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ABSTRACT. Let a1, . . . ,am be elements of a field k, where m≥ 3. We consider the affine
surface X defined by the equation zn = (y−a1x) · · ·(y−amx)(x+1), where n is a divisor of
m. Sufficient conditions are derived such that in the Brauer group of X there is a nontrivial
subgroup generated by Azumaya algebras that are locally trivial. This implies that on
X there are many reflexive modules that do not decompose into direct sums of rank one
submodules. We show that the Picard group of X is torsion free of rank less than n and
derive sufficient conditions such that the upper bound n−1 is reached.

1. INTRODUCTION

In this paper, which is a continuation of [15], we study the Brauer group and the class
group of Weil divisors for a family of ramified cyclic covers of the affine plane. Through-
out, k will denote a field which is not required to be algebraically closed. Let m≥ 3 be an
integer that is invertible in k, and n≥ 2 an integer which divides m. Assume k contains ζm,
a primitive mth root of unity. For distinct elements a1, a2, . . . , am in k, let X be the affine
surface in A3

k = Speck[x,y,z] defined by zn = (y−a1x) · · ·(y−amx)(x+1).
In Section 2 we prove that X is a normal rational surface. This implies that the divisor

class group Cl(X) and the Picard group Pic(X) are finitely generated. We prove that the
Picard group of X is torsion free of rank less than or equal to n−1. If n is strictly less than
m, Corollary 2.11 proves that on X there exist locally trivial Azumaya algebras with order
n in the Brauer group B(X). By [2], this implies the existence of reflexive O(X)-modules
M such that M has rank at least n, M is not projective, and HomO(X)(M,M) is projective.
Additionally, for each P ∈ X there is a reflexive ideal IP in OP such that the stalk MP is
isomorphic to IP ⊕ ·· · ⊕ IP. This provides a partial answer to a question raised in [15,
Remark 5.20 (b)].

In Section 3 sufficient conditions are derived such that the Picard group of X has rank
equal to n− 1. The surface X has one non-rational singular point, namely the point P0 =
(0,0,0). Curiously, the same conditions imply that the divisor class group of the local ring
OP0 is finite. For example we show that these conditions are satisfied if the characteristic
of k is positive and the elements a1, a2, . . . , am are algebraic over the prime subfield.

As mentioned above, this article is concerned with the study of locally trivial Azumaya
algebras on affine rational surfaces. A closely related question is, “Are there rational sur-
faces with a lot of modules that are reflexive but not projective?” Instead of focusing on
the class group, which classifies reflexive modules of rank one, we seek reflexive modules
that have rank at least two and which do not decompose into a direct sum of rank one sub-
modules. As shown in [6], such modules exist when the rational surface has a non-rational
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singularity. A different approach is used here, which is more along the lines of the papers
by B. Auslander [2] and R. Treger [27].

Let T be a noetherian normal integral domain with quotient field K. There is a con-
nection between reflexive T -modules and locally trivial Azumaya T -algebras which was
first explored by Auslander and Goldman in [3] and [4]. For instance, let Λ be an Azu-
maya T -algebra. Then Λ is a maximal order in Λ⊗T K [3, Proposition 7.1]. If Λ⊗T K
is split, then there is a finitely generated reflexive T -module M such that Λ is isomorphic
to the endomorphism ring HomT (M,M) [4, Proposition 4.2]. If TP is a regular local ring
for every P ∈ SpecT , then every such module M is projective [4, Theorem 4.3]. It follows
that the natural homomorphism B(T )→ B(K) is one-to-one, if T is a regular domain [3,
Theorem 7.2].

The exact sequences of abelian groups

(1) 0→ Cl(T )/Pic(T )→ BCl(T )→ B(T )
ϕ−→ B(K)

(2) 0→ Cl(T )/Pic(T )→ BCl(P,IT )→ B(T )
ψ−→ ∏

P∈SpecT
B(TP)

were derived by B. Auslander in [1] and [2] (see also [27], [21], [8], [23]). Sequence (1)
describes the subgroup of the Brauer group of T consisting of classes of Azumaya algebras
that are split by K. In (1), BCl(T ) is the group of congruence classes of finitely generated
reflexive T -modules M such that HomT (M,M) is projective over T . Two such modules
M1 and M2 belong to the same congruence class in BCl(T ) if there exist finitely generated
projective T -modules N1 and N2 such that (M1⊗N1)

∗∗∼=(M2⊗N2)
∗∗. The group operation

is induced by tensoring and taking the double dual. The inverse class of M is the class of
the dual of M. The homomorphism BCl(T )→ B(T ) sends the class of M to HomT (M,M).
Sequence (2) describes the subgroup of the Brauer group of T consisting of classes of
Azumaya algebras that are split by the local ring at every prime ideal of T . The group
BCl(P,IT ) in (2) is the subgroup of BCl(T ) consisting of classes of reflexive T -modules
M with the additional property that for each P∈ SpecT there is a reflexive (divisorial) ideal
IP in TP such that TP⊗M ∼= F⊗ IP, where F is a free TP-module.

Now suppose X is a variety over an algebraically closed field k such that the singular
locus of X is a finite set of closed points {P1, . . . ,Pm}. The exact sequence

(3) 0→ Cl(X)/Pic(X)→
m⊕

i=1

Cl(Oh
X ,Pi

)→ H2(X ,Gm)
ϕ−→ B(K)

of abelian groups was derived in [19, Section 1, pp. 70–75] (see also [27, Proposition 2.10],
[12], [7], [13]). For example, (3) applies if X is a normal algebraic surface over k. If X is
an algebraic surface, the results of [26, Section 2] show that if α is in the kernel of ϕ and
has order r > 0, then the Brauer class is represented by an Azumaya algebra of the form
HomOX (M,M) where M is a reflexive OX -module of rank r.

In [14], DeMeyer and Regnier show that any finite abelian group can appear as the
relative Brauer group B(K/T ). In their example T is the coordinate ring of an affine open
subset of a three dimensional normal toric variety with quotient field K. It is also true that
for their example the kernel of ϕ in (1) is equal to the kernel of ψ in (2). Since a toric
variety is a rational variety, K is therefore isomorphic to k(x,y,z), where k is the ground
field. Their construction uses sequences (1) and (2) and a version of Theorem 2.15 that
was proved in [12]. In Section 2, we exhibit affine algebraic surfaces such that the kernel
of the natural map ψ is arbitrarily large. For the surfaces presented here, the kernel of ϕ
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is infinite (see [6]), whereas the kernel of ψ is finite. The examples we present are two-
dimensional, those of DeMeyer and Regnier are three-dimensional. On the other hand,
as of this writing, our method does not allow us to construct such a ring for which the
kernel of ψ has an arbitrary set of prescribed invariant factors. It is interesting that the
surfaces studied here have some properties that are similar to those for three dimensional
toric varieties, but that such features do not arise for toric varieties of dimension two.

We suggest [22] as a standard reference for all unexplained terminology and notation.
For background material on divisor class groups the reader is referred to [16, §1 – §7] and
[5, Chapter VII, §1]. For any scheme X we denote by Gm the sheaf of units and we write
X∗ = H0(X ,Gm) for the group of global units on X . We identify PicX , the Picard group
of X , with H1(X ,Gm). The Brauer group B(X) embeds into the torsion subgroup of the
cohomological Brauer group H2(X ,Gm) [18, (2.1), p. 51].

2. A FAMILY OF RATIONAL SURFACES

2.1. First properties of X . We retain the notation established at the beginning of Sec-
tion 1. In particular, k is a field containing a primitive mth root of unity ζm, m ≥ 3 is
invertible in k, n≥ 2 and n |m. For distinct elements a1, a2, . . . , am in k, let X be the affine
surface in A3 defined by zn = (y− a1x) · · ·(y− amx)(x+ 1). In the affine coordinate ring
T = O(X), define the ideals

pi = (y−aix,z), i = 1,2, . . . ,m,(4)

pm+1 = (x+1,z),(5)

qi = (x,ym/n−ζ
2i−1
2n z), i = 1,2, . . . ,n.(6)

Using the methods of [15] it is possible to prove the following.

Theorem 2.1. Write pi, q j for the classes in Cl(X) represented by the respective ideals.
Then

(7) Cl(X) = (Z/n)p1⊕·· ·⊕ (Z/n)pm⊕Zq1⊕·· ·⊕Zqn−1

is an internal direct sum. As an abstract group, Cl(T )∼= (Z/n)(m)⊕Z(n−1).

Proof. We will use Nagata’s sequence [15, sequence (15)], but first we find a localization
of the ring T that is a unique factorization domain. Define the ring D = k[x,v,r]/(rn−
f (1,v)(x+1)). The map α : T [x−1, f (x,y)−1]→ D[x−1, f (1,v)−1] defined by x 7→ x,y 7→
xv,z 7→ xm/nr is well-defined because α(x) = x,α(y−aix) = x(v−ai)∈D[x−1, f (1,v)−1]∗,
and is an isomorphism of k-algebras because it is surjective, and both rings are integral
domains of the same Krull dimension. In D[x−1, f (1,v)−1], the equation rn− f (1,v)(x+
1) = 0 can be solved for x to get x = rn− f (1,v)

f (1,v) . Define the map β : D[x−1, f (1,v)−1]→
k[v,r, f (1,v)−1,(rn− f (1,v))−1] by v 7→ v,r 7→ r,x 7→ rn− f (1,v)

f (1,v) . The map β is a k-algebra

isomorphism, shown with the same argument used for α , and hence T [x−1, f (x,y)−1] is
isomorphic to the UFD k[v,r, f (1,v)−1,(rn− f (1,v))−1] via βα .

As in [15, Theorem 2.4], the divisor of the element y− aix ∈ T is npi, where pi was
defined in (4). The computation of div(x) is also similar to that in [15], but slightly different
because we are using a factor of x+ 1 instead of x− 1. The ring T/(x) is isomorphic to
k[y,z]/(zn− ym), and zn− ym can be factored as

zn− ym = zn− (ym/n)n

= (z− ym/n)(z−ζnym/n) · · ·(z−ζ
n−1
n ym/n).

(8)
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This shows that the minimal prime ideals of T/(x) are those generated by z−ζ i−1
n ym/n,1≤

i ≤ n, implying that the minimal primes of x in T are the ideals qi defined in (6). From
there, the proof that div(x) = q1+ · · ·+qn is the same as that from [15].

The group of units of the ring T [x−1, f (x,y)−1] is k∗×〈x〉×〈y−a1x〉× · · ·×〈y−amx〉
[15, Lemma 2.3]. Hence the Nagata sequence for T and its localization T [x−1, f (x,y)−1]
is

(9) 1→ T ∗→ T [x−1, f (x,y)−1]∗
div−→

m⊕
i=1

Zpi⊕
n⊕

j=1

Zq j→ Cl(T )→ 0.

Therefore Cl(T ) is generated by (the classes of) the pi and q j, 1≤ i≤m, 1≤ j≤ n, subject
to the relations npi ∼ 0 and ∑

n
j=1 q j ∼ 0. �

Proposition 2.2. Compute the groups Hi(G,S∗), Hi(G,T ∗).

Proposition 2.3. Compute the groups Hi(G,Cl(S)), the image and kernel of the norm map
N : Cl(S)→Cl(S), the image and kernel of the difference map D : Cl(S)→Cl(S). Compute
the generator for the norm of each of the ideal q j (I guess this should be a formula involving
x).

Proposition 2.4. Compute the groups Hi(G,Cl(T )), the image and kernel of the norm
map N : Cl(T )→ Cl(T ), the image and kernel of the difference map D : Cl(T )→ Cl(T ).
Compute the generator for the norm of each of the ideals pi, q j (I guess these should be
formulas involving x, y−aix, etc.).

Proposition 2.5. Compute for S/R the terms of the exact sequence of the Chase, Harrison,
Rosenberg exact sequence of Galois cohomology.

Proposition 2.6. Compute for T/A the terms of Rim’s exact sequence of Galois cohomol-
ogy. Using Proposition 2.4 it should be possible to prove γ6 = 0.

It was shown in [6] that the class group of the strictly local ring Osh
P0

is not finitely
generated, where P0 is the singularity on X with affine coordinates (0,0,0). Proposition 2.7
shows that if we extend the field of scalars k to a larger field F , the class groups of the
algebraic local rings do not get larger.

Proposition 2.7. Let P ∈ Sing(X) be a singular point. Let F/k be an extension of fields.
Let XF =X×k SpecF be the surface obtained by extension of scalars. Let PF =P×k SpecF
be the point on XF lying over P. Then Cl(OX ,P)→ Cl(OXF ,PF ) is an isomorphism.

Proof. The extension of fields k→ F is faithfully flat. Then OX ,P→ OXF ,PF is a faithfully
flat extension of local rings. Generators for Cl(OX ,P) are among the prime divisors listed
in (4), (5) and (6). But the same divisors map to generators for Cl(OXF ,PF ). Therefore,
Cl(OX ,P)→ Cl(OXF ,PF ) is onto. The map on class groups is one-to-one by [16, Corol-
lary 6.11]. �

Lemma 2.8. As a subgroup of Cl(X), Pic(X) is a subgroup of the torsion-free group
Zq1⊕·· ·⊕Zqn−1. The group Pic(X) is torsion-free of rank less than or equal to n−1.

Proof. According to (17) there is an exact sequence

(10) 0→ Pic(X)→ Cl(X)
ρ−→

m⊕
i=0

Cl(OX ,Pi)
λ−→ H2(X ,Gm)→

m⊕
i=0

H2(OX ,Pi ,Gm)
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of abelian groups, where P0, . . . ,Pm are the singular points of X . For 1≤ i≤m, Pi is a ratio-
nal singularity of type An−1, so Cl(ÔX ,Pi)

∼= Z/nZ. Mori’s Theorem [16, Corollary 6.12]
proves Cl(OX ,Pi)

∼= Z/nZ for 1≤ i≤ m.
For 1 ≤ i, j ≤ m, the line L j = Z(p j) passes through Pi if and only if i = j. Hence,

the natural map Cl(X)→ Cl(OX ,Pi) sends p j to the identity if i 6= j. Therefore the map
ρ : Cl(X)→

⊕m
i=0 Cl(OX ,Pi) of (10) sends {p j | 1≤ j≤m} to a set of linearly independent

elements (up to n-torsion).
The lines Ci = Z(qi) pass through only P0; that is, Ci ∩ Pj = /0 if j > 0. Under ρ ,

this means qi maps to the (n+ 1)-tuple (qi,0, . . . ,0). It follows that an arbitrary element
∑

m
i=1 ri pi+∑

n−1
j=1 s j q j of Cl(X) is mapped to (∑ri pi+∑s j q j,r1 p1, . . . ,rm pm). Thus, the

kernel of this map must be contained in the set of elements ∑ri pi+∑s j q j of Cl(X) where
ri ≡ 0 (mod n),1≤ i≤ m. The exactness of (10) finishes the proof. �

Proposition 2.9. Let U be the open complement of the line Lm+1 = Z(pm+1) in X. Then
the decomposition Cl(U) = (Z/n)p1⊕·· ·⊕(Z/n)pm−1⊕Zq1⊕·· ·⊕Zqn−1 is an internal
direct sum. As an abstract group, Cl(U) ∼= (Z/n)(m−1)⊕Z(n−1). The group Pic(U) is
torsion-free of rank less than or equal to n−1.

Proof. On the surface X , div(z) = p1+ · · ·+pm+1; the relation p1+ · · ·+pm+1∼ 0 in Cl(X)
means that we may take pm+1 as a basis element of the n-torsion subgroup of Cl(X) (re-
placing p1, say). With this observation it is clear that Cl(U) is found by losing one basis
element of n Cl(X). A version of the proof of Lemma 2.8 for U shows that PicU is also
torsion-free of rank less than or equal to n−1. �

Proposition 2.10. Let U = X−Lm+1 be as in Proposition 2.9. There is an exact sequence

(11) 0→ PicX → PicU → (Z/n)(m−1)→ Imageλ → 0

where λ is from (10). The groups PicX and PicU are torsion-free abelian groups of the
same rank. The image of λ is equal to the kernel of the map ψ in (2), hence is a subgroup
of the Brauer group B(X).

Proof. The diagram

0 // (Z/n)Lm+1 //

α

��

ClX //

ρ

��

ClU //

ρ0

��

0

0 // ⊕m
i=1 ClOX ,Pi

// ⊕m
i=0 ClOX ,Pi

// ClOX ,P0
// 0

(12)

commutes. The top row is the Nagata sequence for the open set U ⊆ X and is exact. The
map ρ is from sequence (10), and ρ0 is similarly defined. The kernel of ρ is PicX , and
the cokernel is Imageλ . Similarly, ρ0 is surjective and kerρ0 = PicU . The map α is the
negative of the diagonal map, so it splits and its cokernel is isomorphic to (Z/n)(m−1).
An application of the Snake Lemma [25, Theorem 6.5] to diagram (12) then produces the
exact sequence in the statement of the proposition.

By Lemma 2.8 and Proposition 2.9, PicX and PicU are both torsion-free. Since the
cokernel of PicX → PicU is torsion, the Picard groups must have the same rank.



6 TIMOTHY J. FORD AND DRAKE M. HARMON

The exactness of sequence (11) proves that Image(λ ) is finite, hence torsion. Since X
is affine, B(X) = torsH2(X ,Gm) [17, Theorem II.1], so λ factors through B(X):

Cl(X)
ρ // ⊕m

i=0 Cl(OX ,Pi)

λ

''

λ // H2(X ,Gm)
χ // ⊕m

i=0 H2(OX ,Pi ,Gm)

B(X)
?�

ι

OO

ψ // ∏P∈SpecT B(TP)

⊕m
i=0ϕi

OO

(13)

The top row of (13) is the end of exact sequence (10), and the bottom comes from (2).
For any P ∈ SpecT , denote by πP : ∏P∈SpecT B(TP)→ B(TP) the natural projection. If ϕi
denotes the composition

∏
P∈SpecT

B(TP)
πPi−→ B(TPi) ↪→ H2(OX ,Pi ,Gm)

for 0≤ i≤m, then⊕m
i=0ϕi defines a homomorphism ∏P∈SpecT B(TP)→

⊕m
i=0 H2(OX ,Pi ,Gm)

making the square in (13) commute. If a∈ kerψ , then πPi(ψ(a))= 0 implies 0=⊕m
i=0ϕi(ψ(a))=

χ(ι(a)), so that a = ι(a) ∈ Image(λ ), proving kerψ ⊆ Imageλ . Conversely, any b ∈
Image(λ ) is mapped to 0 by χ , which implies πPi(ψ(b)) = 0 for 0≤ i≤m. Now let Q de-
note any prime ideal of T such that TQ is a regular local ring, and consider the commutative
square

B(TQ)

##
B(X) = B(T )

πQψ

88

πPi ψ

&&

B(L)

B(TPi)

;;(14)

Since TQ is regular, B(TQ)→ B(L) is injective [3, Theorem 7.2]. Since πPi(ψ(b)) = 0, b
maps to 0 under B(X)→ B(TPi)→ B(L), and thus via the path B(X)→ B(TQ)→ B(L) as
well. But because the final map is injective, this forces πQ(ψ(b)) = 0. As Q was arbitrary,
this says ψ(b) = 0, and hence Imageλ ⊆ kerψ , completing the proof. �

2.2. Locally trivial Azumaya algebras on X . Here’s one way to interpret Proposition 2.10.
Let M be a reflexive T -module representing a class in BCl(P,IT ). Then for 1 ≤ i ≤ m,
MPi = IPi ⊗Fi, where IPi is a rank one reflexive ideal in TPi and Fi is a free TPi -module. If
HomT (M,M) represents a nontrivial class in the image of λ , then the m-tuple of ideals
(IP1 , . . . , IPm) is not in the image of the diagonal map

(Z/n)Lm+1→
m⊕

i=1

Cl(OX ,Pi)

Corollary 2.11. If n < m, then in (10) the image of λ and hence the kernel of the map ψ

in (2) are nonzero. Moreover, the image of λ contains a direct summand isomorphic to
(Z/n)(m−n).

Proof. By Proposition 2.9, Pic(U) is free of rank at most n− 1. In sequence (11), let W
denote the image of the map Pic(U)→ (Z/n)(m−1). Then W has a generating set con-
sisting of n− 1 or fewer elements. The ring Z/n is an injective module over itself ([25,
Theorem 4.35]). Let E(W ) denote the injective hull of the Z/n-module W . Then E(W )



AZUMAYA ALGEBRAS AND REFLEXIVE MODULES 7

can be generated by n−1 or fewer elements. We can identify E(W ) with a direct summand
of the injective Z/n-module (Z/n)(m−1). The cokernel of E(W )→ (Z/n)(m−1) has a di-
rect summand isomorphic to (Z/n)(m−n). So Image(λ ) contains a subgroup isomorphic to
(Z/n)(m−n). �

Proposition 2.12. There is an isomorphism of groups

H2(XZar,O
∗
X )
∼= B

(( m⊕
i=0

OPi

)
/X
)
,

the group on the left being the Zariski cohomology group for the sheaf of units on X.

Proof. Consider the diagram

0 // B((
⊕m

i=0 OX ,Pi)/X)

α

��

// B(X)� _

��

//⊕m
i=0 B(OX ,Pi)

∼= B(
⊕m

i=0 OX ,Pi)� _

��
0 // kerψ // H2(X ,Gm)

ψ // ⊕m
i=0 H2(OX ,Pi ,Gm)

(15)

By Theorem 2.17, H2(XZar,O
∗
X )
∼= kerψ , which is torsion by Proposition 2.10. Since X is

affine, the torsion subgroup of H2(X ,Gm) is B(X) (and similarly for each local ring in the
diagram); this forces α to be onto. It is injective because the other vertical maps are. �

For the case where m is not a power of a prime number, Proposition 2.13 provides an
affirmative answer to a question raised in [15, Remark 5.20 (b)].

Proposition 2.13. Suppose m = n1n2 is a nontrivial factorization, where gcd(n1,n2) = 1.
For distinct elements a1, . . . ,am in k, let X be the affine surface in A3 defined by zm =
(y− a1x) · · ·(y− amx)(x+ 1). Then H2(X ,Gm) contains a nonzero subgroup of exponent
n1 consisting of Brauer classes of Azumaya algebras that are locally trivial.

Proof. Let H be the subgroup of G of order n2. By Corollary 2.11 and Proposition 2.10,
there is a nonzero subgroup of H2(XH ,Gm) with exponent n1 consisting of Brauer classes
on XH that are locally trivial. Under the restriction map, this subgroup is mapped to a
subgroup of B(X) consisting of classes that are locally trivial. By (29), corresponding to
the subgroup H ≤ G are the restriction and corestriction

H2(XH ,Gm)
res−→ H2(X ,Gm)

cor−→ H2(XH ,Gm)

homomorphisms. The composite map cor◦ res is multiplication by [H : 1] = n2. Under the
restriction map, the image of an element of order n1 also has order n1. �

2.3. The second Zariski cohomology group. For a noetherian normal integral scheme X ,
we prove some general results about the second Zariski cohomology groups H2(XZar,O

∗
X ).

Theorem 2.17 shows that this group contains the kernel of ψ in (2).

Lemma 2.14. Let X be a noetherian normal integral scheme. Let Sing(X) denote the
subset of X consisting of those points P such that OX ,P is not a regular local ring. Then

Ker

{
H2(X ,Gm)→ ∏

P∈X
H2(OX ,P,Gm)

}
= Ker

{
H2(X ,Gm)→ ∏

P∈Sing(X)

H2(OX ,P,Gm)

}
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Proof. It is clear that the group on the left hand side is contained in that on the right hand
side. Let K denote the stalk at the generic point of X . Let P and Q be two points in X . The
diagram

H2(OX ,P,Gm)

b

''
H2(X ,Gm)

a
77

c ''

H2(K,Gm)

H2(OX ,Q,Gm)

d

77
(16)

commutes. By [19, Corollaire 1.8] (see also [22, Example III.2.22 (a)]), if Q ∈ X and OX ,Q
is a regular local ring, then d is one-to-one. If P ∈ Sing(X) and ξ ∈ Kera, then ξ ∈ Kerc.
The proof follows from this fact. �

Theorem 2.15. Let X be a noetherian normal integral scheme. Let Sing(X) denote the
subset of X consisting of those points P such that OX ,P is not a regular local ring. If
Sing(X) = {P1, . . . ,Pm} is a nonempty finite set, then there is an exact sequence

(17) 0→ Cl(X)/Pic(X)→
m⊕

i=1

Cl(OX ,Pi)→ H2(X ,Gm)
ψ−→

m⊕
i=1

H2(OX ,Pi ,Gm).

Proof. The long exact sequence of cohomology with support on the closed set Sing(X)
[22, Proposition III.1.25] gives the rows of the commutative diagram

0 // Cl(X)/Pic(X)

a

��

// ⊕m
i=1 H2

Pi
(X ,Gm)

b
��

// H2(K/X ,Gm)

c
��

// 0

0 //⊕m
i=1 Cl(OX ,Pi)

// ⊕m
i=1 H2

Pi
(X ,Gm) // ⊕m

i=1 H2(OX ,Pi/X ,Gm) // 0

The exact sequence follows from the Snake Lemma applied to this diagram. �

Corollary 2.16. Let X and Sing(X) = {P1, . . . ,Pm} be as in Theorem 2.15. If m = 1, then
in the exact sequence (17), ψ is one-to-one.

Proof. By [16, Corollary 7.2], Nagata’s Theorem, the natural map Cl(X)→ Cl(OX ,Pi) is
onto for each i. The claim follows from exact sequence (17). �

Theorem 2.17. Let X a noetherian normal integral scheme. Let Sing(X) denote the subset
of X consisting of those points P such that OX ,P is not a regular local ring. Then there is
an exact sequence

(18) 0→ H2(XZar,O
∗
X )→ H2(X ,Gm)→ ∏

P∈Sing(X)

H2(OX ,P,Gm)

Proof. Let f : Xet→ XZar be the morphism from the étale site to the Zariski site. By [22,
Proposition III.4.9], Hilbert’s Theorem 90, R1 f∗Gm is the zero sheaf on XZar. The exact
sequence

(19) 0→ H2(XZar,O
∗
X )→ H2(X ,Gm)

γ−→ H0(XZar,R2 f∗Gm)→ H3(XZar,O
∗
X )

arises from the Leray spectral sequence Hp(XZar,Rq f∗Gm)⇒ Hp+q(Xet,Gm) ([22, Appen-
dix B]). The sheaf R2 f∗Gm is the sheaf on XZar associated to the presheaf U 7→H2(U,Gm).



AZUMAYA ALGEBRAS AND REFLEXIVE MODULES 9

Let ξ ∈ H2(X ,Gm) be an element of the kernel of γ . Then ξ is zero at every stalk of
R2 f∗Gm. This means there exists an open cover U1, . . . ,Ut of X such that ξ maps to zero
in H2(Ui,Gm), for each i. For each P ∈Ui, the diagram

H2(X ,Gm) //

&&

H2(OX ,P,Gm)

H2(Ui,Gm)

77

(20)

commutes. This proves ξ is in

(21) Ker

{
H2(X ,Gm)→ ∏

P∈X
H2(OX ,P,Gm)

}
and the proof follows from Lemma 2.14. �

Corollary 2.18. Let X a noetherian normal integral scheme. Let Sing(X) denote the subset
of X consisting of those points P such that OX ,P is not a regular local ring. If Sing(X) is
either the empty set, or a singleton set, then H2(XZar,O

∗
X ) = 0.

Proof. When Sing(X) = {P1}, this follows from Theorem 2.17 and Corollary 2.16. Sup-
pose Sing(X) is empty. It suffices to prove that the kernel of γ in (19) is equal to (0). From
the proof of Theorem 2.17, it is enough to show that the natural map ρ : H2(X ,Gm)→
H2(OX ,P,Gm) is one-to-one, for each P ∈ X . The diagram

H2(X ,Gm)
φ //

ρ ''

H2(K,Gm)

H2(OX ,P,Gm)

77
(22)

commutes. By [19, Corollaire 1.8] (see also [22, Example III.2.22 (a)]), the map φ is
one-to-one. Therefore, ρ is one-to-one and the proof is complete. �

3. LARGE PICARD GROUP

Sufficient conditions are derived such that the number r in [15, Section 5] is equal to 0.
Interestingly, the same conditions imply that the Picard group of X in [15] has rank equal
to n−1.

Recall that a global field is a number field, or a function field of a curve over a finite
field. In Number Theory there’s a theorem that says the class number of a global field K is
finite. This says the class group of the ring of integers R in K is a finite group. From this
(I see this as a kind of Nagata Theorem), the Dirichlet Unit Theorem goes on to say the
group of units in R is finitely generated, and the free part is given by a formula involving
the number of valuation rings of K that are not in R. These correspond to the ”points at
infinity”.

The analog of Dirichlet’s Unit Theorem for a curve over a finite field is proved in [24,
Proposition 1.2]. The theorem says that for an affine curve C over a finite field, the group
of units O∗(C) is always finitely generated, and the rank of the torsion free part is equal
to one less than the number of points at infinity. I understand this is well-known to people
who do Diophantine Geometry.
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In [15, Section 5] we sometimes include the hypothesis: “If E∗u = k∗”. This hypothesis
is satisfied, for instance, when k = C and the ramification locus for X → A2 is sufficiently
general. However, in the case where k is a finite field, Dirichlet’s Unit Theorem says
the group of units on the affine curve Eu is always an extension of k∗ by a free group
of the form Zn−1. I think these are important reasons to try to extend the results of [15,
Section 5]. By the Nagata sequence, the group E∗u/k∗ is never larger than Zn−1. We show in
[15, Proposition 5.22] that PicX can be as large as nCl(X). For example, a good question
is: “Assuming E∗u/k∗ and PicX are of maximal rank, what can be proved about the Brauer
group?”

I don’t know the answer to this, but it seems that the group of units on the affine curve
should be large when the points at infinity correspond to ”points in the field that are alge-
braic” over the prime field. This is not a well defined notion. My feeling is that when the
ground field is the complex numbers, it is the ”transcendental points at infinity” that give
rise to the phenomenon E∗u = k∗.

The following exact sequence

(23) 0→ H0→ Cl0(E0)→ Cl(Euw)→ 0

was derived in [15, Proposition 5.11]. The group H0 is the subgroup of Cl0(E0) generated
by the divisors p1 − p2, . . . , p1 − pn, p1 − q1, . . . , p1 − qn. The group G = 〈σ〉 acts
as a group of automorphisms on Cl(E0). Under this action, σ fixes pointwise the finite
subgroup of Cl(E0) generated by the divisors p1− p2, . . . , p1− pn. The automorphism σ

acts transitively on the classes represented by the divisors p1−q1, . . . , p1−qn. It follows
that the group H0 in (23) is torsion if and only if one of the divisor classes p1−qi is torsion
in Cl(E0).

Theorem 3.1. Let k be an algebraically closed field. In (23), if the rank of the torsion
free part of the group H0 is r, then the relative Brauer group B(L/OP0) is isomorphic to
a direct sum of (n− 1)(n− 2)+ r copies of Q/Z. The number r is the same number that
appears in [15, Theorem 5.16].

Proof. By [15, Theorem 5.12], B(L/OP0) is isomorphic to the torsion subgroup of Cl(Euw).
Since the free part of H0 has rank r, H0⊗ZQ/Z∼= (Q/Z)(r). The two class groups in (23)
are divisible. Tensor (23) with (·)⊗ZQ/Z to get the exact sequence

0→ Tor1(H0,Q/Z)→ Tor1(Cl0(E0),Q/Z)→ Tor1(Cl(Euw),Q/Z)→ (Q/Z)(r)→ 0

The group of torsion in H0 is finite. The torsion subgroup of Cl0(E0) is isomorphic to a
direct sum of (n−1)(n−2) copies of Q/Z. Therefore, the torsion subgroup of Cl(Euw) is
isomorphic to a direct sum of (n−1)(n−2)+ r copies of Q/Z. �

Theorem 3.2. If the group H0 in (23) is torsion, then

(a) Pic(X) is torsion free, of rank n−1, and
(b) Cl(OP0) is a finite group.

Proof. Let Y = SpecOP0 and Ỹ = X̃ ×Y . Then Ỹ → Y is a resolution of the singularity
P0 on Y . The henselization of OP0 is denoted Oh

P0
, the completion is denoted ÔP0 . Let

Ŷ = Spec ÔP0 . Then Ỹ × Ŷ → Ŷ is a resolution of the singularity of Ŷ . Start with the
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commutative diagram

0 // Cl0(Ỹ ) //

α

��

Cl(Y ) //

β

��

H(Y ) //

=

��

0

0 // Cl0(Ỹ × Ŷ ) // Cl(Ŷ ) // H(Ŷ ) // 0

(24)

which is diagram (109) in [15]. The group H(Ŷ ) is a finite cyclic group. We use the
proof of [15, Proposition 5.11]. The vertical maps α and β are one-to-one. Consider the
commutative diagram:

Cl0(Ỹ ) //

α

��

Cl0(E)

��
Cl0(Ỹ × Ŷ ) // Cl0(E)⊕V

(25)

The image of α : Cl0(Ỹ )→Cl0(Ỹ×Ŷ )∼=Cl0(E0)⊕V is the subgroup of Cl0(E0) generated
by the divisors p1− p2, . . . , p1− pn−1, p1− q1, . . . , p1− qn−1, which is the group H0.
Therefore, Cl0(Ỹ ) is a finite group. From the top row of (24), Cl(Y ) = Cl(OP0) is a finite
group. This proves Part (a). The exact sequence

(26) 0→ Pic(U)→ Cl(U)
ρ0−→ Cl(OP0)→ 0

is the right-most column of diagram (106) of [15]. The computation of Cl(U) in [15,
Proposition 5.4] together with (26) show that Pic(U) is torsion free of rank n− 1. But
Pic(X) has the same rank as Pic(U), by [15, Proposition 5.9]. Part (b) follows. �

Theorem 3.3. Suppose F is a finite subfield of k which contains a1, . . . , an. Then PicX is
a torsion free abelian group of rank n− 1. The class group of the local ring OX ,P0 at the
non-rational singularity on X is finite.

Proof. Let k̄ be an algebraic closure of k. Let Xk̄ be the extension of scalars to k̄. By [24,
Proposition 1.2], the analog of Dirichlet’s Unit Theorem for a curve over a finite field, the
group H0 in (23) is finite. It follows from Theorem 3.2 that the class group of the local ring
OXk̄,P0 is finite. By Proposition 2.7, the class group of the local ring OX ,P0 is finite. From
sequence (10) it follows that PicX is torsion free of rank n−1. �

3.1. Corestriction homomorphism. Let T/A be an extension of integrally closed integral
domains such that the extension of quotient fields L/K is Galois with finite group G. Let
X = SpecT , Y = SpecA, and π : X → Y . There is a natural morphism of étale sheaves
Gm,Y → π∗Gm,X which is injective. Let B be an étale A-algebra. Then G is a group of
B-algebra automorphisms of B⊗A T . It follows that G acts as a group of automorphisms
of π∗Gm,X which fixes Gm,Y . Let y be a geometric point of Y . Then Oy is an integrally
closed integral domain. In particular Oy is integrally closed in Oy⊗A K. Since L/K is
Galois, Oy ⊆ (Oy⊗A T )G ⊆ (Oy⊗A L)G = Oy⊗A K. Then (Oy⊗A T )G ⊆ Oy. Because it
is an isomorphism on stalks, Gm,Y → (π∗Gm,X )

G is an isomorphism of étale sheaves [22,
Theorem II.2.15(c)]. From this, we see that there is a morphism N : π∗Gm,X →Gm,Y which
agrees with the norm map N : L→ K. The composition of the sheaf morphisms

(27) Gm,Y → π∗Gm,X
N−→Gm,Y
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is the nth power map. Since π is a finite morphism, Hi(Yet,π∗Gm,X ) = Hi(Xet,Gm,X ) [11,
II, Proposition (3.6), p. 24]. The two morphisms in (27) induce the homomorphisms on
étale cohomology groups

res : Hi(Yet,Gm)→ Hi(Xet,Gm)

cor : Hi(Xet,Gm)→ Hi(Yet,Gm)
(28)

which are called restriction and corestriction, respectively. The composition

(29) Hi(Yet,Gm)
res−→ Hi(Xet,Gm)

cor−→ Hi(Yet,Gm)

is multiplication by n.

4. QUESTIONS, PROBLEMS FOR FUTURE STUDY

Some recent papers have been written on the subject of double covers of ruled surfaces.
A few are [28], [20], [10]. As far as I can tell, they usually assume that the ramification
divisor is a smooth curve. In any case, we should try to compare the computations in
Sections 2 and 3 of this paper with their results.

Another reference is [9, Section 5]. Again, the ramification divisor is assumed to be
smooth.
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posés sur la Cohomologie des Schémas, North-Holland, Amsterdam, 1968, pp. 46–66. MR 0244269 (39
#5586a)
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