of the continuation region given that the process is in the pre-
intervention regime given by (1).

In next section, we apply the QVI to solve a CBI problem in the
foreign exchange market when an intervention affects the market
dynamics for a random period of time.
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3. Central bank intervention (CBI) problem

3.1. A brief literature review

Many countries used target-zone models to derive their central
bank intervention policies until the late 90’s. In a target-zone
regime, the exchange rate of a country’s currency is allowed
to move only within a specified band in the sense that the
country’s central bank intervenes to prevent the exchange rate
from moving outside the band. In [28], Krugman introduced the
standard target-zonemodel, which has been discussed extensively
in references such as [7,19–21,29,32,40]. Jeanblanc-Picqué [26]
initiated the application of the stochastic impulse control to this
problem, which was later extended by Korn [27]. In all these
models, the band for the exchange rate is given exogenously and
no intervention takes place when the exchange rate is strictly
inside the band. However, it is often observed that most of the
interventions in the foreign exchange ratemarket occur within the
band (see [1,8] for empirical evidence), because the cost of keeping
the exchange rate within the band increases due to speculative
attacks at the boundary of the band. Furthermore, it is also not
unusual to observe interventions in the foreign exchange rate
market when the exchange rate drifts too far away from a given
benchmark; see [5,18]. All this means that the target-zone models
are not suitable in practice.

Mundaca and Øksendal [35] provided an improved model
which eliminates the drawbacks of the target-zone models using
the impulse control theory. They showed that it is not necessary to
set a target band exogenously. Rather, the correct target band can
be derived endogenously as part of the solution to the optimization
problem, using a cost which is the sum of the cost of intervention
and the running cost given by an increasing function of the distance
between the target rate and the current rate. They used a standard
Brownianmotionmodel for their underlying exchange rate, but did
not provide an exact analytic solution to the problem. Cadenillas
and Zapatero [12,13] provided an explicit solution to this problem
when the underlying exchange rate follows a geometric Brownian
motion. Øksendal and Sulem [31] argued for the use of the
stochastic impulse control theory in a very broad setting using
a jump diffusion process. They also discussed many different
intervention problems when the underlying process follows a
jump diffusion process.

Dominguez [17] empirically studied the effect of foreign
exchange interventions by central banks on the behavior of
exchange rates, and showed that the intervention operations
that followed the Plaza Agreement generally increase exchange
rate volatility. Moreover, [2,10,14] showed that the central
bank interventions often increase the exchange rate volatility
temporarily after an intervention. In contrast, Beine et al. [3] and
Mundaca [33] explained that central bank interventions can have
a stabilizing effect by reducing exchange rate volatility. One take
away from this literature is that market reactions to the central
bank interventions influence the exchange rate dynamics, and
should therefore be further studied.

3.2. CBI problem with market reactions

We treat the CBI problem with market reactions using the
model developed in Section 2.We assume that themarket observes
and then reacts to the interventions by the central bank in the
foreign exchangemarket. In particular, we assume that the process
driving the exchange rate dynamics is affected by intervention
for a random length of time, and then reverts back to the pre-
intervention process.

We focus on the problem of finding the optimal intervention
policy which should be implemented by the central bank of a
country that wants to keep its exchange rate (against a given
basket of foreign currencies) within a band or close to a target
rate. There are both fixed and proportional costs associated to each
intervention as considered in [12,35]. The proportional costmainly
consists of transaction costs in this case. Each intervention is a large
operation involving several executives, multiple traders, andmany
hours of discussions, and hence the fixed cost is not negligible in
the CBI problem. We use a geometric Brownian motion X(t) to
model the exchange rate at time t when there are no interventions.
Thus,
dX(t) = µX(t)dt + σX(t)dB(t), X(0) = x. (9)
Here µ = r − rf and σ > 0 are constants, where r is the domestic
risk-free interest rate, rf is the foreign risk-free interest rate, and σ
is the exchange rate’s volatility (see [22] and references therein).

Assume that the central bank is allowed to perform two types
of interventions, namely, intervention to devalue the domestic
currency (type 1) and intervention to increase the value of the
domestic currency (type 2). Let Γ1(x, ζ ) = x+ ζ , Γ2(x, ζ ) = x− ζ
and Z1

= Z2
= [0, ∞). Consider that at time τj, j = 1, 2, . . . ,

the central bank’s jth intervention is of type i ∈ {1, 2}. Then, we
assume that the dynamics switches to

dX i(t) = µX i(t)dt + σiX i(t)dB(t), τj ≤ t ≤ τj + T i
j , (10)

where T i
j ≥ 0 is a bounded random variable. Note that the process

X i in (10) has the samedrift as in (9) but a different volatilityσi > 0.
Furthermore, X i(τj) equals the latest pre-intervention exchange
rate plus ζ (minus ζ ) for type 1 (type 2) intervention, respectively.
Market reactions end at τj + T i

j and the exchange rate process
reverts back to the pre-intervention dynamics at that time. The
assumptions on T i

j are as in Section 2 and the intervened process
X (ν)
x is defined by the system (3)–(6) with (9) and (10) replacing (1)

and (2), respectively.
We define the running cost incurred by deviating from the

target rate ρ by f (x) = (x − ρ)2, and the cost of making an
intervention of type 1 or type 2 by K1(ζ ) = C + cζ or K1(ζ ) =

D + dζ respectively. Here C and D are the fixed costs, and c and d
are the proportional costs of an intervention of type 1 and type 2,
respectively.

The central bank wants to determine the optimal impulse
control that minimizes the total expected discounted future costs.
Specifically, the objective is to find an admissible impulse control
that minimizes the functional J (ν) defined by

J (ν)(x) = E


∞

0
e−rt f (X (ν)

x (t))dt +

∞
j=1

e−rτjKij(ζj)


,

where r is the discount rate. We denote the value function as
Φ(x) = inf


J (ν)(x); ν ∈ V


= J (ν

∗)(x), x ∈ R
and we look for ν∗

∈ V for each x.

3.3. Solution of the QVI

We now solve the QVI that we derived in Section 2 for the CBI
problem. We first note that the infinitesimal generators A and Ai,
and the minimum cost operator Mr are reduced to the following
forms in this case:

AΦ(x) = µx
∂Φ

∂x
+

1
2
σ 2x2

∂2Φ

∂x2
− rΦ(x),

AiΦ(x) = µx
∂Φ

∂x
+

1
2
σ 2
i x

2 ∂2Φ

∂x2
− rΦ(x),

MrΦ(x) = min{M1Φ(x), M2Φ(x)}, where

M1Φ(x) = inf {C + cζ + Υ1(x + ζ ); ζ > 0} , (11)

M2Φ(x) = inf {D + dζ + Υ2(x − ζ ); ζ > 0} , (12)
where Υi(m) =


∞

0 e−rtξ i(t,m; Φ)dFi(t) for i ∈ {1, 2}.
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Assume that there exists an optimal policy for a given exchange
rate x and the central bank follows the optimal policy starting with
this rate x. The optimal cost associated with this policy is Φ(x).
An alternate policy is as follows: the central bank starts with the
exchange rate x and selects the best immediate intervention, then
follows an optimal policy. The cost associated with the alternate
policy is MrΦ(x). Since the first policy is optimal, we always
have MrΦ(x) ≥ Φ(x), and it is optimal to intervene whenever
MrΦ(x) = Φ(x). This observation is consistent with the definition
of the QVI in Section 2.

We now conjecture that the solution of the QVI for the CBI
problem is a two-band control (or a simple policy as termed in [15])
characterized by four parameters L, l, u, and U such that 0 < L <
l ≤ u < U < ∞, and
∀x ∈ (0, L] , Φ(x) = C + c(l − x) + Υ1(l),
∀x ∈ [U, ∞) , Φ(x) = D + d(x − u) + Υ2(u),
∀x ∈ (L,U) , 0 = AΦ(x) + f (x), (13)
Φ ′(L) = −c,
Φ ′(U) = d.
In this conjecture, the continuation region C = (L,U), and the
intervention region I = (0, L] ∪ [U, ∞) where we apply operators
M1 and M2 in (0, L] and [U, ∞), respectively. Furthermore, l and
mmust satisfy the first order conditionsΥ ′

1(l) = −c andΥ ′

2(u) = d
for a minimum in (11) and in (12), respectively.
Using the above parameters, we can derive a feedback (î(x), ζ̂ (x))
such that

(î(x), ζ̂ (x)) =


(1, l − x), if 0 < x ≤ L,
(2, u − x), if x ≥ U,

and a two-band impulse control inductively by

τ̂j+1 = inf{t > τ̂j + T
ij
j : X (ν̂j)(t) ∉ (L,U)}, with τ̂0 = 0, and

X (ν̂)(τj) = X (ν̂)(τj−) + ζ̂ (X (ν̂)(τj−))
= u 1

{X(ν̂)(τj−)=U}
+ l 1

{X(ν̂)(τj−)=L},

where X (ν̂j) is the result of applying ν̂j := (τ̂1, . . . , τ̂j; (î1, ζ̂1) . . . ,

(îj, ζ̂j)). If we let ν̂ = (τ̂1, τ̂2, . . . , τ̂j, . . . ; (î1, ζ̂1), (î2, ζ̂2), . . . ,
(îj, ζ̂j), . . .), then we can use a standard verification argument to
show that J (ν̂)(x) = Φ(x) for all x ∈ R and therefore v∗

= ν̂.
We can solve the differential equation (13) in (L,U) using

standard techniques of [11], and show that the general solution of
(13) for x ∈ (L,U) is given by

Φc(x) = Axα1 + Bxα2 +


1

r − σ 2 − 2µ


x2 −


2ρ

r − µ


x +

ρ2

r
,

where α1 =

1
2 σ 2

−µ−


µ−

σ2
2

2
+2σ 2r

σ 2 , α2 =

1
2 σ 2

−µ+


µ−

σ2
2

2
+2σ 2r

σ 2 ,
and A and B are constants to be determined.

We now summarize the QVI characteristics associated with our
two-band impulse control problem as follows:

Find Φ(x) ∈ C1 such that

Φ(x) =

C + c(l − x) + Υ1(l), if x ≤ L,
Φc(x), if L < x < U,
D + d(x − u) + Υ2(u), if x ≥ U,

(14)

with the continuity and first-order conditions as
Φc(L) = C + c(l − L) + Υ1(l), (15)
Φc(U) = D + d(U − u) + Υ2(u), (16)

Φ ′

c(L) = −c, (17)

Φ ′

c(U) = d, (18)

Υ ′

1(l) = −c, (19)

Υ ′

2(u) = d. (20)
Table 1
Optimal parameters of the two-band control when market reactions increase the
exchange rate volatility.

L l u U

Without market reactions 0.584 1.155 1.270 2.315
With market reactions 0.530 1.101 1.208 2.391

Weprovide the conditions under which a solution of the two-band
control problem solves the QVI in the following proposition.

Proposition 1. Suppose that Φ ∈ C1 is a solution of (14)–(20) such
that

L <
1
2
[c(µ − r) + 2ρ − G1(c, C, l)] , (21)

U >
1
2
[d(r − µ) + 2ρ − G2(−d,D, u)] , (22)

Φ(x) < C − cx + inf
x<y<U

{cy + Υ1(y)} , ∀x ∈ (L,U), (23)

Φ(x) < D + dx + inf
L<y<x

{−dy + Υ2(y)} , ∀x ∈ (L,U), (24)

where Gi(α, β, θ) =

[α(µ − r) + 2ρ]2 − 4


ρ2

− rΥi(θ) − rβ−

rαθ
 1

2 . Then it is a solution of the QVI for the CBI problem.

Proof. We first note that AΦ(x) + f (x) =−cµx − r [C + c(l − x) + Υ1(l)] + (x − ρ)2, if 0 < x ≤ L,
AΦc(x) + f (x), if L < x < U,

dµx − r [D + d(x − u) + Υ2(u)] + (x − ρ)2, if x ≥ U .

Clearly, AΦ(x)+ f (x) = AΦc(x)+ f (x) = 0 in (L,U). By conditions
(21) and (22), we have that AΦ(x) + f (x) > 0 in (0, L] and [U, ∞),
respectively.

Wenowobserve thatMrΦ(x) = C+c(l−x)+Υ1(l) in (0, L] and
MrΦ(x) = D+d(x−u)+Υ2(u) in [U, ∞). Hence,MrΦ(x) = Φ(x)
in (0, L] ∪ [U, ∞). Finally, conditions (23) and (24) guarantee that
Φ(x) < MrΦ(x) in (L,U). Hence, Φ is a solution of the QVI. �

We now provide a numerical example.

3.4. Numerical example and comparison

We need to solve the system (15)–(20) of six equations with six
unknowns to find the solution of the CBI problem. However, it is
not possible to find an explicit solution to the system. So, we solve
it numerically using Newton’s method. We assume that σ1 = σ2
and, T 1

j ∼ T and T 2
j ∼ T , j = 1, 2, . . . for simplicity.

Based on the empirical observations in [17], we first assume
that the exchange rate volatility increases during the reaction
period. Hence, we use the following model parameters: r =

0.06, µ = 0.1, σ = 0.3, σ1 = 0.4, ρ = 1.4, C = D = 0.5, c =

d = 0.2, and T ∼ Exponential(2). We compute the optimal
parameters of the two-band control using computer programs in
Matlab and ‘‘R’’. We compare our optimal parameters and the
value function with the case without market reactions (see [12])
in Table 1 and Fig. 1.

From Table 1, we observe that the optimal bands are wider
in the case with market reactions compared to the case without
market reactions. This means that the central bank would
intervene less frequently if the market reactions increase the
exchange rate volatility. We also observe that the optimal policy is
more expensive than its corresponding value without the market
reactions in this case (see Fig. 1).

Beine et al. [3] showed that a central bank intervention can
have a stabilizing effect on exchange rate volatility. This means
that the exchange rate volatility may decrease temporarily after
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Fig. 1. Value function when market reactions increase the volatility.

Table 2
Optimal parameters of the two-band control when market reactions decrease the
exchange rate volatility.

L l u U

Without market reactions 0.584 1.155 1.270 2.315
With market reactions 0.632 1.196 1.218 2.241

Fig. 2. Value function when market reactions decrease the volatility.

an intervention in some markets. So, we now present a numerical
example to illustrate the effect of a central bank interventionwhen
market reactions decrease the exchange rate volatility. We use the
following model parameters: r = 0.06, µ = 0.1, σ = 0.3, σ1 =

0.2, ρ = 1.4, C = D = 0.5, c = d = 0.2, and T ∼ Exponential(2).
We compare our optimal bounds and the value function with the
case without market reactions in Table 2 and Fig. 2.

Table 2 suggests that the central bank would intervene more
frequently if the market reactions decrease the exchange rate
volatility. Nevertheless, the optimal policy is less expensive than
its corresponding value without the market reactions (see Fig. 2).

4. Concluding remarks

We have developed a general impulse control model with
market reactions and applied it to the problem of intervention
by a central bank. Other possible applications may include cash
management andmachine replacement problems. Specifically, our
model could be applied to solve themutual fund cashmanagement
problem (see [36]) with market reactions. Constantinides and
Richard [15] used the impulse control theory to study a cash
management problem of a generic firm. However, whenever a
mutual fundmanager deposits (withdraws) a large amount of cash
into (from) his cash inventory, the investors in the mutual fund
observe the managers actions and react to that. These reactions
change deposit andwithdrawal patterns of the investors and hence
change the dynamics of the demand process of the mutual fund’s
cash inventory for a period of time.

In our analysis, we have assumed that the time at which the
reaction period ends is observed. If this assumption does not hold,
onemay need to introduce sampling to estimatewhen the reaction
period ends. Incorporating sampling into the optimizationproblem
remains a challenging open problem.
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