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Abstract. In this note, we discuss certain generalizations of γ-radonifying operators and their
applications to the regularity for linear stochastic evolution equations on some special Banach
spaces. Furthermore, we also consider a more general class of operators, namely the so-called
summing operators and discuss the application to the compactness of the heat semi-group be-
tween weighted Lp-spaces.

1. Introduction. It is well-known that γ-radonifying operators play crucial role in de-
veloping the theory of Gaussian measures in Banach spaces as well as stochastic in-
tegrals on martingale type 2 Banach spaces (cf. Gross [10], Kuo [12], Neidhardt [17],
Dettweiler [9], Brzeźniak [1, 2], Brzeźniak and Elworthy [3]). The γ-radonifying oper-
ators have been used to characterize some nice geometric structure of the underlying
Banach spaces. For example, some embedding theorems related to γ-radonifying oper-
ators are established for the underlying Banach spaces to be type 2 or cotype 2 (see
van Neerven and Weis [16]). In Kalton et al. [11], these results have been extended to
give a characterization for the Banach space being type p or cotype q by embedding
vector-valued Besov spaces into spaces of γ-radonifying operators. For a more complete
review on γ-radonifying operators, we refer to van Neerven [14].
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In Brzeźniak and Peszat [5] and Brzeźniak and van Neerven [4], the authors showed
that the γ-radonifying norms reduce to square functions in the special case when the
underlying Banach space is an Lp space (see Theorems 2.1 and 2.2 in Section 2). In this
note, we shall discuss some generalizations of their results. These results are then used in
the study of regularity for stochastic evolution equations (e.g. stochastic heat equations)
in the weighted Lp-spaces.

Note that γ-radonifying operators can be regarded as the Gaussian analogues of
r-summing operators. It is natural to extend the characterization of γ-radonifying op-
erators to the summing operators setting between different Banach spaces, especially in
the Lp spaces. We want to find some sufficient condition which ensures a linear operator
between Lr and Lp spaces is p-summing. This result is closely related to the compact-
ness of heat semigroups (generated by Laplacian on Rd) on some weighted Lp-spaces,
which will be useful in the study of invariant measures for stochastic heat equations
in the Lp-setting. Note that the existence and the uniqueness of mild solutions along
with their regularity (so-called space-time continuity) for stochastic partial differential
equations on Rd in the weighted Lp-setting (p ≥ 2) have been studied by Brzeźniak
and Peszat [5] by using the theory of stochastic integrals in martingale type 2 Banach
spaces and the factorization method introduced by Da Prato, Kwapień and Zabczyk [7].
Concerning the existence of invariant measures for SEE in Hilbert spaces, Da Prato,
Gątarek and Zabczyk [6] introduced the so-called compactness method which was fur-
ther successfully applied to the study of existence of invariant measures for stochastic
heat equations in some weighted L2-spaces by Tessitore and Zabczyk [21]. In the lat-
ter, in contrast to the situation considered in [6], the heat semigroups S(t) (t > 0) are
not compact in any weighted L2-space. But Tessitore and Zabczyk [21] proved that the
heat semigroup is compact from a weighted L2-space to another one provided that the
involved weights satisfy certain integrability condition on Rd. This fact is crucial in their
proof of the existence of invariant measures for stochastic heat equations. In this note
we want to prove the same property for heat semigroups in weighted Lp-setting. For
this, we need to use the notion of summing operators from one Banach space to another
Banach space studied first by Pietsch [19], which played an important role in the theory
of geometry and probability in Banach spaces (cf. Schwartz [20]). We first provide some
sufficient condition for a linear operator between Lr and Lp spaces to be p-summing.
Then this result is applied to show the compactness of heat semigroups in weighted
Lp spaces.

This note is organized as follows. In Section 2, we discuss some interesting charac-
terizations of γ-radonifying operators and their applications. In Section 3, we discuss
further applications to linear stochastic evolution equations driven by spatially homoge-
neous noise. In Section 4, we study summing operators in some special Banach spaces
and discuss the application to the compactness of heat semigroup between weighted
Lp spaces.

2. Characterizations of γ-radonifying operators and applications. Let H be a
separable Hilbert space and E be a real separable Banach space. We denote by γ(H,E)
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the completion of the finite rank operators from H to E with respect to the norm∥∥∥ k∑
i=1

hi ⊗ xi
∥∥∥
γ(H,E)

:=
(
E
∥∥∥ k∑
i=1

γixi

∥∥∥2)1/2

where h1, . . . , hk are orthonormal in H and {γi}i≥1 is a sequence of independent standard
Gaussian random variables defined on some probability space (Ω,B,P). A linear operator
L : H → E belonging to γ(H,E) is called γ-radonifying. It is known that a bounded
linear operator L ∈ γ(H,E) if and only if there exists a centred Gaussian probability
measure νL on E with covariance LL∗. For L ∈ γ(H,E), we can define

‖L‖γ(H,E) =
(∫

E

‖x‖2 dνL(x)
)1/2

,

which is a finite number in terms of Fernique’s Theorem. Then γ(H,E) is a separable
Banach space under this norm (cf. Lemma 3.2 of Neidhardt [17]).

The following result is formulated in [5] and proved in [4, Theorem 2.3].

Theorem 2.1. Suppose H is a separable real Hilbert space and let p ∈ (1,∞) be fixed.
Let (O,F , ν) be a σ-finite measure space. For a bounded linear operator K : H → Lp(O)
the following assertions are equivalent:

(i) K is γ-radonifying.
(ii) There exists a ν-measurable function κ : O → H with∫

O
|κ(x)|pH dν(x) <∞ (1)

such that for all ν-almost all x ∈ O

(K(h))(x) = [κ(x), h]H , h ∈ H. (2)

Moreover, there exists a constant C > 0 independent of K such that
1
C

∫
O
|κ(x)|p dν(x) ≤ ‖K‖pγ(H,Lp) ≤ C

∫
O
|κ(x)|p dν(x).

In the special case when H is equal to L2(D) over some measure space (D, C, µ), the
above result reads as follows.

Theorem 2.2. Suppose that (O,F , ν) and (D, C, µ) are σ-finite measure spaces. Let
p ∈ (1,∞) be fixed. For a bounded linear operator K : L2(D) → Lp(O) the following
assertions are equivalent:

(i) K is γ-radonifying.
(ii) There exists a ν ⊗ µ-measurable function κ : O ×D → R with∫

O

[∫
D

|κ(x, y)|2 dµ(y)
]p/2

dν(x) <∞ (3)

such that for all ν-almost all x ∈ O

(K(h))(x) =
∫
D

κ(x, y)h(y) dµ(y), h ∈ L2(D). (4)
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Moreover, there exists a constant C > 0 independent of K such that
1
C

∫
O

[∫
D

|κ(x, y)|2 dµ(y)
]p/2

dν(x) ≤ ‖K‖pγ(H,Lp)

≤ C
∫
O

[∫
D

|κ(x, y)|2 dµ(y)
]p/2

dν(x).

Our aim is to present various generalizations of the above theorems. Firstly, we will
describe generalization of Theorem 2.1 when the Banach space Lp(O) is replaced by
Lr(O1;Lp(O2)), with 1 < p, r <∞, for two σ-finite measure spaces (Oi,Fi, νi), i = 1, 2.
We shall prove

Theorem 2.3. Suppose H is a separable real Hilbert space and let p, r ∈ (1,∞). Let
(Oi,Fi, νi), i = 1, 2, be σ-finite measure spaces. For a bounded linear operator K : H →
Lr(O1;Lp(O2)) the following assertions are equivalent:

(i) The linear operator K is γ-radonifying.
(ii) There exists a ν1 ⊗ ν2-measurable function κ : O1 ×O2 → H with∫

O1

[∫
O2

|κ(x1, x2)|pH dν2(x2)
]r/p

dν1(x1) <∞ (5)

such that for all ν1 ⊗ ν2-almost all (x1, x2) ∈ O1 ×O2

(K(h))(x1, x2) = [κ(x1, x2), h]H , h ∈ H. (6)

Moreover, there exists a constant C > 0 independent of K such that
1
C

∫
O1

[∫
O2

|κ(x1, x2)|pH dν2(x2)
]r/p

dν1(x1)

≤ ‖K‖pγ(H,Lr(O1;Lp(O2))) ≤ C
∫
O1

[∫
O2

|κ(x1, x2)|pH dν2(x2)
]r/p

dν1(x1).

Proof. Let (ej)∞j=1 be the ONB of the Hilbert space H. Let (βj)∞j=1 be a sequence of i.i.d.
standard mean 0 Gaussian random variables. Then by the Fubini, Kahane and Plancherel
theorems for any n ∈ N

E
∫
O1

[∫
O2

∣∣∣ n∑
j

βjK(ej)(x1, x2)
∣∣∣p dν2(x2)

]r/p
dν1(x1)

=
∫
O1

E
[∫
O2

∣∣∣ n∑
j

βjK(ej)(x1, x2)
∣∣∣p dν2(x2)

]r/p
dν1(x1)

=
∫
O1

E
∥∥∥ n∑

j

βjK(ej)(x1, ·)
∥∥∥r
Lp(O2,ν2)

dν1(x1)

∼
∫
O1

[
E
∥∥∥ n∑

j

βjK(ej)(x1, ·)
∥∥∥p
Lp(O2,ν2)

]r/p
dν1(x1)

=
∫
O1

[
E
∫
O2

∣∣∣ n∑
j

βjK(ej)(x1, x2) dν2(x2)
∣∣∣p]r/p dν1(x1)
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=
∫
O1

[∫
O2

E
∣∣∣ n∑
j

βjK(ej)(x1, x2) dν2(x2)
∣∣∣p]r/p dν1(x1)

= cr/pp

∫
O1

[∫
O2

( n∑
j

∣∣K(ej)(x1, x2)
∣∣2)p/2

dν2(x2)
]r/p

dν1(x1)

= cr/pp

∫
O1

[∫
O2

(
|κ(x1, x2)|2

)p/2
dν2(x2)

]r/p
dν1(x1)

= cr/pp

∫
O1

[∫
O2

|κ(x1, x2)|p dν2(x2)
]r/p

dν1(x1).

The result then follows by applying Itô–Nisio Theorem, see [13].

When in Theorem 2.3 we choose H = L2(D1;L2(D2)) ≡ L2(D1)⊗L2(D2) for another
pair of σ-finite measure spaces (Di, Ci, µi), i = 1, 2, we get the following result which is a
natural generalization of Theorem 2.2.

Theorem 2.4. Assume that (Di, Ci, µi), i = 1, 2, and (Oi,Fi, νi), i = 1, 2, be σ-finite
measure spaces. Let p, r ∈ (1,∞). It could be interesting to note that Lr(O1;Lp(O2)) ≡
Lr(O1)⊗ Lp(O2). For a bounded linear operator K : L2(D1;L2(D2))→ Lr(O1;Lp(O2))
the following assertions are equivalent:

(i) K is γ-radonifying.
(ii) There exists a ν1 ⊗ ν2-measurable function κ : O1 ×O2 → L2(D1;L2(D2)) with∫

O1

{∫
O2

[∫
D1×D2

|κ(x1, x2; y1, y2)|2 d(µ1⊗µ2)(y1, y2)
]p/2

dν2(x2)
}r/p

dν1(x1) <∞

such that for any h ∈ L2(D1;L2(D2)), for all ν1⊗ ν2-almost all (x1, x2) ∈ O1×O2

(K(h))(x1, x2) =
∫
D1×D2

κ(x1, x2; y1, y2)h(y) d(µ1 ⊗ µ2)(y1, y2). (7)

Moreover, there exists a constant C > 0 independent of K such that

1
C

∫
O1

{∫
O2

[∫
D1×D2

|κ(x1, x2; y1, y2)|2 d(µ1 ⊗ µ2)(y1, y2)
]p/2

dν2(x2)
}r/p

dν1(x1)

≤ ‖K‖pγ(L2(D1;L2(D2)),Lr(O1;Lp(O2)))

≤ C
∫
O1

{∫
O2

[∫
D1×D2

|κ(x1, x2; y1, y2)|2 d(µ1 ⊗ µ2)(y1, y2)
]p/2

dν2(x2)
}r/p

dν1(x1).

We will apply Theorem 2.4 with D1 = O1 = (0, T ) and D2 = O2 = D, where
T ∈ (0,∞) and D ⊂ Rd and where ν1 = µ1 = the Lebesgue measure on (0, T ) and
ν2 = µ2 = the Lebesgue measure on D. Suppose that A is a generator of a C0 semigroup
on L2(D). For α ∈ (0, 1], β ∈ [0, 1) we consider the operator Kα,β defined by

(Kα,β(h))(t) = 1
Γ(α)

∫ t

0
(t− s)α−1(−A)βe(t−s)Ah(s) ds, t ∈ (0, T ), h ∈ L2(0, T ;L2(D)).

Here we assume that the fractional power (−A)β of the operator −A exists (e.g. under
the condition that the semigroup S(t) = etA is of negative type), see [18] and [22].
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Let pβ(t, x, y) be the integral kernel of the operator (−A)βetA, i.e.

[(−A)βetAg](x) =
∫
D

pβ(t, x, y)g(y) dy, x ∈ D, g ∈ L2(D).

Then, for (t, x) ∈ (0, T )×D and h ∈ L2(0, T ;L2(D)) we have

(Kα,β(h))(t, x) =
∫

(0,T )

∫
D

1
Γ(α) 1(0,t)(s)(t− s)α−1pβ(t− s, x, y)h(s, y) dy ds.

Define

κα,β(t, x; s, y) = 1
Γ(α) 1(0,t)(s)(t− s)α−1pβ(t− s, x, y), (t, x), (s, y) ∈ (0, T )×D.

Then we have the equality∫
(0,T )

{∫
D

[∫
(0,T )×D

|κα,β(t, x; s, y)|2 dy ds
]p/2

dx

}r/p
dt

= 1
Γ(α)q

∫
(0,T )

{∫
D

[∫
(0,t)×D

|(t− s)α−1pβ(t− s, x, y)|2 dy ds
]p/2

dx

}r/p
dt

Hence, we get the following

Corollary 2.5. Assume that α ∈ (0, 1], β ∈ [0, 1) and p, r ∈ (1,∞). Then the operator
Kα,β is γ-radonifying from L2(0, T ;L2(D)) to Lr(0, T ;Lp(D)) iff∫

(0,T )

{∫
D

[∫
(0,t)×D

|(t− s)α−1pβ(t− s, x, y)|2 dy ds
]p/2

dx

}r/p
dt <∞. (8)

Moreover, we get the following result in a certain special but important case.

Corollary 2.6. If in addition A is self-adjoint with eigenvalues {−λj}∞j=1 and the cor-
responding set of eigenvectors {ej} (which is also an ONB of L2(D)) then the operator
Kα,β is γ-radonifying from L2(0, T ;L2(D)) to Lr(0, T ;Lp(D)) iff∫

(0,T )

{∫
D

[∑
j

λ1+2β−2α
j Γ(2α− 1, 2λjt)|ej(x)|2 ds

]p/2
dx

}r/p
dt <∞,

where Γ(z, t) is the truncated Euler gamma function defined by

Γ(z, t) =
∫ t

0
sz−1e−s ds, z > 0.

Proof. By the assumptions we have

pβ(t, x, y) =
∑
j

λβj e
−λjtej(x)ej(y), t > 0, x, y ∈ D,

and therefore for 0 ≤ s < t and x ∈ D we have∫
D

|(t− s)α−1pβ(t− s, x, y)|2 dy = (t− s)2α−2
∑
j

λ2β
j |ej(x)|2.
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Hence,∫
(0,T )

{∫
D

[∫
(0,t)

(t− s)2α−2
∑
j

λ2β
j e
−2λj(t−s)|ej(x)|2 ds

]p/2
dx

}r/p
dt

= 2r(1/2−α)
∫

(0,T )

{∫
D

[∑
j

λ1+2β−2α
j Γ(2α− 1, 2λjt)|ej(x)|2 ds

]p/2
dx

}r/p
dt

and the result follows as we claimed.

Next we shall briefly discuss the application of the previous corollaries, which is con-
cerning the regularity of a stochastic evolution equation in a separable Banach space. We
consider the following linear SEE:

dX(t) = AX(t) dt+B dW (t); X(0) = x, (9)

where A is a generator of a C0-semigroup on H = L2(D) (as well as on E = Lp(D)) and
B is a bounded operator from L2(D) to Lp(D), and W is a cylindrical Wiener process
on L2(D). We are interested in the regularity of the (weak) solution of (9).

Remark 2.7. In this and the next remarks, we suppose that E is a martingale type
Banach space, see [2]. Note that as usual we can express the solution of (9) as

X(t) = S(t)x+
∫ t

0
S(t− s)B dW (s). (10)

As discussed in Section 5.2 of Da Prato and Zabczyk [8], we have the following equivalent
formula via factorization

X(t) = S(t)x+ 1
Γ(α)

∫ t

0
(t− s)α−1S(t− s)Yα(s) ds, t ∈ (0, T ], (11)

where α ∈ (0, 1) and

Yα(t) = 1
Γ(1− α)

∫ t

0
(t− s)−αS(t− s)B dW (s).

Then following Theorem 5.2.6 of Da Prato and Zabczyk [8], or its generalization to
martingale type Banach spaces from [2] we have a similar result by replacing Hilbert
space H by a separable martingale type Banach space E.

Assume that

(i) The operator A generates an analytic semigroup S(t), t ≥ 0 on E such that ‖S(t)‖ ≤
Me−ωt, t ≥ 0, with ω and M positive numbers.

(ii) There exists α ∈ (0, 1
2 ) such that for any T > 0∫ T

0
t−2α‖S(t)B‖2

γ(H,E) dt <∞.

Then, for arbitrary β ∈ [0, α), there exists a version of the stochastic convolution∫ t
0 S(t − s)B dW (s), which is δ-Hölder continuous with values in D((−A)β) for
δ ∈ (0, α− β). Consequently the (weak) solution has a continuous version.
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Remark 2.8. Here we try to follow the ideas in Section 10 of Brzeźniak and van Neer-
ven [4] to discuss the regularity of the solution of (9). It is easy to verify that

Kα,β = Kα1,β1Kα2,β2 ,

where α = α1 +α2 ∈ (0, 1] and β = β1 +β2 ∈ [0, 1). By Corollary 2.5, we know that Kα2,β

is a γ-radonifying operator from L2([0, T ];L2(D)) to Lr([0, T ];Lp(D)). By Proposition
A.1.1 of Da Prato and Zabczyk [8] in the case when E is a Hilbert space or [2] when E
is a martingale type 2 Banach space (which is the case for E = Lp(D) with p ≥ 2), it
follows that Kα1,0 is a bounded operator from Lr([0, T ];Lp(D)) to Cδ([0, T ];Lp(D)) with
δ ∈ (0, α1− 1

r ). If we allow r to be sufficiently large, we conclude that the operator K1,0 =
(−A)−βK1,β = (−A)−βKα1,0Kα2,β is a γ-radonifying operator from L2([0, T ];L2(D))
into Cδ([0, T ];Lp(D)) with δ ∈ (0, α1) (here we can choose α1 = α

2 and α2 = 1 − α
2

for α ∈ (0, 1)). Consequently, following Theorem 10.6 of [4], we can conclude that the
Lp(D)-valued solution of (9) has a δ-Hölder continuous version for any δ ∈ (0, α2 ) when
X(0) = 0.

3. Applications to linear stochastic evolution equations driven by spatially
homogeneous noise. In this section, motivated by Brzeźniak and van Neerven [4], we
shall use results from Section 2 to study space-time regularity of solutions of the linear
stochastic Cauchy problem in S ′ := S ′(Rd), the space of tempered distributions on Rd:

du(t) = Au(t) dt+ dWµ(t), t ≥ 0,
u(0) = 0.

(12)

Here A is a pseudodifferential operator on S ′ with a symmetric and bounded from above
symbol q : Rd → C, Wµ = {Wµ(t)}t≥0 is a given spatially homogeneous Wiener process
with spectral measure µ.

A weak solution of (12) is a predictable S ′-valued process {u(t)}t≥0 such that for all
φ ∈ D(A) we have s 7→ 〈Aφ, u(s)〉 ∈ L1

loc[0,∞) a.s. and

〈φ, u(t)〉 =
∫ t

0
〈Aφ, u(s)〉 ds+ 〈φ,Wµ(t)〉 a.s., t ≥ 0.

For a function f : Rd → C we define f̌ : Rd 3 x 7→ f(−x) ∈ C. We say that f is symmetric
iff f̌ = f . We also define a closed linear subspace L2

(s)(µ) of L2
C(µ) by

L2
(s)(µ) = {f ∈ L2

C(µ) : f̌ = f}.

Throughout this section we assume that a measurable function q : Rd → C satisfies
the following conditions:

q is smooth and all of its derivatives have at most polynomial growth, (13)
q = q̌, (14)

q∗ := sup
ξ∈Rd

Re q(ξ) < ∞. (15)

Hypothesis (Hα). There exists a constant C > q∗ such that∫
Rd

1
(C − Re q(ξ))1−α dµ(ξ) <∞.
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Next, we will consider a generalization of Proposition 10.4 from [4] where the case
p = r was considered. Let us remind the framework from the last paper. We try in this
section to keep the notation from [4] as much as possible.

As in Section 4 of [4] we fix a nonnegative symmetric tempered measure µ on Rd and
denote by Hµ the separable real Hilbert space consisting of all tempered distributions of
the form F−1(fµ) with f ∈ L2

(s)(µ) and endowed with the inner product

[F−1(fµ),F−1(gµ)]Hµ := [f, g]L2
(s)(µ). (16)

We also define a semigroup of bounded linear operators S = {S(t)}t≥0 on Hµ by

S(t)
(
F−1(fµ)

)
= F−1(etq(·)f(·)µ

)
, t ≥ 0.

Since q is symmetric and Re q is bounded from above, the operators S(t) are well-defined.
Let us take and fix 1 ≤ p <∞ and a weight function 0 ≤ % ∈ L1(Rd). For T > 0 and

t ∈ (0, T ], we may define (Λ1−α/2
T f)(t) ∈ Lp(%) by

(Λ1−α/2
T f)(t) := 1

Γ(1− α/2)

∫ t

0
(t− r)−α/2SLp(%)(t− r)f(r) dr,

where SLp(%)(t) is the operator S(t) considered as an operator in L(Hµ, L
p(%)).

Let us recall Lemma 10.3 and identity (10.4) from [4].
For (t, x) ∈ (0, T )× Rd let us define κ1−α/2

t (x) ∈ L2((0, T );Hµ) by

κ
1−α/2
t (x) = 1

Γ(1− α/2) 1(0,t)(·)(t− ·)−α/2F
(
ei〈x,·〉e(t−·)q(−·)µ

)
1(0,t)(·).

Then for all g ∈ L2((0, T );Hµ) we have

(Λ1−α/2
T fg)(t, x) = [κ1−α/2

t ( · ), g]L2((0,T );Hµ), (t, x) ∈ (0, T )× Rd, (17)

and, for (t, x) ∈ (0, T )× Rd,

‖κ1−α/2
t (x)‖L2((0,T );Hµ) = 1

Γ(1− α/2)

(∫ t

0

∫
Rd
s−αe2sRe q(ξ) dµ(ξ) ds

)1/2
. (18)

Applying Lemma 10.1 from [4] we infer that we can find M = M(T ) > 0 such that

‖κ1−α/2
t (x)‖L2((0,T );Hµ) ≤M

[∫
Rd

1
(C − Re q(ξ))1−α dµ(ξ)

]1/2
, t ∈ (0, T ). (19)

Let us observe that the right hand side of (18) is independent of (t, x) ∈ (0, T )× Rd.
Now we are ready to formulate the following generalization of [4, Proposition 10.4].

Proposition 3.1. Assume that the condition (Hα) holds for some α ∈ (0, 1) and let
1 ≤ r, p <∞. Then Λ1−α/2

T is γ-radonifying from L2((0, T );Hµ) into Lr((0, T );Lp(%)).

Proof. Follows from Theorem 2.3 in view of inequality (19) and the observation made
immediately after it.

In what follows we will formulate the generalization of Proposition 10.5 and Theorem
10.6 from [4].

For this aim let us recall the following notation. Given a separable real Banach space E
and a real number β ∈ (0, 1), the little Hölder space cβ0 ([0, T ];E) is the (separable) Banach
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space of all real-valued continuous functions f : [0, T ]→ E such that f(0) = 0 and

‖f‖ := sup
t∈[0,T ]

|f(t)|+ sup
0≤s<t≤T

|f(t)− f(s)|
(t− s)β <∞,

lim
δ↓0

sup
0<t−s≤δ

|f(t)− f(s)|
(t− s)β = 0.

(20)

Proposition 3.2. Assume that the symbol q satisfies (Hα) for some α ∈ (0, 1). Let
1 ≤ p < ∞, 2

α < r < ∞ and β ∈ (0, α2 −
1
r ) be given and assume that the semigroup

{S(t)}t≥0 restricts to a C0-semigroup on Lp(%). Then the operator ΛT : L2((0, T );Hµ)→
Lr((0, T );Lp(%)) defined by

(ΛT f)(t) :=
∫ t

0
SLp(%)(t− τ)f(τ) dτ

takes values in the space cβ0 ([0, T ];Lp(%)). ΛT is γ-radonifying as an operator from
L2((0, T );Hµ) into cβ0 ([0, T ];Lp(%)).

Theorem 3.3. Assume that the symbol q satisfies (Hα) for some α ∈ (0, 1). Let
1 ≤ p <∞ and 0 ≤ % ∈ L1 be fixed. If the semigroup {S(t)}t≥0 restricts to a C0-semigroup
on Lp(%), then for all β ∈ (0, α2 ) the Lp(%)-valued solution of the linear stochastic Cauchy
problem (12) has a β-Hölder continuous version.

Remark 3.4. The proofs of Proposition 3.2 and Theorem 3.3 are essentially the same as
that of Proposition 10.5 and Theorem 10.6 of Brzeźniak and van Neerven [4] by simply
replacing Lr(%) with Lp(%). We omit the details.

4. Summing operators and compactness of heat semigroups. By Theorems 2.1
and 2.2, if H = L2(D,µ) and

(Kψ)(x) =
∫
D

k(x, y)ψ(y) dµ(y), x ∈ O, ψ ∈ L2(D,µ),

then K : H → Lp(O, ν) is γ-radonifying if and only if∫
O

[∫
D

|k(x, y)|2 dµ(y)
]p/2

dν(x) < +∞.

We can pose the following question: Suppose one replaces L2(D,µ) by Lr(D,µ) (r > 1).
Does there exist a condition of the form (3) for a linear operator K : Lr(D,µ)→ Lp(O, ν)
to be p-summing?

This question is closely related to the compactness of heat semigroups (generated by
Laplacian on Rd) on some weighted Lp-spaces. In order to study this question, we first
introduce the notion of r-summing operators from one Banach space to another Banach
space studied first by Pietsch [19].

Let E and F be two separable Banach spaces. Consider a sequence e = {ei}i∈N of
vectors in E. Let 0 < r < +∞. We say that e is in lr(E) provided that

∑∞
i=1 ‖ei‖rE < +∞,

and we write ‖e‖E,r =
(∑∞

i=1 ‖ei‖rE
)1/r.
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Definition 4.1. The sequence e is scalarly lr, and we write e ∈ Slr(E), provided that
for every ξ ∈ E∗ the sequence {〈ξ, ei〉}i∈N belongs to lr, i.e.

∞∑
i=1
|〈ξ, ei〉|r < +∞.

Obviously if e ∈ lr(E), then e ∈ Slr(E). But the converse is false. In general, we have
that a necessary and sufficient condition for e to be Slr is

sup
‖ξ‖E∗≤1

∞∑
i=1
|〈ξ, ei〉|r < +∞.

We can define the scalarly lr norm by

‖e‖∗E,r = sup
‖ξ‖E∗≤1

( ∞∑
i=1
|〈ξ, ei〉|r

)1/r
.

Obviously, ‖e‖∗E,r ≤ ‖e‖E,r.
Consider a continuous linear map T : E → F . Obviously, T maps lr(E) sequences to

lr(F ) sequences, with ‖T (e)‖F,r ≤ ‖T‖L(E,F )‖e‖E,r. Also, T takes Slr sequences to Slr
sequences.
Definition 4.2. A continuous linear map T : E → F is called r-summing if and only if
T maps Slr(E) into lr(F ). In this case there exists a constant C < +∞ so that

‖T (e)‖F,r ≤ C‖e‖∗E,r. (21)
The best constant in (21) is denoted by πr(T ) and is called the r-summing norm of T .

We have the following property of r-summing maps (cf. Schwartz [20]):
Proposition 4.3. If 1 ≤ r < +∞ and a map T : E → F is r-summing, then T is
weakly compact. If, in addition, E is reflexive, then T is compact.

We will answer the aforementioned question positively by proving a more general
result. We consider a linear operator K : E → Lp(O, ν), defined by

(Kψ)(x) = E∗〈K(x), ψ〉E , K : O → E∗, (22)
where E is a Banach space. We assume that ‖K(x)‖E∗ > 0 for all x ∈ O. Then we have
the following result:
Proposition 4.4. If K satisfies the condition∫

O
‖K(x)‖pE∗ dν(x) < +∞, (23)

then the operator K defined in (22) is p-summing. If, in addition, the Banach space E is
reflexive, then K is compact.
Proof. Let e = {ei}∞i=1 be a Slp(E) sequence. Then

∞∑
i=1
‖Kei‖pLp(O,ν) =

∞∑
i=1

∫
O
|E∗〈K(x), ei〉E |

p dν(x)

=
∞∑
i=1

∫
O
‖K(x)‖pE∗

∣∣∣
E∗

〈 K(x)
‖K(x)‖E∗

, ei

〉
E

∣∣∣p dν(x)
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=
∫
O
‖K(x)‖pE∗

∞∑
i=1

∣∣∣
E∗

〈 K(x)
‖K(x)‖E∗

, ei

〉
E

∣∣∣p dν(x)

≤
∫
O
‖K(x)‖pE∗ · sup

ξ∈E∗,‖ξ‖E∗≤1

( ∞∑
i=1

∣∣
E∗〈ξ, ei〉E

∣∣p) dν(x)

≤
∫
O
‖K(x)‖pE∗ dν(x) · (‖e‖∗E,p)p.

Now from condition (23), we conclude that K is p-summing. The compactness of K is
obvious from Proposition 4.3 of p-summing operators when E is reflexive.

Now we consider a special case, i.e. E = Lr(D,µ) (r > 1). In this case, the operator
K is defined by

(Kψ)(x) =
∫
D

k(x, y)ψ(y) dµ(y), x ∈ O. (24)

Then, from Proposition 4.4 and the reflexivity of E, we immediately have the following
corollary.

Corollary 4.5. If the operator K is defined in (24) and the integral kernel k satisfies
the condition ∫

O

(∫
D

|k(x, y)|r/(r−1) dµ(y)
)p(r−1)/r

dν(x) < +∞, (25)

then K is p-summing. Moreover, K is compact from Lr(D,µ) to Lp(O, ν).

Remark 4.6. Obviously, if r = 2, then condition (25) coincides with condition (3). Thus
the posed question is confirmatively answered by Corollary 4.5.

Next we consider some concrete measurable spaces. Let O and D be finite-dimensional
spaces. Further, we assume that µ and ν are absolutely continuous measures with densities
θ (θ > 0) and λ with respect to Lebesgue measures on D and O respectively. Let E =
Lr(D,µ), where dµ(x) = θ(x) dx (θ is strictly positive on D) and F = Lp(O, ν) with
dν(x) = λ(x)dx. The operator K : E → F is defined by

Kψ(x) =
∫
D

k(x, y)ψ(y) dy, x ∈ O, (26)

where k(·, ·) : O × D → R satisfies k(x, ·)θ−1 ∈ E∗ = Lr
∗(D,µ) (r∗ = r

r−1 ). Then we
have the following result:

Proposition 4.7. If the integral kernel k satisfies∫
O

(∫
D

∣∣k(x, y) · θ(y)−1/r∣∣r/(r−1)
dy
)p(r−1)/r

· λ(x) dx < +∞, (27)

then the operator K is p-summing. Moreover, K is compact from E to F (due to the
reflexivity of E).

Proof. Note that the operators K defined in (26) and (24) are different. However, the
operator K defined in (26) can be rewritten as

Kψ(x) =
∫
D

k(x, y)θ−1(y) · ψ(y) dµ(y). (28)
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In this case, the condition (25) in Corollary 4.5 is equivalent to∫
O

(∫
D

|k(x, y)θ−1(y)|r/(r−1) dµ(y)
)p(r−1)/r

dν(x) < +∞,

which is exactly (27). This completes the proof.

Now we turn to heat semigroups on the whole space Rd (d ≥ 1). By S we denote the
semigroup generated by 1

2 ∆ on Lp(Rd) (p ≥ 2). We have for all t > 0 and all ϕ ∈ Lp(Rd)

S(t)ϕ = G(t, ·) ∗ ϕ and G(t, x) = 1
(2πt)d/2 exp

(
−|x|

2

2t

)
,

where ∗ denotes the convolution operator.
An admissible weight % is a positive, bounded, continuous function % ∈ L1(Rd) such

that for all t > 0 there exists a constant C%(t) satisfying

G(s, ·) ∗ % ≤ C%(t)%, ∀s ∈ [0, t]. (29)

We denote by Lp% the weighted space Lp(Rd, %(x)dx) with norm

‖ϕ‖%,p =
(∫

Rd
|ϕ(x)|p%(x) dx

)1/p
.

For simplicity, we also denote Lp(Rd) by Lp.
We have the following nice property for the heat semigroups on weighted spaces.

Proposition 4.8. For all admissible weights %, the semigroup S can be extended to a
C0-semigroup on Lp%. Moreover, if %̂ is another admissible weight such that∫

Rd

%(x)
%̂(x) dx < +∞, (30)

then, for all t > 0, S(t) is compact from Lp%̂ to Lp%.

Proof. The first part of Proposition 4.8 has been proved by Brzeźniak and Peszat [5] (see
Lemma 2.1 of [5]).

We shall use Proposition 4.7 to show the second part. Let O = D = Rd. Set µ(dx) =
%̂(x) dx and ν(dx) = %(x) dx. Now the integral kernel k is given by k(x, y) = G(t, x− y)
(t > 0). If we can verify that∫

Rd

(∫
Rd

∣∣G(t, x− y) · %̂(y)−1/p∣∣p/(p−1)
dy
)p−1

· %(x) dx < +∞, (31)

then the semigroups S(t) (t > 0) are compact according to Proposition 4.7. In fact, by
the Jensen inequality, we have∫

Rd

(∫
Rd
|G(t, x− y) · %̂(y)−1/p|p/(p−1) dy

)p−1
· %(x) dx

=
∫
Rd

(∫
Rd
|G(t, x− y)|p/(p−1) · %̂−1/(p−1)(y) dy

)p−1
· %(x) dx

=
∫
Rd

(∫
Rd
|G(t, x− y)|1/(p−1) · %̂−1/(p−1)(y)G(t, x− y) dy

)p−1
· %(x) dx

≤
∫
Rd

(∫
Rd
G(t, x− y)%̂−1(y)G(t, x− y) dy

)
· %(x) dx
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≤
∫
Rd

∫
Rd
G2(t, x− y)%̂−1(y)%(x) dx dy

≤ (4πt)−d/2
∫
Rd

∫
Rd
G(t/2, x− y)%̂−1(y)%(x) dx dy

≤ (4πt)−d/2C%(t/2)
∫
Rd
%̂−1(x)%(x) dx. (32)

From condition (30), it immediately follows that (31) holds and consequently S(t) is
p-summing and compact from Lp%̂ to Lp%. This completes the proof.
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