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1. Introduction

The purpose of this paper is to establish an approximation criterion for essential
self-adjointness of Dirichlet operators with nonconstant diffusion part on certain
smooth Banach spaces. In the case of Dirichlet operators with constant diffusion
part, this problem has been studied by Albeverio, Kondratiev and Röckner [1]–[3]
on Hilbert spaces and by Long [13] onM-type 2 Banach spaces. For historical com-
ments on the essential self-adjointness of Dirichlet operators on finite dimensional
or infinite dimensional spaces we refer to Berezanskii [6], Albeverio, Kondratiev
and Röckner [3] and Long [13]. This paper can be regarded as a continuation of
Long [13].

The paper is organized as follows. In Section 2, we shall present some notation
which follows [13] and introduce a class of Banach spaces on which the norm
‖ · ‖ satisfies certain smoothness (see the condition (H1) in Section 2), and also
state our main result. In Section 3, we shall first give some derivative estimates for
the solutions of Kolmogorov equations on the class of Banach spaces introduced
in Section 2, which is crucial for the proof of our main result. Then we shall
apply the parabolic criterion from Berezanskii [6] to prove our main result, i.e. an
approximation criterion for essential self-adjointness of Dirichlet operators with
nonconstant diffusion part on certain smooth Banach spaces.
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2. Preliminaries and Main Result

For simplicity, we shall adopt some basic notation from Long [13]. For detailed
arguments one can find in [13]. LetE be a separable Banach space andH̃ be a
separable Hilbert space. As in Brze´zniak and Elworthy [7], we define

M(H̃ ,E) = {L: H̃ → E,L is linear bounded andγ -radonifying}.
Let νL be theσ -additive measure induced byL from the canonical cylindri-

cal Gaussian measureγH̃ on H̃ . Neidhardt [15] proved that for anyL1, L2 ∈
M(H̃ ,E), L1+ L2 ∈ M(H̃ ,E) and there is a probability space on which random
variablesL̂1 andL̂2 are defined such that the distributions ofL̂1, L̂2 andL̂1 + L̂2

are respectivelyνL1, νL2 andνL1+L2 (cf. Lemma 24 in Neidhardt [15]).
ForL ∈ M(H̃ ,E) we put

‖L‖M(H̃,E) :=
{∫

E

|x|2 dνL(x)

}1/2

,

which, in view of Fernique Theorem, is a finite number. ThenM(H̃ ,E) is a sep-
arable Banach space under this norm (cf. Lemma 32 in Neidhardt [15]). LetF be
a separable Banach space. For a givenL ∈ M(H̃ ,E) and a bilinear bounded map
G:E × E → F , we define

TrLG :=
∫
E

G(x, x)dνL(x).

It is easy to prove that

TrLG =
∞∑
k=1

G(Lẽk, Lẽk) := TrH̃L
∗GL,

where{ẽk}∞k=1 is an orthonormal basis of̃H .
As usual, we denoteCpb (E, F ) the collection of functions fromE into F which

are Fréchet differentiable with bounded derivatives up top order for anyp ∈ N. In
the spaceCpb (E,R), we introduce the norm

‖u‖Cpb = sup
x∈E

{
|u(x)| +

p∑
k=1

‖u(k)(x)‖L(E⊗k,R)
}

for u ∈ Cpb (E,R).

Letµ be a Radon measure on(E,B(E)). We consider the differential operatorHµ
with domainC2

b(E,R) as follows

Hµu(x) = 1
2TrH̃ σ

∗(x)u′′(x)σ (x)+ 1
2 E〈b(x), u′(x)〉E∗ , u ∈ C2

b(E,R),
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whereσ (·):E → M(H̃ ,E) andb(·):E → E are measurable mappings and satisfy
the following condition

(C1) ‖σ (·)‖2
M(H̃,E)

∈ L2(E,µ) and ‖b(·)‖ ∈ L2(E,µ).

Further we assume that(Hµ,C2
b(E,R)) is symmetric onL2(E,µ). Note that

b should depend onσ and measureµ in order to ensure that(Hµ, C2
b(E,R)) is

symmetric onL2(E,µ) (cf. Long [12] and Daletskii and Steblovskaya [10]).
As in Section 2 of [13], letJ :E → E∗ denote the duality mapping ofE, i.e.

for eachx ∈ E
J(x) = {l ∈ BE∗ ; l(x) = ‖x‖},

whereBE∗ = {l ∈ E∗; ‖l‖E∗ 6 1}. Then the norm‖ · ‖ onE is Gâteaux differ-
entiable if and only ifJ (x) is single-valued for anyx ∈ E\{0}. In this case, the
only element ofJ (x) is the Gâteaux derivative of‖x‖ at x, i.e. J (x) = (‖x‖)′ .
As in Section 4 of [13], we denote[·, ·]:E × E → R the semi inner-product on
E. From Proposition 4.6 in [13], we know that ifE is anM-type 2 Banach space,
thenE admits an equivalent 2-smooth norm and a unique compatible semi inner-
product[·, ·] onE × E with respect to this equivalent norm. In this case, the semi
inner-product can be defined by

[x, y] := E〈x, y∗〉E∗ for any x, y ∈ E,
where

y∗ =
{

0, if y = 0,

‖y‖J (y), if y ∈ E\{0}.
For our aim, we need to assume that the norm‖ · ‖ onE satisfies the following
condition

(H1) There exist somep > 1 and a constantKp > 0 such thatϕ(x) = ‖x‖2p is
twice Fréchet differentiable onE and

‖ϕ ′′(x)‖L(E,E∗) 6 Kp‖x‖2(p−1).

The condition (H1) was suggested to the author by Prof. Z. Brze´zniak (cf.
Brzeźniak and Peszat [8]). For examples, all separable Hilbert spaces and
Lp(�,6, ν) spaces forp > 2 ((�,6, ν) is an arbitrary positive measure space)
satisfy the condition (H1) (cf. Bonic and Frampton [9], Deville, Godefroy and
Zizler [11]).

Next we shall prove the following proposition.

PROPOSITION 2.1.If (E, ‖ · ‖) satisfies(H1), then(E, ‖ · ‖) is anM-type2
Banach space.
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Proof. By the chain rule, it follows that the second derivative of the norm‖ · ‖
onE is bounded on the unit sphereSE = {x ∈ E; ‖x‖ = 1}. Therefore the first
derivative of the norm‖ · ‖ onE is Lipschitz on the unit sphere. This, by Lemma
5.1 of Chapter IV in [11] means that the modulus of smoothness of the norm‖ · ‖
of E is of power type 2. Then according to Remark 2.10 of [13] (see also Pisier
[16]), we conclude that(E, ‖ · ‖) is anM-type 2 Banach space. 2
Now we state the main result of this paper as follows:

THEOREM 2.2. Let (E, ‖ · ‖) be a separable Banach space satisfying(H1) and
[·, ·] be the unique compatible semi inner-product onE. Assume that the coeffi-
cients ofHµ satisfy(C1)and the following conditions

(C2) there exist a sequence of mappings{σn|n ∈ N}, σn ∈ C2
b(E,M(H̃ ,E)) for

anyn ∈ N and a constantC1 > 0 such that

sup
x∈E
{‖σ ′n(x)‖L(E,M(H̃ ,E)) + ‖σ

′′
n (x)‖L(E×E,M(H̃ ,E))} 6 C1 for all n ∈ N

and‖σn − σ‖2M(H̃,E) tends to zero asn→∞ in L2(E,µ).

(C3) there exist a sequence of mappings{bn|n ∈ N}, bn ∈ C2
b(E,E) for each

n ∈ N and constantsC2 ∈ R, C3 > 0 such that

(i) ‖bn − b‖E → 0 asn→∞ in L2(E,µ);
(ii) [b′n(x)h, h] 6 C2‖h‖2 for eachx, h ∈ E and alln ∈ N;
(iii) supx∈E{‖b′′n(x)‖L(E×E,E)} 6 C3 for all n ∈ N.

Then(Hµ,C2
b (E,R)) is essentially self-adjoint onL2(E,µ).

The proof of Theorem 2.2 will be given in Section 3, which heavily depends on
the derivative estimates for the solutions to Kolmogorov equations.

3. Derivative Estimates and the Proof of Theorem 2.2

We consider a sequence of second-order differential operators{Hn}n∈N with do-
mainC2

b(E,R) defined by for anyf ∈ C2
b(E,R)

Hnf (x) = 1
2TrH̃ σ

∗
n (x)f

′′
(x)σn(x)+ 1

2 E〈bn, f ′(x)〉E∗ ,
whereσn andbn are given as in Theorem 2.2.

Let Ẽ be a separable Banach space such that(H̃ , Ẽ, µ̃) is an abstract Wiener
space, wherẽµ is the canonical Gaussian measure onẼ. By {Wt}t>0 we denote the
canonicalẼ-valued Wiener process defined on some complete probability space
(�,F ,P).

We first provide a basic result on the solutions to Kolmogorov equations asso-
ciated to differential operatorsHn as follows.
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LEMMA 3.1. (1) Let E be a separable Banach space satisfying(H1). Let u ∈
C2
b(E,R). Then for eachn ∈ N the following Kolmogorov equation{

∂un(t,x)

∂t
−Hnun(t, x) = 0, t > 0, x ∈ E,

un(0, x) = u(x), x ∈ E
(3.1)

has a unique solutionun(t, ·) ∈ C2
b(E,R), which is continuously differentiable

with respect tot . The solutionun(t, x) can be represented by

un(t, x) = E[u(ξn,x(t))], t > 0, x ∈ E, (3.2)

whereξn,x(t) is a unique solution of the following stochastic differential equation
onE {

dξn,x(t) = σn(ξn,x(t))dWt + 1
2bn(ξn,x(t))dt,

ξn,x(0) = x.
(3.3)

(2) For eachn ∈ N, the mappingun: [0,1] → L2(E,µ) is continuously differen-
tiable and satisfies

dun(t)

dt
−Hnun(t) = 0, t ∈ [0,1].

Proof. (1) See the proof of Theorem 4.1 in Beloposkaya and Daletskii [4]. The
existence and uniqueness of solution to (3.3) is due to Neidhardt [15].

(2) The proof is almost the same as that of Lemma 5 in Albeverio, Kondratiev
and Röckner [3]. We omit the detail here. 2
Now we would like to estimate the first and second directional derivatives of the
solution of SDE (3.3) along constant directions.

LEMMA 3.2. If σn andbn satisfy the conditions of Theorem2.2, then forr > 1

E‖ξ ′n,x(t)h‖2pr 6 e3p,r t · ‖h‖2pr for t > 0, (3.4)

where3p,r depends only onp,Kp,C1, C2 andr.
Proof. For eachn ∈ N, the processξn,x(t) is differentiable with respect tox ∈ E

in mean-square sense (cf. Theorem 2.4 in [4]) andξ
′
n,x(t) satisfies the following

equation

d(ξ
′
n,x(t)h) = σ

′
n(ξn,x(t))(ξ

′
n,x(t)h)dWt + 1

2b
′
n(ξn,x(t))(ξ

′
n,x(t)h)dt, (3.5)

for anyh ∈ E. SetV h
n,x(t) = ξ ′n,x(t)h. Then by applying Itô’s formula (cf. Theorem

74 in Neidhardt [15] or Theorem 2.8 in Brze´zniak and Elworthy [7]) to function
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f (x) = ‖x‖2pr (r > 1), we have

f (V h
n,x(t))− f (V h

n,x(0))

=
∫ t

0
〈f ′(V h

n,x(s)), dV h
n,x(s)〉

+1

2

∫ t

0
TrH̃ (σ

′
n(ξn,x(s))V

h
n,x(s))

∗f
′′
(V hn,x(s))(σ

′
n(ξn,x(s))V

h
n,x(s))ds. (3.6)

Note that

f
′
(x) = r‖x‖2(r−1)pϕ

′
(x) =

{
0, if x = 0,

2pr‖x‖2pr−2‖x‖ · J (x), if x ∈ E\{0}

and

f
′′
(x) = r(r − 1)‖x‖2p(r−2)ϕ

′
(x)⊗ ϕ ′(x)+ r‖x‖2p(r−1)ϕ

′′
(x).

By taking expectation in both sides of (3.6) and using the conditions (C2) and (C3),
we obtain

E‖V h
n,x(t)‖2pr − ‖h‖2pr

= 1
2E
[∫ t

0
〈r‖V h

n,x(s)‖2p(r−1)ϕ
′
(V hn,x(s)), b

′
n(ξn,x(s))(V

h
n,x(s)〉ds

]

+1
2E
[∫ t

0
TrH̃ (σ

′
n(ξn,x(s))V

h
n,x(s))

∗(r(r − 1)‖V h
n,x(s)‖2p(r−2)

×ϕ ′(V h
n,x(s))⊗ ϕ

′
(V h

n,x(s))+ r‖V h
n,x(s)‖2p(r−1)ϕ

′′
(V h

n,x(s)))

×(σ ′n(ξn,x(s))V h
n,x(s))ds

]

6 rpE
{∫ t

0
‖V h

n,x(s)‖2pr−2[b′n(ξn,x(s))V h
n,x(s), V

h
n,x(s)]ds

+1

2

∫ t

0
(4p2r(r − 1)+ rKp)‖V h

n,x(s)‖2pr−2

× ‖σ ′n(ξn,x(s))V h
n,x(s)‖2M(H̃ ,E) ds

}

6 3p,r

∫ t

0
E[‖V h

n,x(s)‖2pr ]ds,
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where3p,r depends only onp,Kp,C1, C2 and r. Therefore by using Gronwall
Lemma, we conclude that forr > 1

E‖V h
n,x(t)‖2pr 6 e3p,r t‖h‖2pr . (3.7)

This completes the proof. 2
In the following lemma, we shall provide an estimate for the second derivative of
the solutionξn,x(t) of SDE (3.3).

LEMMA 3.3. Assume that the conditions of Theorem2.2 are fulfilled. Then for
anyh, k ∈ E, there exist constantC4 andC5 such that

E‖ξ ′′n,x(t)(h, k)‖2p 6 C4α(t)eC5t‖h‖2p · ‖k‖2p, (3.8)

whereα(t) = ∫ t0 e3p,2s ds, C4 andC5 depend only onp,Kp,C1, C2, C3 and3p,2.
Proof. Since the coefficients of SDE (3.3) are of classC2

b , V
h
n,x(t) is differ-

entiable with respect tox along any directionk ∈ E in mean-square sense (cf.
Theorem 2.4 in [4]) andUh,k

n,x (t) = (V h
n,x(t))

′
(k) satisfies the following SDE

dUh,k
n,x (t) = 1

2b
′′
n(ξn,x(t))(V

h
n,x(t), V

k
n,x(t))dt

+1
2b
′
n(ξn,x(t))(U

h,k
n,x (t))dt

+σ ′′n (ξn,x(t))(V h
n,x(t), V

k
n,x(t))dWt

+σ ′n(ξn,x(t))(Uh,k
n,x (t))dWt. (3.9)

In the following we need to use the Young inequality

xαyβ 6 αx + βy,
for x, y, α, β nonnegative andα + β = 1. By applying Itô’s formula to function
ϕ(x) = ‖x‖2p and taking expectations, we get

E[‖Uh,k
n,x (t)‖2p]

= 1
2E
[∫ t

0
〈ϕ ′(Uh,k

n,x (s)), b
′′
n(ξn,x(s))(V

h
n,x(s), V

k
n,x(s))

+b′n(ξn,x(s))(Uh,k
n,x (s))〉ds

]

+1

2

∫ t

0
E[TrH̃ (σ

′′
n (ξn,x(s))(V

h
n,x(s), V

k
n,x(s))+ σ ′n(ξn,x(s))(Uh,k

n,x (s)))
∗

ϕ
′′
(Uh,k

n,x (s))(σ
′′
n (ξn,x(s))(V

h
n,x(s), V

k
n,x(s))
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+σ ′n(ξn,x(s))(Uh,k
n,x (s)))]ds

6 C6E
[∫ t

0
‖Uh,k

n,x (s)‖2p−1 · ‖V h
n,x(s)‖ · ‖V k

n,x(s)‖ds
]

+C7E
[∫ t

0
‖Uh,k

n,x (s)‖2p−2‖V h
n,x(s)‖2 · ‖V k

n,x(s)‖2 ds

]

+C8E
[∫ t

0
‖Uh,k

n,x (s)‖2p ds

]

6 C6E
[∫ t

0
(‖Uh,k

n,x (s)‖2p)(2p−1)/2p · (‖V h
n,x(s)‖2p · ‖V k

n,x(s)‖2p)1/2p ds

]

+C7E
[∫ t

0
(‖Uh,k

n,x (s)‖2p)(p−1)/p(‖V h
n,x(s)‖2p · ‖V k

n,x(s)‖2p)1/p ds

]

+C8E
[∫ t

0
‖Uh,k

n,x (s)‖2p ds

]

6 C6E
[∫ t

0

(
2p − 1

2p
‖Uh,k

n,x (s)‖2p +
1

2p
‖V h

n,x(s)‖2p · ‖V k
n,x(s)‖2p

)
ds

]

+C7E
[∫ t

0

(
p − 1

p
‖Uh,k

n,x (s)‖2p +
1

p
‖V h

n,x(s)‖2p · ‖V k
n,x(s)‖2p

)
ds

]

+C8E
[∫ t

0
‖Uh,k

n,x (s)‖2p ds

]

6
(
C6

2p
+ C7

p

)∫ t

0
E[‖V h

n,x(s)‖2p · ‖V k
n,x(s)‖2p]ds

+
(

2p − 1

2p
C6+ p − 1

p
C7+ C8

)∫ t

0
E[‖Uh,k

n,x (s)‖2p]ds

:= C9

∫ t

0
E[‖V h

n,x(s)‖2p · ‖V k
n,x(s)‖2p]ds + C10

∫ t

0
E[‖Uh,k

n,x (s)‖2p]ds, (3.10)

whereC6, C7 andC8 depend only onp,Kp,C1, C2 andC3. According to Lemma
3.2, by using the Cauchy–Schwartz inequality we have

E[‖V h
n,x(t)‖2p · ‖V k

n,x(t)‖2p]
6 {E[‖V h

n,x(t)‖4p]}1/2 · {E[‖V kn,x(t)‖4p]}1/2

6 {‖h‖4p · e3p,2t }1/2 · {‖k‖4p · e3p,2t }1/2
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6 e3p,2t‖h‖2p‖k‖2p. (3.11)

Combining (3.10) and (3.11), we get

E[‖Uh,k
n,x ‖2p] 6 C9α(t)‖h‖2p‖k‖2p + C10

∫ t

0
E[‖Uh,k

n,x (s)‖2p]ds. (3.12)

Therefore by using Gronwall Lemma, we conclude that

E[‖Uh,k
n,x (t)‖2p] 6 C9α(t)eC10t‖h‖2p · ‖k‖2p.

We only need to takeC4 = C9 andC5 = C10 in order to get (3.8). This completes
the proof. 2
LEMMA 3.4. For u ∈ C2

b(E,R), we have the following estimates

‖u′n(t, x)‖E∗ 6 ‖u‖C1
b
· e(3p,1/2p)t (3.13)

and

‖u′′n(t, x)‖L(E,E∗) 6 ‖u‖C2
b
· γ (t), (3.14)

where

γ (t) = e(3p,1/p)t + (C4α(t)eC5t )1/2p.

Proof. From the estimate (3.4), we have

‖u′n(t, x)‖E∗ = sup
‖h‖=1
|E[〈u′(ξn,x(t)), ξ ′n,x(t)h〉]|

6 sup
‖h‖=1

E[‖u′(ξn,x(t))‖E∗ · ‖ξ ′n,x(t)h‖]

6 ‖u‖C1
b
· sup
‖h‖=1
{E‖ξ ′n,x(t)h‖2p}1/2p

6 ‖u‖C1
b
· sup
‖h‖=1
{‖h‖ · e(3p,1/2p)t}

6 ‖u‖C1
b
· e(3p,1/2p)t ,

which is the estimate (3.13). By using both the estimates (3.4) and (3.8), we obtain

‖u′′n(t, x)‖L(E,E∗)
= sup
‖h‖=‖k‖=1

|E[〈u′(ξn,x(t)), Uh,k
n,x (t)〉 + u

′′
(ξn,x(t))(V

h
n,x(t), V

k
n,x(t))]|
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6 sup
‖h‖=‖k‖=1

{E[‖u′(ξn,x(t))‖E∗ · ‖Uh,k
n,x (t)‖]

+E[‖u′′(ξn,x(t))‖L(E,E∗)‖V h
n,x(t)‖ · ‖V k

n,x(t)‖]}
6 ‖u‖C2

b
· sup
‖h‖=‖k‖=1

{(E[‖Uh,k
n,x (t)‖2p])1/2p

+(E[‖V h
n,x(t)‖2p])1/2p · (E[‖V k

n,x(t)‖2p])1/2p}
6 ‖u‖C2

b
· sup
‖h‖=‖k‖=1

{‖h‖ · ‖k‖(C4α(t)eC5t )1/2p + ‖h‖ · ‖k‖e(3p,1/p)t}

= ‖u‖C2
b
· γ (t).

This completes the proof. 2
In order to prove Theorem 2.2, we need to use an abstract parabolic criterion for
self-adjointness due to Berezanskii [6]. For reader’s convenience, we state the cri-
terion below without proof. The proof can be found in Theorem 6.13, Chapter 2 of
Berezanskii [6].

THEOREM 3.5.LetB be a symmetric operator with domainD(B) in a separable
Hilbert spaceH and semibounded below. Assume that there exists a sequence
{Bn}∞n=1 of operators inH with domainD(Bn), a dense subset8 of H , andb ∈
(0,∞] with the following properties:

(1) For anyT ∈ (0, b) and anyϕ0 ∈ 8, there exists a sequence{ϕ0,n}∞n=1 of
vectors inH with ϕ0,n→ ϕ0 in H asn→∞ along with the corresponding strong
solutions of the Cauchy problems{

dϕn(t)
dt − Bnϕn(t) = 0, t ∈ [0, T ],

ϕn(T ) = ϕ0,n, ϕn(t) ∈ D(B),
(3.15)

(2) For anyT ∈ (0, b) and anyϕ0 ∈ 8∫ T

0
(v(t), (Bn − B)ϕn(t))H dt → 0 as n→∞, (3.16)

wherev(t) is an arbitrary strong solution of the following Cauchy problem

dv(t)

dt
+ B∗v(t) = 0, (t ∈ [0,∞)), v(0) = 0. (3.17)

ThenB is essentially self-adjoint with domainD(B) onH .

Finally we are in a position to prove Theorem 2.2. For simplicity, we shall use‖u‖2
to denote theL2-norm ofu in L2(E,µ).
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Proof of Theorem2.2. We shall use Theorem 3.5 to prove Theorem 2.2. SetB =
−Hµ, Bn = −Hn (n ∈ N), H = L2(E,µ), 8 = C2

b(E,R) andb = 1. Fix
u ∈ C2

b(E,R) and letun be defined in (3.2). For any fixedT ∈ (0,1), we define
ϕn(t) = un(T−t) for t ∈ [0, T ]. Note thatD(Hµ) = C2

b(E,R) andϕ0,n = ϕ0 = u.
From Lemma 3.1, we know that for eachn ∈ N, the following Cauchy problem{

dϕn(t)
dt − Bnϕn(t) = 0, t ∈ [0, T ],

ϕn(T ) = u,
(3.18)

has a unique strong solutionϕn(t) andϕn(t) ∈ C2
b(E,R) for eacht ∈ [0, T ]. Thus

the condition (1) in Theorem 3.5 is satisfied. From the continuity of the function
v: [0, T ] → L2(E,µ), it follows that there exists a constantc > 0 such that
‖v(t)‖2 6 c (t ∈ [0, T ]). From this, we get∣∣∣∣∫ T

0
(v(t), (Hµ −Hn)ϕn(t))H dt

∣∣∣∣
6
∫ T

0
‖v(t)‖2 · ‖(Hµ −Hn)ϕn(t)‖2 dt

6 c
∫ T

0
‖(Hµ −Hn)ϕn(t)‖2 dt.

According to Theorem 3.5, if we can prove the convergence∫ T

0
‖(Hµ −Hn)ϕn(t)‖2 dt =

∫ T

0
‖(Hµ −Hn)un(t)‖2 dt → 0 asn→∞,

i.e. the condition (2) in Theorem 3.5 is verified, then the operatorHµ is essentially
self-adjoint onL2(E,µ) with essential domainC2

b(E,R). For anyG ∈ L(E ×
E,R), L1 ∈ M(H̃ ,E) andL2 ∈ M(H̃,E), in view of the arguments concerning
M(H̃ ,E) in Section 2, one may representL1, L2 andL1−L2 by random variables
L̂1, L̂2 andL̂1− L̂2. Then we have∣∣∣∣∫

E

G(x, x)dνL1(x)−
∫
E

G(x, x)dνL2(x)

∣∣∣∣
= |EG(L̂1, L̂1)− EG(L̂2, L̂2)|
= |EG(L̂1− L̂2, L̂2)+ EG(L̂2, L̂1− L̂2)+ EG(L̂1− L̂2, L̂1− L̂2)|
6 ‖G‖L(E×E,R)[2(E‖L̂1− L̂2‖2E)1/2(E‖L̂2‖2E)1/2+ E‖L̂1− L̂2‖2E]
6 ‖G‖L(E×E,R)[2‖L1 − L2‖M(H̃ ,E)‖L2‖M(H̃ ,E) + ‖L1− L2‖2M(H̃,E)].
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Now by takingG = u′′n(t) (t ∈ [0, T ]), L1 = σn andL2 = σ and using Lemma 3.4
and the conditions (C1),(C2) and (C3), we have∫ T

0
‖(Hµ −Hn)un(t)‖2 dt

6 1

2

∫ T

0
‖TrH̃ (σn − σ )∗u

′′
n(t)σ + TrH̃ σ

∗u
′′
n(t)(σn − σ )

+TrH̃ (σn − σ )∗u
′′
n(t)(σn − σ )+ E〈bn − b, u′n(t)〉E∗‖2 dt

6 1

2

{
2
∫ T

0
‖(‖σn − σ‖M(H̃,E) · ‖σ‖M(H̃,E) · ‖u

′′
n(t)‖L(E,E∗))‖2 dt

+
∫ T

0
‖(‖σn − σ‖2M(H̃,E)) · (‖u

′′
n(t)‖L(E,E∗))‖2 dt

+
∫ T

0
‖(‖bn − b‖) · (‖u′n(t)‖E∗)‖2 dt

}

6 ‖u‖C2
b
· ‖(‖σn − σ‖2M(H̃,E))‖1/22 · ‖(‖σ‖2M(H̃,E))‖1/22 ·

∫ T

0
γ (t)dt

+1
2‖u‖C2

b
· ‖(‖σn − σ‖2M(H̃,E))‖2 ·

∫ T

0
γ (t)dt

+1
2‖u‖C1

b
· ‖(‖bn − b‖)‖2 ·

∫ T

0
e(3p,1/2p)t dt,

which tends to zero asn→∞. This completes the proof. 2
REMARK 3.6. It’s possible to obtain similar results as in Albeverio, Kondratiev
and Röckner [3] by considering the coefficients of our differential operators with
polynomial growth. However the derivative estimates for solutions to Kolmogorov
equations will be much more complicated. Our Theorem 2.2 gives a partial answer
to a problem posed in the paper [10] by Daletskii and Steblovskaya.
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