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ABSTRACT. Let T/A be an integral extension of noetherian integrally closed integral do-
mains whose quotient field extension is a finite cyclic Galois extension. Let S/R be a
localization of this extension which is unramified. Using a generalized cyclic crossed
product construction it is shown that certain reflexive fractional ideals of T with trivial
norm give rise to Azumaya R-algebras that are split by S. Sufficient conditions on T/A are
derived under which this construction can be reversed and the relative Brauer group of S/R
is shown to fit into the exact sequence of Galois cohomology associated to the ramified
covering T/A. Many examples of affine algebraic varieties are exhibited for which all of
the computations are carried out.

1. INTRODUCTION

An important arithmetic invariant of any commutative ring is its Brauer group. For
instance, if L/K is a finite Galois extension of fields with group G, then any central simple
K-algebra split by L is Brauer equivalent to a crossed product algebra. This is half of the so-
called Crossed Product Theorem. The full theorem says the crossed product construction
defines an isomorphism between the Galois cohomology group H2(G,L∗) with coefficients
in the group of invertible elements of L, and the relative Brauer group B(L/K). For a Galois
extension of commutative rings S/R, there is still a crossed product map from H2(G,S∗) to
the relative Brauer group B(S/R), but in general it is not one-to-one or onto. If it is not an
isomorphism, then there exist rank one projective S-modules that are not free. For example,
if S is a noetherian integral domain and this happens, then unique factorization fails in S.
The precise description of this phenomenon is the so-called Chase, Harrison and Rosenberg
seven term exact sequence of Galois cohomology, included below as Corollary 2.4.

This paper was motivated in part by a proof of the seven term cohomology sequence by
Kanzaki [30]. In a main step of his proof, he shows that if an Azumaya R-algebra Λ is split
by a finite Galois extension S, then Λ is Brauer equivalent to a so-called generalized crossed
product algebra. A statement and proof of this result is included as Proposition 2.5. As an
S-module this crossed product is a direct sum of a family of rank one projective modules
{Jσ} indexed by the Galois group G = AutR(S). The factor set for the generalized crossed
product consists of a family of S-module isomorphisms { fσ ,τ : Jσ ×Jτ → Jστ} indexed by
G×G. Using this construction, Kanzaki goes on to prove that there is a homomorphism
from the relative Brauer group B(S/R) to the Galois cohomology group H1(G,PicS) with
coefficients in the Picard group of S. For the rest of the homomorphisms in the seven term
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sequence explicit descriptions are given and exactness of the sequence is proved at each
term.

The purpose of this paper is to extend the results mentioned above to a covering that
is not necessarily Galois. Our starting point is a ramified extension T/A of noetherian
integrally closed integral domains for which the extension of quotient fields L/K is Ga-
lois with cyclic group G = 〈σ〉. In this context we define and study A-algebras that are
generalized cyclic crossed products. Such an algebra is defined in terms of rank one reflex-
ive T -modules, or equivalently, reflexive fractional ideals of T in L. If I is such an ideal
and the norm of I is a principal ideal of the form T g for some g ∈ K, then we define an
A-algebra ∆(T/A, I,g). The algebra ∆(T/A, I,g) is shown to be an A-order in the central
simple K-algebra ∆(T/A, I,g)⊗A K. Reflexive fractional ideals for which the norm is prin-
cipal define 1-cocycles for the group G acting on the ideal class group Cl(T ). Our methods
allow us to describe those cohomology classes in H1(G,Cl(T )) that give rise to general-
ized cyclic crossed product A-algebras. If S/R is a localization of T/A which is Galois,
then any maximal order containing the R-order ∆(T/A, I,g)⊗A R is a reflexive Azumaya
R-algebra which is split by S. Thus I and g define a class in the relative reflexive Brauer
group β (S/R). If the Brauer class determined by ∆(T/A, I,g)⊗A R does not contain an
ordinary cyclic crossed product of S/R for a factor set from T ∗, then we show that the
1-cocycle defined by I in H1(G,Cl(T )) is not a 1-coboundary. There is a counterpart of
the Chase, Harrison and Rosenberg exact sequence for the extension T/A which is due to
Rim. For reference it is stated below as Theorem 2.3. From the point of view of the seven
term exact sequence, the crossed product construction should be reversible. That is, given
an Azumaya R-algebra Λ that is split by S, the problem is to find the corresponding rank
one reflexive T -module I. Upon extending the scalars to the quotient field, Λ defines a
central simple K-algebra Λ⊗K which up to Brauer equivalence is a cyclic crossed product
(L/K,σ ,α) for some α ∈ K. As we see in Section 4.3.1, the desired rank one reflexive
T -module I is a solution to the norm equation N(I) = α−1. We show that this equation
has a solution when each height one prime of T that ramifies over A has ramification index
equal to [G : 1]. As an application, we show that the relative Brauer group fits into Rim’s
exact sequence. In the manner of [30] or [13, Chapter 4], our proof consists in constructing
each homomorphism of the sequence and proving exactness at each term.

In three regards our approach is distinguished from previous work on this topic. First,
as the title mentions, the covering T/A is possibly ramified. Secondly, our generalized
crossed products are A-algebras built using reflexive T -modules instead of projectives.
Thirdly, because our extension is cyclic, our generalized crossed product construction
mimics the usual cyclic crossed product construction. This allows us to define the gen-
eralized crossed product starting with a single rank one reflexive module I. Rather than a
factor set made up of a family of T -module isomorphisms, the factor set in this case turns
out to be an element g in the field K. An ordinary cyclic crossed product can be viewed
as the homomorphic image of a twisted polynomial ring. In an analogous way, the gener-
alized cyclic crossed product algebra defined below is a homomorphic image of a twisted
tensor algebra over I.

In recent years there has been a renewed interest in the computation of the Brauer group
of algebraic varieties. For examples the reader is referred to [7], [9], [10], [28], [29],
[46], and their bibliographies. In addition to computing the Brauer group, there is a desire
to construct Azumaya algebras representing any nontrivial Brauer classes. Among other
reasons, one motivation is the role played by the Brauer group in the so-called Brauer-
Manin obstruction to the Hasse Principle (see [36]). In many instances, these computations



THE RELATIVE BRAUER GROUP 3

rely on a good knowledge of the class group of the extension T . One of our themes is that
the cyclic crossed product construction begins with the group of divisors on T , but the
homomorphism appearing in the exact sequence of Galois cohomology is defined on the
relative Brauer group. One of the novelties of our approach is that we first define a partial
function on divisor classes using the cyclic crossed product construction, then we show
how to invert it to get the homomorphism on the Brauer group. This theme appears in the
examples as well, which allows us to exploit known facts about the divisor class group
of T to gain information about the Brauer group, and conversely, to apply facts about the
Brauer group to prove that the class group has a corresponding property.

Theorems that place the relative Brauer group as the sixth term in Rim’s sequence exist
in the literature. For example, in [34, Theorem 4.3] Lee and Orzech, and in [47, Theorem 6]
Yuan prove theorems of this type which are based on Rim’s original construction. In both
of these papers, the extension T/A was assumed to be unramified at each height one prime
of T . By contrast, our assumption is that a height one prime has ramification index equal
to either one, or [G : 1].

1.1. Terminology and notation. We establish notation that will be in effect throughout
the paper. Let A be a noetherian integrally closed integral domain with quotient field K. Let
L/K be a finite field extension which is Galois with group G. The degree of the extension
is denoted n. Unless stated otherwise, G = 〈σ〉 is assumed to be cyclic. Let T be the
integral closure of A in L. Then T is finitely generated as an A-module [2, Theorem 5.17].
One can check that L is the quotient field of T , that G acts on T as a group of A-algebra
automorphisms, and T G = A. The rings defined so far make up this commutative diagram

A = T G

T

K = LG

L

OO

77

77 OO

(1)

where an arrow represents set inclusion, or equivalently, subring. The cyclic covering men-
tioned in the title is the morphism π : SpecT → SpecA which is onto by [2, Theorem 5.10].
Let V ⊆ SpecT be the largest open set on which π is étale [38, Proposition I.3.8]. Let
U ⊆ SpecA be the image of V . Then π : V → U is Galois. Sometimes we assume U
(and hence V ) is regular. If T/A is flat (equivalently, T is a projective A-module, by [43,
Corollary 3.58]), the theorem of the purity of the branch locus [1, Theorem 6.8] states that
if V is not equal to SpecT , then each irreducible component ([25, Proposition I.1.5]) of
SpecT −V has codimension one. Let L1, . . . ,Lν be those prime divisors on SpecT which
have ramification index greater than one. We write Mi for the image of Li. The case ν = 0
is allowed. Sometimes we will assume that each Li has ramification index n. The diagram

U

V

SpecA

SpecT

Mi

Li

π

���� ⊆ //

⊆ //

⊇oo

⊇oo

��

(2)
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of morphisms of schemes commutes.

1.2. Outline of the paper. Section 2 contains preliminary and background material that
will be used in the rest of the paper. Some of these results are proved, references are pro-
vided for the others. For example, in Proposition 2.5 we give a proof of [30, Proposition 3]
because parts of the construction will be used to prove Proposition 3.19.

In Section 3 we derive sufficient conditions on a reflexive fractional ideal I of T in L
such that associated to I there exists a generalized cyclic crossed product A-algebra. If I
is a reflexive fractional ideal of T in L, then N(I) = T : (T : Iσ(I) · · ·σn−1(I)) is called
the norm of I. If N(I) is a principal ideal of the form T g for some g ∈ K∗, then we
construct the generalized crossed product A-algebra ∆(T/A, I,g). In Theorem 3.7 we show
that Λ = ∆(T/A, I,g) is an A-order in a central simple K-algebra. In Theorem 3.14 we
show that a maximal OU -order containing Λ is a reflexive Azumaya OU -algebra that is
split by V . Hence associated to I and g is a Brauer class in the kernel of the natural map
β (U)→ β (V ) on reflexive Brauer groups.

Section 4 is devoted to the proof of Theorem 1.1, the main result of the paper. The
theorem gives sufficient conditions for the relative Brauer group to fit into Rim’s exact
sequence of cohomology (see Theorem 2.3) as the sixth term.

Theorem 1.1. In the above notation, assume that every height one prime of T has rami-
fication index either 1 or n. Let L1, . . . ,Lν be those prime divisors on SpecT which have
ramification index equal to n. The sequence of abelian groups

(3) 0→ Cl(T/A)
γ0−→ H1(G,T ∗)

γ1−→
v⊕

i=1

(Z/n)Li
γ2−→ Cl(T )G/Cl(A)

γ3−→ H2(G,T ∗)
γ4−→ β (V/U)

γ5−→ H1(G,Cl(T ))
γ6−→ H3(G,T ∗)

is exact, where β () denotes the reflexive Brauer group. If U is regular, the sequence of
abelian groups

(4) 0→ Cl(T/A)
γ0−→ H1(G,T ∗)

γ1−→
v⊕

i=1

(Z/n)Li
γ2−→ Cl(T )G/Cl(A)

γ3−→ H2(G,T ∗)
γ4−→ B(V/U)

γ5−→ H1(G,Cl(T ))
γ6−→ H3(G,T ∗)

is exact, where B() denotes the Brauer group.

To prove Theorem 1.1, explicit descriptions in terms of elements are given for all of the
maps. The first six terms of the sequence are constructed in Section 4.1. In Section 4.2
the map γ6 is constructed. Using the description of γ6, we show in Theorem 4.11 that the
generalized cyclic crossed product defines a partial inverse to γ5. The key step involves
reversing the generalized cyclic crossed product construction of Section 3. Provided each
height one prime has ramification index 1 or n, Theorem 4.17 shows that to each element
of β (V/U) there is associated a reflexive fractional ideal I of T in L such that N(I) is a
principal divisor of the form T g, for some g ∈ K∗. This induces the homomorphism of
groups γ5 : β (V/U)→H1(G,Cl(T )). In Section 4.4 we show that under certain conditions
the relative reflexive Brauer group β (V/U) appearing in Theorem 1.1 is equal to the rela-
tive Brauer group B(Vreg/Ureg), where Ureg is the subset of regular points in U . This is true
for instance, if A contains a field k, n is invertible in k, k contains a primitive nth root of
unity, and Ureg is an open subset of U . This result is reminiscent of the main theorem of
[32].
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In Section 5 we exhibit nontrivial examples for which generalized cyclic crossed prod-
ucts as well as their images under the map γ5 can be computed. The examples considered
are affine algebraic varieties. In many of our examples, the computations are carried out
from the point of view that step one is the computation of the class group of T , and step
two is the computation of the Brauer group of R. By contrast, in Proposition 5.3 of Sec-
tion 5.1, sufficient conditions on an irreducible f ∈ k[x,y] are derived such that the image
of γ5 contains an element of order n. In this case, a description of the Brauer group of the
affine surface R is used to prove the existence of nontrivial divisors on T . In Section 5.2
the terms in the exact sequence of Theorem 1.1 are computed for the cyclic covering of Aν

k
which ramifies along the affine algebraic torus defined by x1 · · ·xν = c. When the ground
field is algebraically closed, in Section 5.2.2 the computations of B(T ) and B(S) are com-
pletely carried out. In Proposition 5.14 of Section 5.3 all of the terms in the exact sequence
of Theorem 1.1 are computed for a nonsingular affine cubic surface defined by an equation
of the form z3 = f (x,y). In Section 5.3.1 we look at the cubic surface z3 = y3− x3− c and
compute the relative Brauer group for the Galois extension obtained by adjoining 3

√
c. In

Section 5.4 all of the terms in the exact sequence of Theorem 1.1 are computed for a two
dimensional ring of multiplicative invariants. In this example the ramification divisor is
not irreducible, and the surface is singular. When the ground field is algebraically closed,
the computation of B(T ) is completely carried out in Theorem 5.22.

2. BACKGROUND MATERIAL

As a standard reference for all unexplained terminology and notation we suggest [38].
For background material on divisor class groups the reader is referred to [20, §1 – §7] and
[6, Chapter VII, §1]. For a noetherian integrally closed integral domain, T , let Div(T ) be
the group of reflexive fractional ideals of T in L. Then Div(T ) is the free abelian group on
the set of integral prime ideals of T of height one. The group law is I ∗ J = T : (T : IJ).
Principal fractional ideals of the form T g, for g ∈ L∗, make up the subgroup Prin(T ). The
quotient group, Cl(A) = Div(T )/Prin(T ), is the class group of T .

2.1. The Brauer group. For any scheme X and the étale topology we denote by Gm the
sheaf of units and we write X∗ =H0(X ,Gm) for the group of global units on X . We identify
PicX , the Picard group of X , with H1(X ,Gm). There is a natural embedding of the Brauer
group B(X) into the torsion subgroup of the cohomological Brauer group H2(X ,Gm) [22,
(2.1), p. 51] which is an isomorphism if the dimension of X is 2 or less, or if X is the
separated union of two affine varieties [21]. If X is regular, H2(X ,Gm) is a torsion group
[23, Proposition 1.4, p. 71]. If f : Y → X is a morphism of schemes, there is a natural
homomorphism B(X)→ B(Y ) of abelian groups [3, Theorem IV.4].

Let X and Y be noetherian normal integral separated schemes. The reflexive Brauer
group of X , denoted β (X), was studied in [3], [33], [39], [47], [32]. If f : Y → X is a
Krull morphism, there are natural homomorphisms Cl(X)→Cl(Y ) and β (X)→ β (Y ) [33,
Section 3]. For reference we list in Theorem 2.1 and its proof some of the properties of
β (·).

Theorem 2.1. Let X be a noetherian, normal, integral, separated scheme.
(a) The functor U 7→ β (U) defines a sheaf on the Zariski topology for X.
(b) If X is regular, the functor U 7→ H2(U,Gm) defines a sheaf on the Zariski topology for

X.
(c) Let X be a regular, integral variety over a field k.

(i) If X = SpecR is affine, then β (X) = B(X).
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(ii) β (X) = H2(X ,Gm).

Proof. (a): If K denotes the field of rational functions on X , then for every open subset
U ⊆ X , the natural maps

(5) β (X)→ β (U)→ B(K)

are one-to-one [33, Proposition 5.1]. Viewing the groups as subgroups of B(K),

(6) β (U) =
⋂

x∈U1

B(OX ,x)

where the intersection is over U1, the set of prime divisors on U [33, Theorem 5.3]. Using
these results, one can prove (a).

(b): By [25, Corollary II.6.16], for every nonempty open U ⊆ X , the Picard group
H1(U,Gm) is equal to the class group Cl(U). If U0, U1 are open subsets of X , then the
Mayer-Vietoris sequence [38, p. 110] reduces to

(7) H1(U0∪U1,Gm)→ H1(U0,Gm)⊕H1(U1,Gm)→ H1(U01,Gm)
δ−→

H2(U0∪U1,Gm)→ H2(U0,Gm)⊕H2(U1,Gm)→ H2(U01,Gm).

By Nagata’s Theorem [25, Proposition II.6.5] the connecting homomorphism δ is the zero
map. If V ⊆U are two open subsets of X , the restriction map H2(U,Gm)→ H2(V,Gm) is
one-to-one [23, Corollary 1.8, p. 73]. From this we get (b).

(c): Part (i) is due to Ray Hoobler and is proved in [26, Corollary 8]. The presheaves
defined by β (·) and H2(·,Gm) agree on an open affine cover of X . Part (ii) follows from
this observation and parts (a) and (b). �

2.2. Bimodules and tensor algebras. If A is an R-algebra, then a left A⊗R Ao-module M
is also viewed as a left A right A-bimodule over R where a ·x = a⊗1 ·x and x ·a = 1⊗a ·x
for all a ∈ A and x ∈M. Conversely, if M is a left A right A-bimodule over R, then M can
be viewed as a left A⊗R Ao-module. Let AM denote the left A-module and MA the right A-
module. If α , β are in AutR(A), then we define α Mβ to be the left A⊗R Ao-module whose
additive group is M, and whose bimodule structure is defined by a⊗b · x = α(a)xβ (b) for
all a,b ∈ A, and x ∈M. In this case,

(8) α Mβ = α A1⊗A M⊗A 1Aβ .

Given a left A⊗R A-module M, set T 0(M) = A, and for i ≥ 1, set T i(M) = M⊗i = M⊗A
M⊗A · · ·⊗A M (i factors). The tensor algebra is

(9) T (M) =
⊕
i≥0

T i(M).

The tensor algebra T (M) is a graded R-algebra and A = T 0(M) is an R-subalgebra. Each
T i(M), and hence T (M) itself, is a left A⊗R A-module. The product rule on T (M) is
induced by

(10) T i(M)⊗T T j(M)
ηi, j−−→ T i+ j(M)

which is a A⊗R A-module isomorphism. As an R-algebra, the set T 0(M)+T 1(M) contains
a generating set for T (M).

In Section 3 we define a generalized cyclic crossed product as a homomorphic image
of a tensor algebra which is based on the following general construction. Suppose n ≥ 1
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and θ : T n(M)→ A is an A⊗R A-module homomorphism. By ∆(A/R,M,θ) we denote the
R-algebra quotient T (M)/Γ(M,θ), where

(11) Γ(M,θ) = ({y−θ(y) | y ∈ T n(M)})

is the two-sided ideal of T (M) generated by the set on the right hand side of (11).

Lemma 2.2. As an A⊗R A-module, ∆(A/R,M,θ) is the homomorphic image of T 0(M)⊕
T 1(M)⊕T 2(M)⊕·· ·⊕T n−1(M) by the natural map T (M)→ ∆(A/R,M,θ).

Proof. Let i ≥ 0. If y is an element of T n+i(M) = T i(M)⊗A T n(M), then there is a
factorization y = xixn. Hence y− xi(xn − θ(xn)) ∈ T i(M). By induction, we find that
∆(A/R,M,θ) is a homomorphic image of T 0(M)⊕T 1(M)⊕T 2(M)⊕·· ·⊕T n−1(M). �

2.3. The Picard group of invertible bimodules. We review the parts of this theory that
will be utilized. For details the reader is referred to [5, Chapter II] and [41, Section 37].
A left A⊗R Ao-module M is called invertible if there exist a left A⊗R Ao-module N and
A⊗R Ao-module isomorphisms

(12) M⊗A N ∼= A, N⊗A M ∼= A

for which the diagrams

(13)

M⊗A N⊗A M −−−−→ A⊗A My y
M⊗A A −−−−→ M

N⊗A M⊗A N −−−−→ A⊗A Ny y
N⊗A A −−−−→ N

commute. The Picard group of A over R, denoted PicR(A), is the group of isomorphism
classes [M] of invertible left A⊗R Ao-modules M. The group law is [M][N] = [M ⊗A
N]. The group identity is [A] and the inverse of a class is [M]−1 = [HomA(AM,AA)] =
[HomA(MA,AA)].

Now suppose S is a commutative R-algebra. The assignment τ 7→ [1Sτ ] induces a ho-
momorphism of groups Φ0 : AutR(S)→ PicR(S). The usual Picard group of S is Pic(S) =
PicS(S), which is the subgroup of PicR(S) consisting of those [M] for which the left and
right S-module actions agree. For any [M] ∈ PicR(S), the left and right S-module actions
differ by an R-automorphism of S. In other words, there is a unique τ ∈ AutR(S) such that
M⊗S 1Sτ−1 is in Pic(S). The assignment [M] 7→ τ defines a homomorphism of groups Ψ

such that the sequence

0 Pic(S) PicR(S) AutR(S)// // //Ψ

oo
Φ0

(14)

is exact and ΨΦ0 = 1 ([5, (5.4), p. 75] or [41, (37.18), p. 325]). In particular, Pic(S) is the
kernel of Ψ, hence is a normal subgroup. The automorphism group AutR(S) acts on Pic(S)
by: τ[M] = [1Sτ ][M][1Sτ ]

−1 = [τ−1Mτ−1 ].

2.4. The exact sequence of Galois cohomology. For reference, the main theorem of [42]
is stated below as Theorem 2.3. A special case of Rim’s sequence is the seven term exact
sequence of Chase, Harrison, and Rosenberg [8, Corollary 5.5, p. 17] which we state below
as Corollary 2.4.
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Theorem 2.3. As above, assume T/A is an extension of integrally closed integral domains
such that the extension of quotient fields L/K is Galois with finite group G. Then there
exists an exact sequence

(15) 0→ Cl(T/A)→ H1(G,T ∗)
γ1−→ Div(T )G/ Image(Div(A))

γ2−→ Cl(T )G/ Image(Cl(A))
γ3−→ H2(G,T ∗)

γ4−→⋂
Q∈X1(A)

Image
(
H2(G,T ∗Q)→ H2(G,L∗)

) γ5−→ H1(G,Cl(T ))
γ6−→ H3(G,T ∗)

of abelian groups. The intersection in the sixth term is over the set of height one primes in
SpecA.

Corollary 2.4. If S/R is a Galois extension of commutative rings with finite group G, then
there exists an exact sequence

(16) 1→ H1(G,S∗)
α1−→ Pic(R)

α2−→ (PicS)G α3−→

H2(G,S∗)
α4−→ B(S/R)

α5−→ H1(G,PicS)
α6−→ H3(G,S∗)

of abelian groups.

2.5. Generalized crossed products for an unramified extension. In this section we re-
view the generalized crossed product as defined by Kanzaki in [30]. Let S/R be a Galois
extension of commutative rings with group G⊆AutR(S). Let Φ : G→ PicR(S) be a homo-
morphism of groups such that the diagram

G

AutR SPicS PicR S
��

Φ

// //Ψ
��

⊆(17)

commutes. Associated to Φ is the function ϕ : G→ PicS defined by ϕ(τ) = Φ(τ)Φ0(τ
−1).

Since Φ and Φ0 are homomorphisms, we have ϕ(στ) = ϕ(σ)σ(ϕ(τ)), so ϕ is a 1-cocycle
in Z1(G,PicS). Conversely, given a 1-cocycle φ : G→ PicS in Z1(G,PicS), the formula
τ 7→ φ(τ)Φ0(τ) defines a homomorphism G→ PicR S. Let Φ be as in (17) and for each
τ ∈ G write Φ(τ) = [Φτ ]. A factor set related to Φ is a family of S⊗R S-isomorphisms
f = { fσ ,τ : Φσ ⊗S Φτ →Φστ} indexed by G×G such that the diagram

(18)

Φσ ⊗S Φτ ⊗S Φγ

1⊗ fτ,γ−−−−→ Φσ ⊗S Φτγ

fσ ,τ⊗1
y y fσ ,τγ

Φστ ⊗S Φγ −−−−→
fστ ,γ

Φστγ

commutes for every triple (σ ,τ,γ) ∈ G×G×G. As an S⊗R S-module, the generalized
crossed product ∆(S/R,Φ, f ) is the direct sum

⊕
τ∈G Φτ . Using the factor set f , the

multiplication rule is defined on homogeneous elements xσ ∈ Φσ , xτ ∈ Φτ by xσ xτ =
fσ ,τ(xσ ⊗ xτ). By [30, Proposition 2], ∆(S/R,Φ, f ) is an Azumaya R-algebra. The ring S
can be identified with the component Φ1, and is a maximal commutative subalgebra.

Proposition 2.5 is due to Kanzaki [30, Proposition 3]. We have embellished some parts
of the proof that were found to be obscure because they will be used in Proposition 3.19.
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Proposition 2.5. Let S/R be a Galois extension of commutative rings with group G and let
Λ be an Azumaya R-algebra that is split by S. Then Λ is Brauer equivalent to a generalized
crossed product ∆(S/R,Φ, f ) for some Φ : G→ PicR S and some factor set f .

Proof. By [13, Theorem 2.5.5], if necessary, we replace Λ with an algebra in the same
Brauer class and assume Λ contains S as a maximal commutative subalgebra. It also fol-
lows from [13, Theorem 2.5.5] that Λ is a left S-progenerator and S⊗R Λo ∼= HomS(Λ,Λ).
Moreover, Λ is a left S⊗R Λo-progenerator, and S ∼= HomS⊗RΛo(Λ,Λ), where we note that
the left S⊗R Λo-module structure on Λ is given by the rule (a⊗ b)x = axb. There is a
Morita equivalence between the category of left S⊗R Λo-modules and the category of right
S-modules [13, Section 1.3], [41, Chapter 4]. The assignment

(19) N 7→ HomS⊗RΛo(Λ,N)∼= NS

defines a functor from the category of left S⊗R Λo-modules to the category of right S-
modules [41, Corollary 16]. The last isomorphism in (19) follows from the proof of [13,
Lemma 2.1.2] and NS is the set of all x ∈ N such that s⊗1 · x = 1⊗ s · x for all s ∈ S. The
inverse functor is given by the assignment M 7→M⊗S Λ. Combining the two functors we
have

(20) NS⊗S Λ∼= N

which is an isomorphism of left S⊗R Λo-modules. The proof of [13, Corollary 2.3.6] shows
that on generators the isomorphism (20) is defined by n⊗ x 7→ nx. Notice that on the left
hand side of (20) the ring S⊗R Λo acts on the Λ factor: (a⊗b)(x⊗ y) = x⊗ayb. By [41,
Remark, p. 163] the functor in (19) can also be given as

(21) N 7→ Λ
∗⊗S⊗RΛo N

where Λ∗ = HomS(Λ,S). For any τ ∈ G, τ⊗1 is an R-algebra automorphism of S⊗R Λo.
Denote by τ(S⊗R Λo)1 the invertible two-sided S⊗R Λo-bimodule over R as defined in
Section 2.3. As in Eq. (8),

(22) τ Λ1 =τ (S⊗R Λ
o)1⊗S⊗RΛo Λ

is a left S⊗R Λo-module. In (20) take N to be the left S⊗R Λo-module τ Λ1, and denote NS

by Jτ . We have

(23) Jτ = {λ ∈ Λ | τ(x)λ = λx,∀x ∈ S}.
Combining (21) and (22),

(24) Jτ = Λ
∗⊗S⊗RΛo τ(S⊗R Λ

o)1⊗S⊗RΛo Λ.

By [41, Theorem 37.9], the assignment [M] 7→ [Λ∗⊗S⊗RΛo M⊗S⊗RΛo Λ] defines an isomor-
phism PicR(S⊗R Λo)→ PicR(S). In particular, it follows from (24) that Jτ is an invertible
S⊗R S-module. It also follows from (20) that the ideal Jτ Λ is equal to Λ. From (23) we see
that the left and right S-actions on Jτ differ by the automorphism τ , hence the homomor-
phism Ψ of (14) maps [Jτ ] to τ . If Φ : G→ PicR S is defined by Φ(τ) = Jτ , then Φ factors
as in (17). Define

θ :
⊕
τ∈G

Jτ → Λ

to be the sum map, induced by Jτ ⊆ Λ. Let m be an arbitrary maximal ideal of R. To
show θ is an isomorphism, it suffices to show the localization θm :

⊕
τ∈G(Jτ)m→ Λm is

an isomorphism. Since Sm is a semilocal ring, (Jτ)m is a free Sm-module of rank one.
There is uτ ∈ (Jτ)m such that (Jτ)m = Smuτ = uτ Sm. Since Jτ Λm = uτ Λm, the element
uτ has a right inverse in Λm. Since Λ is a finitely generated R-module, this implies uτ
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is a unit in Λm. We have τ(x)uτ = uτ x for all x in Sm. Therefore, τ agrees on Sm with
the inner automorphism of Λm defined by uτ . By [4, Theorem A.13], Λm is a crossed
product. So Λm = ∑τ∈G Smuτ =

⊕
τ∈G(Jτ)m, which proves θ is an isomorphism. For

all τi ∈ G and for every maximal ideal m of R, (Jτ1Jτ2)m = (Jτ1)m(Jτ2)m = (Jτ1τ2))m.
Since Jτ1Jτ2 ⊆ Jτ1τ2 , it follows that Jτ1 ⊗S Jτ2

∼= Jτ1Jτ2 = Jτ1τ2 . Define Φ : G→ PicR(S) by
τ 7→ [Jτ ]. Define fτ1,τ2 : Jτ1 ⊗Jτ2 → Jτ1τ2 by x⊗y 7→ xy. In the terminology of Section 2.5,
{ fτ1,τ2 | (τ1,τ2) ∈ G×G} is a factor set related to Φ and the generalized crossed product
∆(S/R,Φ, f ) is isomorphic to Λ as an R-algebra, and as an S-module. �

By Proposition 2.5, any class [Λ] in B(S/R) contains a generalized crossed product
∆(S/R,Φ, f ). Associated to Φ is a 1-cocycle ϕ in H1(G,PicS). In [30] Kanzaki shows that
the homomorphism α5 : B(S/R)→ H1(G,PicS) in (16) can be defined by the assignment
[Λ] 7→ [ϕ].

3. GENERALIZED CYCLIC CROSSED PRODUCT ALGEBRAS

Throughout this section we retain the notation from Section 1.1. In particular, G = 〈σ〉
is a cyclic group of order n acting on T . Both T and A = T G are noetherian integrally
closed integral domains and the quotient field extension L/K is Galois with group G.

Lemma 3.1. Let I be a fractional ideal of T in L. For any i≥ 1, the map

T i(1Iσ )
θi−→ 1

(
Iσ(I) · · ·σ i−1(I)

)
σ i

x0⊗ x1⊗·· ·⊗ xi−1 7→ x0σ(x1) · · ·σ i−1(xi−1)

is a T ⊗A T -module homomorphism. The map θi is an isomorphism if I is an invertible
fractional ideal (equivalently, I is projective as a T -module).

Proof. First we show that the map

1
(
Iσ(I) · · ·σ i−1(I)

)
σ i ⊗T 1Iσ

µi−→ 1
(
Iσ(I) · · ·σ i(I)

)
σ i+1

x⊗ y 7→ xσ
i(y)

(25)

is a T ⊗A T -module homomorphism. Let a and b denote elements of T . Let x and y be
elements of 1

(
Iσ(I) · · ·σ i−1(I)

)
σ i and 1Iσ respectively. We have

µi(x ·a⊗ y) = µi(xσ
i(a)⊗ y)

= xσ
i(a)σ i(y)

= xσ
i(ay)

= µi(x⊗a · y)

(26)

and

µi(a⊗b · x⊗ y) = µi(a · x⊗ y ·b)
= µi (ax⊗ yσ(b))

= axσ
i (yσ(b))

= axσ
i(y)σ i+1(b)

= a⊗b · xσ
i(y)

= a⊗b ·µi(x⊗ y).

(27)
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From (26) and (27) we see that µi is a well-defined T⊗A T -module homomorphism. Lastly,
applying (25) inductively we see that θi is a well-defined T ⊗A T -module homomorphism.

�

Definition 3.2. Let I be a reflexive fractional ideal of T in L such that the norm of I,
T : (T : Iσ(I) · · ·σn−1(I)), is a principal ideal T g for some g in K∗. In the notation of
Lemma 3.1 we have

θn (T n(1Iσ ))⊆ Iσ(I)σ2(I) · · ·σn−1(I)⊆ T g.

Following θn by “multiplication by g−1” defines a T ⊗A T -module homomorphism

T n(1Iσ )
λ0−→ T 0(1Iσ ) = T

x 7→ θn(x)g−1
(28)

which is an isomorphism if and only if I is projective. As in Section 2.2, the general-
ized cyclic crossed product algebra ∆(T/A, I,g) is defined to be the A-algebra quotient
T (1Iσ )/Γ(I,g), where Γ(I,g) is the two-sided ideal of the tensor algebra T (1Iσ ) generated
by the set

(29) {x−λ0(x) | x ∈ T n(1Iσ )} .

Remark 3.3. In Definition 3.2 the element g plays an important role. Much of Section 3
is devoted to understanding how the algebra ∆(T/A, I,g) depends on the choice of g. We
remark that it is tempting to define the algebra ∆(T/A, I,g) when I satisfies the weaker
hypothesis N(I) = g for some g∈ L. However, our goal is to construct an Azumaya algebra
from ∆(T/A, I,g), and as we will see in Theorem 3.7, g−1 is the factor set for the cyclic
crossed product (L/K,σ ,g−1) which is a K-central simple algebra if and only if g is fixed
by the group G. For this reason we felt the exposition was simplified by assuming in
Definition 3.2 that g ∈ K = LG. Assuming N(I) = g ∈ L, Lemma 4.6 gives necessary and
sufficient conditions for the existence of a unit in K which is a generator of T g.

Lemma 3.4 shows how the generalized crossed product algebra ∆(T/A, I,g) depends on
the isomorphism class of I as a T -module.

Lemma 3.4. Let ∆(T/A, I,g) be a generalized crossed product as in Definition 3.2. Let α

be a nonzero element in L. Let `α : I→ αI be the “left multiplication by α” map. Then `α

induces

∆(T/A, I,g)→ ∆(T/A,αI,N(α)g)

which is an isomorphism of A-algebras (and T ⊗A T -modules).

Proof. The induced map `α : 1Iσ → 1(αI)σ is an isomorphism of T ⊗A T -modules. This
induces an isomorphism on the tensor algebras `α : T (1Iσ )→ T (1(αI)σ ). Let x = x0⊗
·· ·⊗ xn−1 ∈ T n(1Iσ ). Since

θn(`α(x)) = θn(αx0⊗·· ·⊗αxn−1)

= αx0σ(α)σ(x1) · · ·σn−1(α)σn−1(xi−1)

= N(α)θn(x)



12 TIMOTHY J. FORD

it follows that the diagram

(30)

T n(1Iσ )
λ0−−−−→ T

`α

y y=

T n(1(αI)σ ) −−−−→
λ0

T

commutes. The rest follows from this and Definition 3.2. �

Theorem 3.7 uses the notion of twisted polynomial rings, which we recall.

Remark 3.5. Let R be any localization of A in K and let S = T ⊗A R. Then SG = R. Let v
be an indeterminate and

S[v,σ ] =
∞

∑
i=0

Svi

the twisted polynomial ring, where for all s∈ S, vs = σ(s)v. Since R is in the center, S[v,σ ]
is an R-algebra. We make S[v,σ ] into an S⊗R S-module by virtue of S being a subring of
S[v,σ ] which contains R. Let α be a nonzero element in R. We recall the construction
of the cyclic crossed product algebra. The details can be found in [44, Chapters 1, 6 and
7]. We identify the cyclic crossed product R-algebra (S/R,σ ,α) with the quotient of the
twisted polynomial ring S[v,σ ] modulo the principal ideal generated by the central element
vn−α . Then

(31) (S/R,σ ,α) =
S[v,σ ]

(vn−α)
.

As a left S-module, (S/R,σ ,α) is free of rank n, and 1,v, . . . ,vn−1 is a basis. As an R-
algebra, (S/R,σ ,α) is generated by S and v. If S/R is a Galois extension, and α is an
invertible element of R, then (S/R,σ ,α) is an Azumaya R-algebra, is split by S, and S is a
maximal commutative subring. Since L/K is a Galois extension of fields, (L/K,σ ,α) is a
central simple K-algebra, is split by L, and L is a maximal commutative subring.

Lemma 3.6. Let ∆(T/A, I,g) be a generalized crossed product as in Definition 3.2. Let R
be a localization of A in K, S = T ⊗A R, and assume SI = Sa is principal, for some a ∈ L.
The assignment

x0a⊗·· ·⊗ xi−1a 7→ x0σ(x1) · · ·σ i−1(xi−1)vi

defines an S⊗R S-module isomorphism

T i(1(SI)
σ
) = 1(SI)

σ
⊗S · · ·⊗S 1(SI)

σ

φi−→ Svi

for all i ≥ 1. Take φ0 to be the identity map S→ S. Then the sum φ = φ0 +φ1 + . . . is an
isomorphism

T (1(SI)
σ
)

φ−→ S[v,σ ]

of graded R-algebras.

Proof. For i = 0 there is nothing to prove. Suppose 0≤ i. We show that

Svi⊗S 1(SI)
σ

µi−→ Svi+1

xvi⊗ ya 7→ xσ
i(y)vi+1
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is an S⊗R S-module isomorphism. In the following, x,y,x0,y0, . . . represent elements of S.
For all s ∈ S,

µi(xvi · s⊗ ya) = µi(xσ
i(s)vi⊗ ya)

= xσ
i(s)σ i(y)vi+1

= xσ
i(sy)vi+1

= µi(xvi⊗ s · ya).

For any s, t ∈ S,

µi(s⊗ t · xvi⊗ ya) = µi(s · xvi⊗ ya · t)
= µi((sx)vi⊗ yσ(t)a)

= (sx)σ i(y)σ i+1(t)vi+1

= (sx)σ i(y)vi+1 · t

= s⊗ t · xσ
i(y)vi+1

= s⊗ t ·µi(xvi⊗ ya).

By induction on i, we see that φi is an S⊗R S-module isomorphism. The diagram

T i(1(SI)
σ
)⊗S T j(1(SI)

σ
)

ηi, j−−−−→ T i+ j(1(SI)
σ
)

φi⊗φ j

y yφi+ j

Svi⊗S Sv j −−−−→ Svi+ j

commutes since

φi(x0a⊗·· ·⊗ xi−1a)φ j(y0a⊗·· ·⊗ y j−1a)

= x0σ(x1) · · ·σ i−1(xi−1)viy0σ(y1) · · ·σ j−1(y j−1)v j

= x0σ(x1) · · ·σ i−1(xi−1)σ
i(y0)σ

i+1(y1) · · ·σ i+ j−1(y j−1)vi+ j

= φi+ j(x0a⊗·· ·⊗ xi−1a⊗ y0a⊗·· ·⊗ y j−1a).

It follows that the induced map φ is multiplicative. �

Theorem 3.7. Let ∆(T/A, I,g) be a generalized crossed product as in Definition 3.2. Let
R be a localization of A in K, S = T ⊗A R, and assume SI = Sa is principal, for some a ∈ L.

(a) N(a)g−1 is an invertible element in R.
(b) There is a monomorphism of A-algebras (and T ⊗A T -modules)

ψ : ∆(T/A, I,g)→ (S/R,σ ,N(a)g−1)

which is induced by the inclusion I ⊆ SI = Sa and the isomorphism φ of Lemma 3.6.
(c) Let a be any nonzero element in I. The image of

ψ : ∆(T/A, I,g)→ (L/K,σ ,N(a)g−1)

is an A-order in the central simple K-algebra (L/K,σ ,N(a)g−1).
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Proof. (a): We are given that N(I) = T g, where g ∈ K∗, and SI = Sa, where a ∈ L∗. Using
[2, Corollary 3.15], we have

Sg = S
(
T : (T : Iσ(I) · · ·σn−1(I))

)
= S : (S : (SI)σ(SI) · · ·σn−1(SI))

= S : (S : Saσ(Sa) · · ·σn−1(Sa))

= S : (S : SN(a))

= SN(a)

(32)

It follows that N(a)g−1 is an invertible element of S. But N(a)g−1 ∈ K∗∩S∗ = R∗.
(b): Viewing I as a T -submodule of SI, there is an A-algebra monomorphism T (1Iσ )→

T (1(SI)
σ
). Let y = y0⊗·· ·⊗ yn−1 be a typical generator of T n(1Iσ ). Since SI = Sa, there

are elements xi ∈ S such that y = x0a⊗·· ·⊗ xn−1a. Under the composite map

T (1Iσ )⊆ T (1(SI)
σ
)

φ−→ S[v,σ ]
η−→ (S/R,σ ,N(a)g−1)

we have
ηφ(y) = η

(
x0σ(x1) · · ·σn−1(xn−1)vn)

= x0σ(x1) · · ·σn−1(xn−1)N(a)g−1.
(33)

Also,

λ0(y) = y0σ(y1) · · ·σn−1(yn−1)g−1

= x0aσ(x1)σ(a) · · ·σn−1(xn−1)σ
n−1(a)g−1

= x0σ(x1) · · ·σn−1(xn−1)aσ(a) · · ·σn−1(a)g−1

= x0σ(x1) · · ·σn−1(xn−1)N(a)g−1.

(34)

Equations (33) and (34) show that the ideal Γ(I,g) defined by (29) is contained in the
kernel of ηφ . So there is an A-algebra homomorphism ψ such that the diagram

(35)

T (1Iσ )
ρ−−−−→ ∆(T/A, I,g)

⊆
y yψ

T (1(SI)
σ
) −−−−→

φη
(S/R,σ ,N(a)g−1)

commutes. The diagram

(36)

T ⊕T 1(1Iσ )⊕T 2(1Iσ )⊕·· ·⊕T n−1(1Iσ ) −−−−→ S⊕Sv⊕·· ·⊕Svn−1

ρ

y y∼=
∆(T/A, I,g) −−−−→

ψ
(S/R,σ ,N(a)g−1)

commutes, where the top row is the T ⊗A T -module monomorphism induced by restricting
the composite map T (1Iσ ) ⊆ T (1(SI)

σ
) ∼= S[v,σ ]. The right vertical arrow is an isomor-

phism of S-modules. Therefore, the map ρ is one-to-one. By Lemma 2.2 the map ρ

is a T ⊗A T -module epimorphism. It follows that the A-algebra homomorphism ψ is a
monomorphism.

(c): The map ψ identifies ∆(T/A, I,g) with an A-subalgebra (and T ⊗A T -submodule)
of (L/K,σ ,N(a)g−1). The central simple K-algebra (L/K,σ ,N(a)g−1) is generated by
L = T ⊗A K and v = ψ(a). Therefore, the image of ψ is an A-order. �
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Corollary 3.8. Let ∆(T/A, I,g) be a generalized crossed product as in Definition 3.2. Let
R be any localization of A in K and let S = T ⊗A R. There is an R-algebra isomorphism
∆(T/A, I,g)⊗A R∼= ∆(S/R,SI,g).

Proof. Let a be any nonzero element of I. Let ψA : ∆(T/A, I,g)→ (L/K,σ ,N(a)g−1) and
ψR : ∆(S/R,SI,g)→ (L/K,σ ,N(a)g−1) be the A-algebra and R-algebra homomorphisms
(respectively) given by Theorem 3.7 (c). From the proof of Theorem 3.7 the image of ψA
is a subalgebra of the image of ψR. Since the natural map T (1Iσ )⊗A R→ T (1(SI)

σ
) is an

R-algebra isomorphism, the natural map ∆(T/A, I,g)⊗A R→ ∆(S/R,SI,g) is an R-algebra
isomorphism. �

Corollary 3.9. Let Λ = ∆(T/A, I,g) be a generalized crossed product as in Definition 3.2.
Let R be a localization of A in K such that S = T ⊗A R is Galois over R and SI = Sa is
principal for some a ∈ L. Then u = N(a)g−1 is a unit in R. There is an isomorphism of
Azumaya R-algebras (and S⊗R S-modules) Λ⊗A R∼= (S/R,σ ,u).

Proof. By Corollary 3.8, ∆(T/A, I,g)⊗A R ∼= ∆(S/R,SI,g). We are given that SI = Sa.
By Theorem 3.7 (a), u = N(a)g−1 is a unit in R. In diagram (36) substitute S for T and R
for A. Then the top row is an isomorphism, hence the bottom row is an isomorphism. By
Remark 3.5, the cyclic crossed product (S/R,σ ,u) is an Azumaya R-algebra which is split
by S. �

Corollary 3.10. Let Λ=∆(T/A, I,g) be a generalized crossed product as in Definition 3.2.
Then Λ⊗A K is a central simple K-algebra, is split by L, and is isomorphic to the cyclic
crossed product (L/K,σ ,g−1).

Proof. For any nonzero a ∈ I, Λ⊗A K is isomorphic to (L/K,σ ,N(a)g−1), which is iso-
morphic to (L/K,σ ,g−1), by [41, Theorem (30.4)]. �

Corollary 3.11. Let R be a localization of A in K such that S = T ⊗A R is Galois over R. If
α ∈ A∗, then ∆(T/A,T,α)⊗A R is isomorphic to the cyclic crossed product (S/R,σ ,α−1),
hence is an Azumaya R-algebra which is split by S.

Proof. In Corollary 3.9 take I = T , g = α , and a = 1. �

Corollary 3.12. Let Λ=∆(T/A, I,g) be a generalized crossed product as in Definition 3.2.
Let R be a localization of A in K such that S = T ⊗A R is Galois over R and SI is projective.
Then Λ⊗A R is an Azumaya R-algebra, is split by S, contains S as a maximal commutative
subalgebra, and is a maximal order in the central simple K-algebra Λ⊗A K.

Proof. Let m ∈MaxR. Then Sm = S⊗R Rm is a semilocal normal domain. Since SI is a
rank one projective S-module, Im = I⊗R Rm is a free Sm-module of rank one [6, Propo-
sition II.5.3.5]. By Corollary 3.9, Λ⊗A Rm is an Azumaya Rm-algebra. It follows from
[31, Théorème III.5.1] that Λ⊗A R is an Azumaya R-algebra. Since S is integrally closed
in L, and L is a maximal commutative subring of Λ⊗A K, S is a maximal commutative
subalgebra of Λ⊗A R. By [13, Theorem 2.5.5] S is a splitting ring for Λ⊗A R and by [44,
Theorem 9.4] or [40, Proposition 6.18] a maximal order in Λ⊗A K. �

Theorem 3.13. Let Λ = ∆(T/A, I,g) be a generalized crossed product as in Definition 3.2.
Assume the restriction of I to V is a locally free sheaf. (This hypothesis is true for instance
if U is regular.) Then ΛU is an Azumaya OU -algebra which represents a class in the relative
reflexive Brauer group β (V/U). If U is regular, ΛU represents a class in the relative Brauer
group B(V/U).



16 TIMOTHY J. FORD

Proof. The T -module I restricts to a sheaf of rank one reflexive OV -modules. Since V →U
is Galois, if U is regular, then V is regular. Then V is locally factorial and the Picard group
Pic(V ) is equal to the class group Cl(V ) [25, Corollary II.6.16]. So if U is regular, the
restriction of I to V is a sheaf of locally free OV -modules. Let R be a localization of A in K
such that S = T ⊗A R is Galois over R. By Corollary 3.12, Λ⊗A R is an Azumaya R-algebra
that is split by S. Since U has an open cover by sets of the form SpecR, ΛU is locally
Azumaya. By [38, Proposition IV.2.1], ΛU is an Azumaya OU -algebra. Let ΛV denote the
restriction of ΛU to V . Then ΛV is an Azumaya OV -algebra that is locally split by an open
cover consisting of sets of the form SpecS. By Theorem 2.1, ΛV represents the trivial class
in the reflexive Brauer group β (V ). If U is regular, then so is V and the restriction map
B(V )→ B(S) is one-to-one, so ΛV represents the trivial class in B(V ). �

Theorem 3.14. Let Λ = ∆(T/A, I,g) be a generalized crossed product as in Definition 3.2.
Let ΛU denote the restriction of Λ to the open set U. Let M denote a maximal OU -order in
Λ⊗A K that contains ΛU . Then M is a reflexive Azumaya OU -algebra which represents a
class in the relative reflexive Brauer group β (V/U).

Proof. Let P be a height one prime ideal of A in U . Since V →U is Galois, TP = T ⊗A AP
is a Galois extension of AP. Let IP = I⊗A AP. Then IP is a reflexive fractional ideal of
TP in L [6, Proposition VII.4.2.8, p. 520] or [47, Corollary, p. 408]. Since AP is a local
principal ideal domain TP is a regular semilocal ring and it follows that IP is a rank one
projective TP-module. By Corollary 3.12, ΛP = Λ⊗A AP is an Azumaya AP-algebra which
is split by TP. In the notation of [33], by Λ̃U we denote ΛU ⊗̃OU . Then Λ̃U is a sheaf of
reflexive OU -modules and is an OU -algebra containing ΛU . By [33, Proposition 1.2], if z
is a point of codimension one in U corresponding to a minimal prime P ∈Min(A), then
the stalk (Λ̃U )z is equal to (ΛU )z = Λ⊗A AP = ΛP. It follows from [33, Proposition 2.1] or
[47, Lemma 7, p. 412] that Λ̃U is a reflexive Azumaya OU -algebra. Since Λ⊗A K is split
by L and β (V )→ B(L) is one-to-one [33, Proposition 2.1], it follows that Λ̃U is split by V ,
hence represents a class in the relative reflexive Brauer group β (V/U).

If M is another maximal OU -order containing ΛU , then the stalks Mz, (ΛU )z agree for
each point z ∈U of codimension one. Again by [33, Proposition 2.1] or [47, Lemma 7,
p. 412], M is a reflexive Azumaya OU -algebra. Since β (U)→ B(K) is one-to-one, M is
Brauer equivalent to Λ̃U . �

Lemma 3.15. Let I1, I2 be reflexive fractional ideals of T in L, and g1, g2 elements of K
such that

T : (T : Iiσ(Ii) · · ·σn−1(Ii)) = T gi

for i = 1,2. Then upon restriction of scalars to K, ∆(T/A, I1,g1)⊗A ∆(T/A, I2,g2)⊗A K is
Brauer equivalent to ∆(T/A,T : (T : I1I2),g1g2)⊗A K.

Proof. This follows from Corollary 3.10 and

∆(T/A, I1,g1)⊗A ∆(T/A, I2,g2)⊗A K ∼= (L/K,σ ,g−1
1 )⊗K (L/K,σ ,g−1

2 )

∼ (L/K,σ ,(g1g2)
−1)

∼= ∆(T/A,T : (T : I1I2),g1g2)⊗A K.

�

In Definition 3.2 the unit g∈K∗ is uniquely determined up to multiplication by a unit in
T ∗∩K∗ = A∗. Theorem 3.18 shows how the Brauer class of the central simple K-algebra
∆(T/A, I,g)⊗A K depends on the choice of g. We see that changing g by a unit in A∗
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corresponds to multiplying the Brauer class of the OU -algebra Λ̃U by the equivalent of an
ordinary cyclic crossed product. First we introduce some notation that will be used for the
remainder of the paper.

Lemma 3.16. There is a homomorphism of abelian groups

(37) H2(G,T ∗)
γ4−→ β (V/U)

which is defined by sending the 2-cocycle defined by α ∈ A∗ to the Brauer class of the OU -
algebra which is the restriction of the generalized cyclic crossed product ∆(T/A,σ ,α). If
U is regular, the image of γ4 is contained in B(V/U).

Proof. Let α ∈ A∗, and let Λ = ∆(T/A,T,α) be the generalized crossed product. Let
ΛU denote the restriction of Λ to U . By Theorem 3.13, ΛU is a Azumaya OU -algebra
which represents a class in the relative reflexive Brauer group β (V/U). If U is regular,
ΛU represents a class in the relative Brauer group B(V/U). By Corollary 3.11, Λ⊗K is
isomorphic to the cyclic crossed product (L/K,σ ,α−1). Since β (U)→ B(K) is one-to-
one, the rest follows from properties of cyclic crossed products [44, Chapter 7]. �

Definition 3.17. The image of γ4 in Eq. (37) is denoted by B`(V/A).

Theorem 3.18. Let Λ = ∆(T/A, I,g) be a generalized crossed product as in Definition 3.2.
If M is a maximal OU -order in Λ⊗K containing Λ, then M is a reflexive Azumaya OU -
algebra which is split by V and determines a coset in the factor group

β (V/U)

B`(V/A)
which does not depend on the choice of g.

Proof. By Theorem 3.14, the A-algebra Λ = ∆(T/A, I,g) gives rise to a reflexive Azumaya
OU -algebra Λ̃U which is split by V . Any other choice for M is Brauer equivalent to Λ̃U .
The choice of g is unique up to multiplication by a unit in A. Let α ∈ A∗. Let I0 = T . Then
N(I0) = T = T α . Hence N(II0) = N(I) = T g = T (gα). Let Λ1 = ∆(T/A, II0,gα) and
Λ0 = ∆(T/A, I0,α). By Corollary 3.10 and Lemma 3.15, Λ1⊗A K is Brauer equivalent to
the product Λ⊗A Λ0⊗A K. The natural map β (U)→B(K) is one-to-one. Therefore (̃Λ1)U
is Brauer equivalent to the product of Λ̃U and (Λ0)U . By Lemma 3.16, (Λ0)U defines a
Brauer class in B`(V/A). �

In Proposition 3.19 we show that the generalized crossed product of Definition 3.2
agrees with the generalized crossed product defined by Kanzaki in [30, Proposition 3].
For the construction in Section 4.3.1, in particular for the proof of Theorem 4.16, it will be
necessary to extend Proposition 3.19 to the case where U is not an affine scheme.

Proposition 3.19. Let S/R be a Galois extension of noetherian integrally closed integral
domains with cyclic Galois group G = 〈σ〉, [G : 1] = n. Let L/K be the quotient field
extension. If Λ is an Azumaya R-algebra that is split by S, then there exists a projective
fractional ideal I of S in L such that N(I) = Iσ(I) · · ·σn−1(I) = Sg for some g ∈ K∗ and Λ

is Brauer equivalent to ∆(S/R, I,g).

Proof. We are in the context of Proposition 2.5. Continuing from where that proof ended,
now we use the fact that G = 〈σ〉 is cyclic. From Proposition 2.5, Λ is generated as an
R-algebra by S and Jσ = {λ ∈ Λ | σ(x)λ = λx,∀x ∈ S}. Pick a nonzero v ∈ Jσ . Then
Λ⊗R K = L⊕ Lv⊕ ·· · ⊕ Lvn−1 is a cyclic crossed product. Let vn = a. Then σ(a)v =
va = vvn = vnv = av shows that σ(a) = a, hence a ∈ K∗. Using v, we can map the left
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S-module Jσ isomorphically onto an invertible fractional ideal of S in L by sending y ∈ Jσ

to yv−1 ∈ L. Let I = {yv−1 | y ∈ Jσ}, a fractional ideal of S in L. Using (23) we see that
Jσ
∼= 1Iσ as left S⊗R S-modules. By Lemma 3.1, for any i > 0 there are isomorphisms

T i(Jσ )∼= T i(1Iσ )∼= 1
(
Iσ(I) · · ·σ i−1(I)

)
σ i

induced by the assignments

x0⊗·· ·⊗ xi−1 7→ x0v−1⊗·· ·⊗ xi−1v−1

7→ (x0v−1)σ(x1v−1) · · ·σ i−1(xi−1v−1).

For any y1,y2 in Jσ , y2v−1 is in L. It follows that in Λ⊗A K we have

(38) (y1y2)v−2 = (y1v−1)σ(y2v−1).

Applying (38) recursively,

(x0x1 · · ·xi−1)v−i = (x0v−1)σ(x1v−1) · · ·σ i−1(xi−1v−1).

From this it follows that Ji
σ v−i = Iσ(I) · · ·σ i−1(I). Since Jn

σ = S, we can compute the
norm of I to be N(I) = Iσ(I) · · ·σn−1(I) = Jn

σ v−n = Sv−n = Sa−1. If we set g = a−1,
then N(I) = Sg. By Definition 3.2, it follows that mapping S→ S and I→ Jσ induces an
isomorphism between the generalized crossed product R-algebra ∆(S/R, I,g) and Λ. �

Remark 3.20. For 0≤ i< n, the image of T i(1Iσ ) in ∆(T/A, I,g) is denoted ∆σ i(T/A, I,g).
By the proof of Theorem 3.7, ∆σ i(T/A, I,g) and T i(1Iσ ) are naturally isomorphic as T ⊗A
T -modules. The A-algebra ∆(T/A, I,g) is G-graded:

(39) ∆(T/A, I,g) =
n−1⊕
i=0

∆σ i(T/A, I,g).

For each i = 0, . . . ,n− 1, using (10) we identify T n+i(1Iσ ) = T n(1Iσ )⊗T T i(1Iσ ). The
T ⊗A T -module homomorphism λi is defined by the diagram

(40)

T n+i(1Iσ )
λi−−−−→ T i(1Iσ )

ηn,i

x∼= η0,i

x∼=
T n(1Iσ )⊗T T i(1Iσ ) −−−−→

λ0⊗1
T 0(1Iσ )⊗T T i(1Iσ )

Then λi is an isomorphism if and only if I is projective. The multiplication rule on
∆(T/A, I,g) is defined on homogeneous components,

(41) ∆σ i(T/A, I,g)⊗T ∆σ j(T/A, I,g)
fi, j−−→ ∆σ i+ j(T/A, I,g).

If 0≤ i+ j < n, then fi, j is simply the natural map ηi, j of (10). If i+ j ≥ n, fi, j = λi+ j−n ◦
ηi, j. In the terminology of [30], { fi, j} is a factor set, and the A-algebra ∆(T/A, I,g) of
Definition 3.2 is a generalized crossed product.

4. THE EXACT SEQUENCE OF GALOIS COHOMOLOGY

The purpose of this section is to prove Theorem 1.1, Rim’s sequence of Galois coho-
mology. The results of Section 3 are applied to construct the maps and prove exactness.
Throughout this section we retain the notation of Section 1.1. Starting in Section 4.3 we
add the additional hypothesis that each minimal prime of T has ramification index either 1
or n.
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4.1. The first six terms.

Theorem 4.1. Let A, T , V , U, G be as in Section 1.1. The first part of Rim’s exact sequence
(15) is:

(42) 0→ Cl(T/A)
γ0−→ H1(G,T ∗)

γ1−→ Div(T )G/Div(A)
γ2−→ Cl(T )G/Cl(A)

γ3−→ H2(G,T ∗)
γ4−→ B(U)

The proof of Theorem 4.1 consists in defining the individual homomorphisms and prov-
ing exactness at each term. Descriptions of γ0,γ1,γ2 are stated in Lemma 4.2, γ3 is defined
in Lemma 4.3, and γ4 was defined in Lemma 3.16. For an application of Lemma 4.2 (a),
see Proposition 5.17. For an application of Lemma 4.2 (b), see Proposition 5.14.

Lemma 4.2. In the context of Theorem 4.1, the following are true.
(a) If I ∈ Div(A) and T I = T g, for some g ∈ L∗, then the homomorphism

γ0 : Cl(T/A)→ H1(G,T ∗)

of sequence (42) is defined by mapping the divisor class represented by I to the coho-
mology class represented by σ(g)g−1. The homomorphism γ0 is one-to-one.

(b) If u ∈ T ∗ and N(u) = 1, then there is a unit v ∈ L∗ such that u = σ(v)v−1. The homo-
morphism

γ1 : H1(G,T ∗)→ Div(T )G/Div(A)
of sequence (42) is defined by mapping the cohomology class represented by u to the
principal divisor div(g). The image of γ0 is equal to the kernel of γ1.

(c) The homomorphism

γ2 : Div(T )G/Div(A)→ Cl(T )G/Cl(A)

of sequence (42) is induced by the natural map Div(T )→ Cl(T ). The image of γ1 is
equal to the kernel of γ2.

Proof. Part (c) is clear. In part (a) we are given that I ∈ Div(A) and T I = T g for some
g ∈ L∗. Then T σ(g) = T σ(I) = T I = T g. So σ(g)g−1 ∈ T ∗. The rest of part (a) is similar
to the proof of Lemma 4.7 (c). For (b) we are given that u ∈ T ∗ ⊆ L∗ and N(u) = 1.
Hilbert’s Theorem 90 says there exists v ∈ L∗ such that u = σ(v)v−1. In Div(T ) we have
0 = div(u) = div(σ(v))− div(v) = σ(div(v))− div(v). Therefore div(v) ∈ Div(T )G. We
leave the rest of the proof to the interested reader. �

Lemma 4.3 provides a partial answer to a question raised in [45, Remark (4.5)].

Lemma 4.3. In the context of Theorem 4.1, let I be a reflexive fractional ideal of T in L
such that σ(I) = IT g for some g ∈ L∗. Then
(a) I represents a class [I] in Cl(T )G,
(b) N(g) = gσ(g) · · ·σn−1(g) is a unit in A, and
(c) the map

γ3 : Cl(T )G→ H2(G,T ∗)
of sequence (42) is defined by sending the class [I] to the class represented by the
2-cocycle whose factor set is N(g). The kernel of γ3 is equal to the image of γ2.

Proof. (a): This follows from the fact that σ(I) and I are isomorphic as T -modules.
(b): We are given that σ(I) = IT g. Then σ2(I) = σ(I)T σ(g) = IT gσ(g). Recur-

sively we see that I = σn(I) = IT gσ(g) · · ·σn−1(g) = IN(g). Therefore, N(g)∈ T ∗∩LG =
(T ∗)G = A∗.
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(c): For the principal ideal T g, the generator g is unique up to multiplying by a unit of
T . If v ∈ T ∗, then N(gv) = N(g)N(v). Since N(v) is a 2-coboundary in B(G,T ∗), N(gv)
and N(g) represent the same cohomology class in H2(G,T ∗). Let α ∈ L∗. Then

σ(IT α) = σ(I)T σ(α) = IT (gσ(α)) = (Iα)T (gσ(α)α−1).

Since N(gσ(α)α−1) = N(g), the map γ3 is constant on the class of I in Cl(T ). Since G
acts as a group of automorphisms of Cl(T ) and the norm is multiplicative, one can check
that the map γ3 defined above is a homomorphism. Suppose N(g) = 1. Then Hilbert’s
Theorem 90 says gσ(v) = v for some v ∈ L∗. Since

σ(IT v) = σ(I)T σ(v) = IT (gσ(v)) = IT v

it follows that the class of I is in the image of the map γ2 : Div(T )G→ Cl(T )G. If N(g) =
N(a) for some a ∈ T ∗, then T g = T ga−1 and N(ga−1) = 1. Using this one shows that the
kernel of γ3 is equal to the image of γ2. �

Lemma 4.4, which was proved in [42], is included for completeness’ sake.

Lemma 4.4. Let T/A be a ramified integral extension of a noetherian integrally closed
integral domain whose quotient field extension L/K is a finite Galois extension with group
G. Then H1(G,Div(T )) = 0.

Proof. For each P ∈ Min(A) fix a prime p ∈ Min(T ) lying above P. Let Gp be the de-
composition subgroup of p in G. Then Div(T ) =

⊕
P∈Min(A)Z[G]⊗Z[Gp]Z as G-modules.

Since G is finite, HomZ[Gp](Z[G],Z) and Z[G]⊗Z[Gp]Z are isomorphic as G-modules [14,
Exercise 17.2.10]. From Shapiro’s Lemma [43, Theorem 10.32], and the fact that Z is a
trivial Gp-module, we get

H1(G,Div(T )) =
⊕

P∈Min(A)

H1(G,HomZ[Gp](Z[G],Z))

=
⊕

P∈Min(A)

H1(Gp,Z)

=
⊕

P∈Min(A)

Hom(Gp,Z)

= 0

which completes the proof. �

Recall that we defined γ4 in Lemma 3.16.

Lemma 4.5. In the context of Theorem 4.1, the kernel of γ4 is equal to the image of γ3.

Proof. The long exact sequence of cohomology associated to

1→ T ∗→ L∗→ PrinT → 1

and Hilbert’s Theorem 90 yield the exact sequence

(43) 1→ H1(G,PrinT ) δ 1
−→ H2(G,T ∗) ε−→ H2(G,L∗).

The lowest terms of the long exact sequence of cohomology associated to

1→ PrinT → DivT → ClT → 1

are

(44) 1→ Prin(T )G→ Div(T )G→ Cl(T )G δ 0
−→ H1(G,PrinT )→ H1(G,DivT ).
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By Lemma 4.4, H1(G,DivT ) = 0. Thus δ 0 is onto. Combining (43) and (44), the sequence

(45) Div(T )G→ Cl(T )G δ 1δ 0
−−−→ H2(G,T ∗) ε−→ H2(G,L∗)

is exact. The map δ 1δ 0 is the map γ3 defined in Lemma 4.3. The diagram

H2(G,T ∗)
γ4−−−−→ β (V/U)

ε

y yρ

H2(G,L∗)
∼=−−−−→ B(L/K)

commutes. The map ρ agrees with the natural map β (U)→ B(K) which is one-to-one.
Therefore, the kernel of γ4 is equal to the kernel of ε , which is equal to the image of γ3. �

4.2. The map γ6 and its kernel. In this section we define the homomorphism γ6 appearing
in Rim’s sequence (15). A partial inverse to γ5 is constructed using the generalized cyclic
crossed product construction.

Lemma 4.6. Let I be a reflexive fractional ideal of T in L. Assume that the norm of I,
T : (T : Iσ(I) · · ·σn−1(I)), is a principal ideal T g for some g in L∗. Then σ(g)g−1 is a unit
in T with trivial norm, hence represents a 1-cocycle in Z1(G,T ∗). There is a unit g1 in K∗

such that T g = T g1 if and only if σ(g)g−1 is a coboundary in B1(G,T ∗).

Proof. Since Iσ(I) · · ·σn−1(I) = σ(Iσ(I) · · ·σn−1(I)), one can check that as a set the
double dual T : (T : Iσ(I) · · ·σn−1(I)) is fixed by σ . Therefore T g = σ(T g) = T σ(g).
It follows that there is a unit u ∈ T ∗ such that σ(g) = ug. Therefore u defines a 1-
coboundary in B1(G,L∗), which means u defines a 1-cocycle in Z1(G,L∗). From this
it follows that u represents a 1-cocycle in Z1(G,T ∗). If g ∈ K, then u is equal to 1,
hence is a coboundary. Conversely, assume u is a coboundary, so uv = σ(v), for some
v ∈ T ∗. Then σ(gv−1) = ugσ(v−1) = (ug)(uv)−1 = gv−1. Therefore gv−1 ∈ K and we
have T g = T gv−1. �

Lemma 4.7. Assume we are in the context of Section 1.1. Let I be a reflexive fractional
ideal of T in L such that T : (T : Iσ(I) · · ·σn−1(I)) = T g is principal for some g∈ L∗. Then

(a) I represents a class [I] in H1(G,Cl(T )),
(b) σ(g)g−1 is a unit in T with trivial norm, and
(c) the map

γ6 : H1(G,Cl(T ))→ H3(G,T ∗)

of Rim’s sequence (15) is defined by sending the cohomology class in H1(G,Cl(T ))
represented by I to the cohomology class represented by the 1-cocycle σ(g)g−1, where
we identify H1(G, ·) with H3(G, ·), since G is cyclic.

Proof. (a): The class of I in Cl(T ) is in the kernel of the norm map.
(b): This is the first part of Lemma 4.6.
(c): If v ∈ T ∗, then

σ(gv)(gv)−1 = σ(g)g−1
σ(v)v−1 = uσ(v)v−1.

Since σ(v)v−1 is a 1-coboundary in B1(G,T ∗), this shows that the ideal T g determines
a unique cohomology class [u] ∈ H1(G,T ∗). If α ∈ L∗, then N(Iα) = N(I)N(T α) =
T gT N(α). Then

u = σ(g)g−1 = σ(gN(α))(gN(α))−1.
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This proves [u] is unchanged if we replace I by Iα . Therefore, the choice of [u] is constant
on the class [I] in Cl(T ). Since the norm is a homomorphism on the group Div(T ) of
reflexive fractional ideals, it follows that the map γ6 defined above is a homomorphism. �

4.2.1. The kernel of γ6. Define NDiv(T ) to be the set of all reflexive fractional ideals I of
T in L with the property that T : (T : Iσ(I) · · ·σn−1(I)) = T g for some g ∈ K∗. Under the
natural maps Prin(A)→ Prin(T )→Div(T ), we can view Prin(A) as a subgroup of Div(T ).
Then NDiv(T ) can be identified with the subgroup of Div(T ) which is the preimage under
the norm map N : Div(T )→ Div(T ) of the subgroup Prin(A). The diagram

NDiv(T ) N−−−−→ Prin(A)y⊆ y⊆
Div(T ) N−−−−→ Div(T )

commutes and NDiv(T ) is a torsion free abelian group. Recall from Definition 3.17 that
the image of γ4 is denoted B`(V/A).

Lemma 4.8. Assume we are in the context of Section 1.1. Given I ∈NDiv(T ), there exists
g ∈ K∗ such that the A-algebra ∆(T/A, I,g) is defined as in Definition 3.2. The mapping

∆ : NDiv(T )→ β (V/U)

B`(V/A)

induced by sending I ∈ NDiv(T ) to the double dual of ∆(T/A, I,g)|U is a homomorphism
of groups.

Proof. Let I ∈ NDiv(T ). Then T : (T : Iσ(I) · · ·σn−1(I)) = T g for some g ∈ K∗. By Def-
inition 3.2, the A-algebra Λ = ∆(T/A, I,g) is defined. By Theorem 3.14, Λ̃U is a reflexive
Azumaya OU -algebra that is split by V . By Theorem 3.18, the coset represented by the
Brauer class of Λ̃U modulo B`(V/A) does not depend on the choice of g. To prove that ∆

is a homomorphism, use Lemma 3.15 and the fact that β (U)→ B(K) is one-to-one. �

Lemma 4.9. Assume we are in the context of Section 1.1. Then there exists a natural
homomorphism τ : NDiv(T )→ H1(G,Cl(T )) making an exact sequence

NDiv(T ) τ−→ H1(G,Cl(T ))
γ6−→ H3(G,T ∗)

Proof. If α ∈ L∗, then N(T α) ∈ Prin(A). So Prin(T )⊆ NDiv(T ) and the sequence

0→ Prin(T )→ NDiv(T )→ N Cl(T )

is exact, where N Cl(T ) denotes the kernel of the norm map, which we identify with the
group Z1(G,Cl(T )) of 1-cocycles. The map τ is the composite

NDiv(T )→ NDiv(T )
Prin(T )

→ N Cl(T )→ N Cl(T )
DCl(T )

= H1(G,Cl(T )).

Now suppose I ∈Div(T ) represents a class in N Cl(T ). Then there is some g∈ L∗ such that
T : (T : Iσ(I) · · ·σn−1(I)) = T g. By Lemma 4.6, u = σ(g)g−1 is a unit in T with trivial
norm. Identify H1(G, ·) with H3(G, ·), since G is cyclic. The map γ6 is defined by mapping
the cohomology class represented by I to the 1-cocycle defined by u. Lemma 4.6 shows
that the image of τ is equal to the kernel of γ6. �

Lemma 4.10. Assume we are in the context of Section 1.1. Let I ∈ NDiv(T ) and Λ =
∆(T/A, I,g), where g ∈ K∗ such that T : (T : Iσ(I) · · ·σn−1(I)) = T g. The following are
equivalent:



THE RELATIVE BRAUER GROUP 23

(a) The divisor I is in the kernel of the homomorphism ∆ of Lemma 4.8. That is, the double
dual of ΛU represents a Brauer class in B`(V/A).

(b) I is in the kernel of τ .
(c) There exist ν ∈ L∗ and J ∈ Div(T ) such that Iν = T : (T : σ(J)J−1).

Proof. (b) and (c) are clearly equivalent.
(a) implies (c): We use the fact that β (U)→ B(K) is one-to-one. By Corollary 3.10,

∆(T/A, I,g)⊗A K is isomorphic to the cyclic crossed product (L/K,σ ,g−1). By Corol-
lary 3.11, a Brauer class in B`(V/A) corresponds to a cyclic crossed product (L/K,σ ,α),
for some α ∈ A∗. By the Crossed Product Theorem, B(L/K) is isomorphic to K∗/N(L∗),
where N(L∗) is the image of the norm map N : L∗→ L∗. So Λ̃U represents a Brauer class
in the group B`(V/A) if and only if g−1α = N(ν) for some α ∈ A∗ and some ν ∈ L∗.
Then N(Iν) = N(I)N(ν) = T gT (g−1α) = T α = T . Thus Iν represents a 1-cocycle in
H1(G,Div(T )). By Lemma 4.4, H1(G,Div(T )) = 0. That means Iν is a 1-coboundary. So
there is a divisor J ∈ Div(T ) such that Iν = T : (T : σ(J)J−1).

(c) implies (a): Assume we are given ν ∈ L∗ and J ∈ Div(T ) such that Iν = T : (T :
σ(J)J−1). Then N(Iν)=N(I)N(ν)= T gT N(ν)= T (gN(ν)) is equal to N(σ(J)J−1)= T .
Therefore, gN(ν) = α for some unit α ∈ T ∗. In this case, α ∈ K∩T = A. By Lemma 3.4,
∆(T/A, I,g)∼=∆(T/A, Iν ,N(v)g) =∆(T/A, Iν ,α). By Corollary 3.10, there are K-algebra
isomorphisms

(46) ∆(T/A, Iν ,α)⊗A K ∼= (L/K,σ ,α−1)∼= ∆(T/A,T,α)⊗A K.

By Corollary 3.11 the algebras in (46) represent classes in B`(V/A). �

Theorem 4.11 shows that the kernel of γ6 parametrizes the Brauer classes of the gen-
eralized cyclic crossed products for T/A up to multiplying by an ordinary cyclic crossed
product with factor set from A∗.

Theorem 4.11. Assume we are in the context of Section 1.1. Let γ6 be as in Lemma 4.7.
The map ∆ of Lemma 4.8 induces

∆ : Ker(γ6)→
β (V/U)

B`(V/A)

which is a monomorphism of abelian groups.

Proof. By Lemma 4.10, the map ∆ of Lemma 4.8 factors through the homomorphism τ of
Lemma 4.9. Therefore the diagram

(47)

0 −−−−→ Kerτ −−−−→ NDivT τ−−−−→ Imageτ = Ker(γ6) −−−−→ 0yα

y=

y∃∆
0 −−−−→ Ker∆ −−−−→ NDivT ∆−−−−→ β (V/U)

B`(V/A)

exists and commutes. Also by Lemma 4.10, α is an isomorphism. The Snake Lemma
implies that the vertical maps in (47) are one-to-one. By Lemma 4.9, the image of τ is
equal to the kernel of γ6. �

Remark 4.12. In light of Theorem 4.11 and Remark 3.3 it would be informative to have
an example for which the map γ6 is not the zero map.
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4.3. The full sequence. The object of this section is to complete the proof of Theo-
rem 1.1. Except for the relative Brauer group term, existence and exactness of the se-
quence is proved in [42]. Our proof consists in defining each homomorphism, and proving
the exactness at each term. The first six terms in (3) were covered in Theorem 4.1, and
γ6 was defined in Lemma 4.7. The computation of the group Div(T )G/Div(A) is made in
Lemma 4.13, and we treat γ5 in Section 4.3.1.

In this section we retain the notation from Section 1.1 and add the additional hypotheses
that every height one prime of T has ramification index either 1 or n. Let L1, . . . ,Lv be
those prime divisors on SpecT which have ramification index equal to n. Let Mi be the
image of Li under π : SpecT → SpecA. The case ν = 0 is allowed. If ν = 0, then in
Theorem 1.1 every direct sum of the form

⊕
ν
i=1Z/nLi is equal to the trivial group (0). If

ν = 0, Theorem 1.1 (a) agrees with [47, Theorem 6] as well as the affine version of [34,
Theorem 4.3 (b)].

Lemma 4.13. In the context of Theorem 1.1,
v⊕

i=1

(Z/n)Li = Div(T )G/Div(A)

is a free Z/n-module of rank v.

Proof. Start with the commutative diagram

(48)

0 −−−−→
⊕

ZMi −−−−→ Div(A) −−−−→ Div(U) −−−−→ 0yφ

yψ

yτ

0 −−−−→
⊕

ZLi −−−−→ Div(T )G −−−−→ Div(V )G −−−−→ 0
The map φ sends Mi to nLi. The vertical maps are one-to-one. As shown in [20, Theo-
rem 16.1], τ is an isomorphism. The proof follows. �

4.3.1. Definition of γ5. In this section we define the map γ5 of Theorem 1.1. As we see,
to define γ5 is harder than to define its inverse. Maybe this should be expected, because
the same observation was made in [18] and [19]. Constructing the map γ5 is equivalent to
inverting the norm map N : Div(T )→ Div(T ).

Recall that T/A is an integral extension of a noetherian integrally closed integral domain
whose quotient field extension L/K is a cyclic Galois extension of degree n with group
G = 〈σ〉. We have the Galois covering V → U and both V and U are assumed to be
regular. The ramification divisor on SpecT is L1 + · · ·+Lv and its counterpart on SpecA is
M1 + · · ·+Mv. Each Li is assumed to have ramification index n. Then T , A, V , U , and the
ramification divisors fit into the commutative diagram (49). The exact sequences of Nagata
make up the rows of the commutative diagram

(49)

1 −−−−→ O∗(U)
A∗ −−−−→

⊕v
i=1ZMi

χA−−−−→ Cl(A) −−−−→ Cl(U) −−−−→ 0y ρ

y y y
1 −−−−→ O∗(V )

T ∗ −−−−→
⊕v

i=1ZLi
χT−−−−→ Cl(T ) −−−−→ Cl(V ) −−−−→ 0

The map ρ is defined by Mi 7→ nLi. The groups O∗(V )/T ∗ and O∗(U)/A∗ are finitely
generated torsion free abelian groups.

Proposition 4.14. Let T , A, U, V , and G = 〈σ〉 be as in Section 1.1. Let L/K be the
quotient field extension. Let Λ be a reflexive Azumaya OU -algebra and let D be the K-
central division algebra component of the generic stalk Λ⊗K. Assume D is split by L.
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Then there is some r ≥ 1 and a maximal A-order M in the matrix algebra Mr(D) with the
property that M contains T as a maximal commutative subalgebra and the restriction of
M to U is a reflexive Azumaya OU -algebra representing the same Brauer class as Λ in
β (V/U).

Proof. The proof is based on [3, Theorem VII.7] and [47, Theorem 3]. For some q, Λ⊗K
is isomorphic to Mq(D), the ring of q-by-q matrices over D. For some r, we can embed L as
a maximal commutative subring of Mr(D) [41, Theorem (28.5)]. Take M to be a maximal
A-order in Mr(D) containing T . Since L is a maximal commutative subalgebra of Mr(D),
it follows that T is a maximal commutative subalgebra of M. Let Ω be a maximal A-order
in D. Let P be a minimal prime of A in U . By [41, Theorem (11.1)], MP = M⊗A AP is
a maximal AP-order in Mr(D) and ΩP = Ω⊗A AP is a maximal AP-order in D. By [33,
Proposition 2.1] or [47, Lemma 7, p. 412] ΛP = Λ⊗A AP is an Azumaya AP-algebra. Then
ΛP is a maximal AP-order in Λ⊗K [4, Proposition 7.1]. Since AP is a discrete valuation
ring, ΛP is isomorphic to a ring of matrices over ΩP [41, Theorem (21.6)]. By [13, The-
orem 2.4.4], this implies ΩP is an Azumaya AP-algebra. Again by [41, Theorem (21.6)],
MP is isomorphic to a ring of matrices over ΩP and by [13, Theorem 2.4.4], this implies
MP is an Azumaya AP-algebra. By [33, Proposition 2.1] it follows that the restriction of
M to the open set U is a reflexive Azumaya OU -algebra. The generic stalk of M is Brauer
equivalent to Λ⊗K. Since β (U)→ B(K) is one-to-one, it follows that M and Λ represent
the same Brauer class on U . �

Lemma 4.15. Let A, T , K, L, and G be as in Section 1.1, but do not assume that G is
cyclic. Let D be a central simple K-algebra that contains L as a maximal commutative
subfield. Let M be a maximal A-order in D containing T . For each τ ∈ G define

Jτ = {λ ∈M | xλ = λτ(x),∀x ∈ T}.
Then Jτ is a rank one reflexive T -module.

Proof. Let P ∈MinA. Then AP is a local principal ideal domain and MP = M⊗A AP is a
maximal AP-order in D containing TP = T ⊗A AP [41, Theorem (11.1)]. For each τ ∈ G
define

(MP)τ = {y ∈MP | ay = τ(a),∀a ∈ TP}.
It is not hard to see that (MP)τ = Jτ ⊗A AP. We have

(50) Jτ ⊆
⋂

P∈MinA

(Jτ ⊗A AP)

where the intersection takes place in D=M⊗A K. By [41, Theorem (11.4)], M is a reflexive
A-module and

⋂
P∈MinA (M⊗A AP) = M. Consider

(51)
⋂

P∈MinA

(Jτ ⊗A AP)⊆
⋂

P∈MinA

(M⊗A AP) = M.

If y is in the left-hand group in (51), then y is in M. Moreover, xy = yτ(x), for all x ∈ T , so
y ∈ Jτ . In (50) the sets are equal. By [6, Theorem VII.4.2.2], this proves Jτ is a reflexive
A-module. By [6, Proposition VII.4.8.19], Jτ is a reflexive T -module. Define

Dτ = {λ ∈ D | xλ = λτ(x),∀x ∈ T}.
The argument above shows Dτ = Jτ ⊗A K. By Proposition 3.19, Dτ is a left L-vector space
of dimension one. Therefore, the rank of Jτ is one. �

Theorem 4.16 is an extension of Proposition 3.19 to the case where U is not an affine
scheme. For an example, see Proposition 5.16.
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Theorem 4.16. Let T , A, U, V , and G= 〈σ〉 be as in Theorem 1.1. Let L/K be the quotient
field extension. If Λ is a reflexive Azumaya OU -algebra that is split by V , then there exists
a reflexive fractional ideal I of T in L such that N(I) = Iσ(I) · · ·σn−1(I) = T g for some
g ∈ K∗ and Λ is Brauer equivalent to any maximal order in ∆(T/A, I,g)⊗A K containing
the restriction of ∆(T/A, I,g) to U.

Proof. Step 1: Make the first approximation of the ideal. Let M be a T -algebra as in
Proposition 4.14. If necessary, we replace Λ with the restriction of M to U . For each τ ∈G
define

Jτ = {λ ∈M | xλ = λτ(x),∀x ∈ T}.
By Lemma 4.15, Jτ is a rank one reflexive T -module. Let J = Jσ and pick v ∈ J− (0). We
view J ⊆ LJ = Lv. Then I0 = Jv−1 is a reflexive fractional ideal of T in L. Moreover, I0 is
isomorphic to J as a left T -module. Let a = vn. Then av = vnv = vvn = va, so a ∈ K∗.

Step 2: Compute the norm of I0 on the open set V . To do this, we apply Proposi-
tion 3.19 at the codimension one points of U . Let P be a minimal prime ideal of A such
that TP/AP is unramified. Then P ∈U . By Proposition 3.19, N(I0)AP is equal to TPa−1 as
TP-modules. Let g = a−1 and consider the principal divisor divT (g). We have shown that
upon restriction to V , the norm of the divisor divT (I0) agrees with the divisor divT (g). The
sequence

(52) 0→
v⊕

i=1

ZLi→ Div(T )→ Div(V )→ 0

is split exact. Let D0 be the divisor in Div(T ) which has support in Div(V ) and which
agrees with divT (I0) upon restriction to Div(V ).

Step 3: Find a divisor D1 in
⊕v

i=1ZLi such that N(D0 +D1) = T g. We can do this,
because each component Li of the ramification divisor has ramification index n. In (49),
the map Div(A)→ Div(T ) sends Mi to nLi. Since g ∈ K∗, the principal divisor divA(g)
in Div(A) is mapped to the divisor divT (g) in Div(T ) and has the form nD1 +N(D0) for
some divisor D1 in

⊕v
i=1ZLi. Because σ fixes D1, the norm of the divisor D0 +D1 is

N(D0)+N(D1) = N(D0)+nD1 = divT (g). Let F be the reflexive fractional ideal of T in
L such that divT (F) = D0 +D1.

Step 4: Complete the proof. The generalized crossed product A-algebra ∆(T/A,F,g)
is constructed as in Definition 3.2. By Corollary 3.10, ∆(T/A,F,g)⊗T K is isomorphic to
(L/K,σ ,g−1). By Proposition 3.19, ΛP agrees with ∆(T/A,F,g)⊗A AP at each minimal
prime of A in U . The rest follows from Theorem 3.14. �

Theorem 4.17. Let

∆ : Ker(γ6)→
β (V/U)

B`(V/A)
be the homomorphism defined in Theorem 4.11. In the context of Theorem 1.1, the map
∆ is an isomorphism. The map γ5 of sequence (3) is the natural map β (V/U)→ β (V/U)

B`(V/A)
followed by the inverse of the isomorphism ∆.

Proof. The map ∆ is one-to-one by Theorem 4.11 and onto by Theorem 4.16. �

4.4. Related results. In this section we retain the notation from Section 1.1 and add the
additional hypotheses that every height one prime of T has ramification index either 1 or
n, A contains a field k, [G : 1] = n is invertible in k, and in k there is a primitive nth root
of unity. By Ureg we denote the subset of U consisting of all points x where the stalk
Ox is a regular local ring. Since we assume A is an integrally closed integral domain,
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Ureg contains the generic point, as well as the points of codimension one. This implies
if Ureg is open, then it is dense. If this is the case, then Theorem 4.20 shows that in
sequence (4) we can substitute Ureg for U . If A is a variety over an algebraically closed
field, by [25, Corollary II.8.16], Ureg is an open dense subset of U . Lemma 4.18 considers
a ramified cyclic covering of a discrete valuation ring. It is probably known, but for lack
of a reference, we include a proof.

Lemma 4.18. Let R be a local principal ideal domain with maximal ideal m = Rπ and
quotient field K. Let n ≥ 2 be an integer that is invertible in K and assume K contains a
primitive nth root of unity. Let L=K(π1/n) be the Kummer extension obtained by adjoining
the roots of xn−π . Let S be the integral closure of R in L. Let G = 〈σ〉 be the Galois group.
Then the natural map H2(G,S∗)→ H2(G,L∗) is an isomorphism.

Proof. Since G is cyclic, we use the fact that for i > 0, Hi(G,) depends only on whether i
is even or odd. Let n be the maximal ideal of S. The diagram

(53)

1 −−−−→ R∗ −−−−→ K∗ −−−−→ DivR −−−−→ 0y y yψ

1 −−−−→ S∗ −−−−→ L∗ −−−−→ DivS −−−−→ 0

commutes. Since R and S are principal ideal domains, 0 = Cl(R) = Cl(S). Therefore the
rows of (53) are exact. This means Prin(R) = DivR = Zm, and Prin(S) = DivS = Zn. The
map ψ sends m to nn, so the cokernel of ψ is a cyclic group of order n. Since σ(n) = n,

(54) Hi(G,PrinS) =


Zn if i = 0
(Z/n)n if i = 2,4, . . .
0 if i = 1,3,5, . . .

The long exact cohomology sequence associated to the second row of (53) is

(55) 1→ (S∗)G→ (L∗)G→ Div(S)G δ 0
−→ H1(G,S∗)→ H1(G,L∗)→ H1(G,PrinS)

δ 1
−→ H2(G,S∗)→ H2(G,L∗)→ H2(G,PrinS) δ 2

−→ H3(G,S∗)→ H3(G,L∗)

By the above computations and Hilbert’s Theorem 90, (55) reduces to

(56) 1→ R∗→ K∗→ PrinS δ 0
−→ H1(G,S∗)→ 〈1〉

〈1〉 δ 1
−→ H2(G,S∗)→ H2(G,L∗)→ H2(G,PrinS) δ 2

−→ H3(G,S∗)→ 〈1〉

The kernel of δ 0 is PrinR, so H1(G,S∗) is isomorphic to the cokernel of ψ , hence is a cyclic
group of order n. Using (54) and the fact that δ 2 is onto implies δ 2 is an isomorphism. The
lemma follows from (56). �

Lemma 4.19. Let T , A, G, V , U be as in the first paragraph of Section 4.4. Then the group

(57)
⋂

Q∈SpecA,ht(Q)=1

H2(G,T ∗Q)

in Rim’s sequence (15) is equal to the relative reflexive Brauer group β (V/U). If U is
regular, then the group (57) is equal to the relative Brauer group B(V/U).
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Proof. For i = 1, . . . ,v, let Qi be the prime ideal in A corresponding to Mi. Then by
Lemma 4.18, H2(G,T ∗Qi

)→H2(G,L∗) is an isomorphism. It follows that the intersection in
(57) can be taken over U1, the set of primes in U of height 1. For x∈U1, let Ux = SpecOU,x
and Vx =Ux×V . By [4, Theorem A.15], the group in (57) is equal to⋂

x∈U1

H2(G,O∗(Vx)) =
⋂

x∈U1

B(Vx/Ux).

By [33, Theorem 5.3] we have

(58) β (U) =
⋂

x∈U1

B(Ux).

It follows from the functorial properties of β (·) (see [33, Proposition 3.2]) that β (V/U)⊆⋂
x∈U1

B(Vx/Ux). Conversely, by (58) we have
⋂

x∈U1
B(Vx/Ux)⊆ β (U). The natural maps

β (V )→ β (Vx)→ β (L)

are one-to-one, by [33, Proposition 5.1]. Therefore,
⋂

x∈U1
B(Vx/Ux) ⊆ β (V/U), which

implies the group in (57) is equal to β (V/U). If U is regular, then the natural map
B(V/U)→ β (V/U) is one-to-one [33, Theorem 5.1]. By Theorem 2.1, β (V/U) can be
identified with a subgroup of the kernel of H2(U,Gm)→ H2(V,Gm). By [21, Lemma 4, p.
165] [26, Proposition 3], this kernel is contained in B(V/U). �

Theorem 4.20. Let A, T , V , U, G be as in the first paragraph of Section 4.4. Assume Ureg
is a non-empty open subset of U. Then Rim’s exact sequence (15) is:

(59) 0→ Cl(T/A)
γ0−→ H1(G,T ∗)

γ1−→
v⊕

i=1

(Z/n)Li
γ2−→ Cl(T )G/Cl(A)

γ3−→ H2(G,T ∗)
γ4−→ B(Vreg/Ureg)

γ5−→ H1(G,Cl(T ))
γ6−→ H3(G,T ∗).

Proof. Since U is normal and integral, Ureg is dense and contains the points of codimension
one in U . The proof of Lemma 4.13 still applies, and the proof of Lemma 4.19 shows the
group in (57) is equal to B(Vreg/Ureg). �

5. APPLICATIONS TO ALGEBRAIC VARIETIES

The results of Sections 3 and 4 are applied to cyclic coverings of algebraic varieties.
The emphasis is on computing the homomorphism

(60) γ5 : B(S/R)→ H1(G,Cl(T ))

from the exact sequence (4) of Theorem 1.1. Throughout Section 5, k is a field in which
n is invertible, k contains ζ , a primitive nth root of unity, and k̄ is the algebraic closure of
k. We tacitly assume all abelian groups and exact sequences of groups are “modulo the
characteristic of k”.

5.1. A cyclic covering of a polynomial ring. In this section we consider a cyclic covering
of the polynomial ring A = Speck[x1, . . . ,xm] defined by a single equation of the form zn =
f , where f is an irreducible polynomial. To define f , start with a sequence of polynomials
f1, . . . , fν in A such that f = f1 f2 · · · fν +1 is irreducible in k̄[x1, . . . ,xm]. We always assume
ν ≥ 2 and each di = deg fi ≥ 1. Let T = A[z]/(zn− f ), R = A[ f−1] and S = R[z]/(zn− f ).
Since f is irreducible, an application of Eisenstein’s Criterion [14, Proposition 9.4.13]
shows T is an integral domain. The quotient field of A is K = k(x1, . . . ,xm) and that of
T is L = K[z]/(zn− f ). From the Jacobian and Serre’s Criteria [25, Theorem I.5.1 and
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Proposition II.8.23], we know that T̄ = T⊗k k̄ is normal. Since T → T⊗k k̄ is faithfully flat,
T is integrally closed in L [20, Proposition 6.10]. Let σ be the A-algebra automorphism
of T defined by σ(z) = ζ z. We will also view σ as an R-automorphism of S and K-
automorphism of L. The map π : SpecT → SpecA ramifies only over the irreducible closed
set F = Z( f ). Lying above F is the irreducible variety defined by z= 0 and the ramification
index is n. Since f and n are invertible in R, by Kummer Theory [38, § III.4, pp. 125-126],
S/R is Galois with group G = 〈σ〉. Since R is regular, so is S [38, Proposition I.3.17]. If
we set U = SpecR and V = SpecS, then we are in the context of Section 1.1.

Lemma 5.1. In the context of the previous paragraph, assume f1 and f2 are in k[x1, . . . ,xm],
f1 is irreducible, and f = f1 f2 +1 is irreducible in k̄[x1, . . . ,xm]. For any 0 ≤ j < n, con-
sider the ideal I = (ζ jz−1, f1) in T = k[x1, . . . ,xm]/(zn− f ). Then the following are true.
(a) I is a prime ideal in T of height one.
(b) I is an invertible fractional ideal of T in L, hence I represents a class in Pic(T ) ⊆

Cl(T ).
(c) Under the action of G = 〈σ〉 on Pic(T ), the norm of I is the principal ideal T f1. That

is, T f1 = Iσ(I) · · ·σn−1(I).

Proof. Since

(61)
T
I
∼=

k[x1, . . . ,xm,z]
(zn− f , f1,ζ jz−1)

∼=
k[x1, . . . ,xm]

( f1)

are k-algebra isomorphisms, we see that I is a prime ideal of height one in T . To prove
that I is an invertible fractional ideal of T in L, it suffices to show I is a rank one projective
T -module. Let m be a maximal ideal of T . It is enough to show that ITm is a principal
ideal. If m does not contain I, then ITm is the unit ideal. Assume I ⊆ m. Let m̄ be a
maximal ideal of T̄ = T ⊗k k̄ lying over m. The singular locus of Spec T̄ is contained in
the ramification divisor, which is the closed set lying over Z( f ) ⊆ Am. In the ring T , the
elements f and f1 generate the unit ideal. Therefore, f 6∈ m̄. Hence the local ring T̄m̄ is
a regular local ring. Then Cl(T̄m̄) = (0). Since Tm→ T̄m̄ is faithfully flat, it follows from
[20, Corollary 6.11] that ITm is a principal ideal.

The element (zn−1)(ζ jz−1)−1 is invertible in the discrete valuation ring TI . Therefore,
f1 is a local parameter for TI . Under the action of G on Div(T ) the automorphism σ maps
I to the ideal σ(I) = (ζ j+1z− 1, f1). We see that f1 is a local parameter for each of the
divisors σ j(I) and div( f1) = I+σ(I)+ · · ·+σn−1(I) in Div(T ). In other words, the norm
of I is the principal ideal T f1. �

Consider the ideal I = (z−1, f1) in the ring T . Lemma 5.1 shows the norm of I is equal
to T f1. Therefore we can construct the A-algebra Λ = ∆(T/A, I, f1) as in Definition 3.2.
By Corollary 3.10, the generic stalk of Λ is Λ⊗A K = (L/K,σ , f−1

1 ), which we identify
with the symbol algebra ( f , f−1

1 )n over K. By Theorem 3.13, Λ⊗A R is an Azumaya R-
algebra that is split by S. By Theorem 4.17, the homomorphism (60) maps the Brauer class
[Λ⊗A R] to the 1-cocycle in H1(G,Cl(T )) represented by the class of I. We have shown

Proposition 5.2. Assume f1, f2 are polynomials in k[x1, . . . ,xm], f1 is irreducible, and
the polynomial f = f1 f2 +1 is irreducible in k̄[x1, . . . ,xm]. Then in the above context, the
following are true.
(a) Λ⊗A R = ∆(T/A, I, f1)⊗A R is an Azumaya R-algebra split by S.
(b) In exact sequence (4) the Brauer class [Λ⊗A R] in B(S/R) is mapped by γ5 to the

1-cocycle in H1(G,Cl(T )) represented by the class of I.
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5.1.1. An application to algebraic surfaces. In Proposition 5.3 we derive sufficient condi-
tions on f1, f2 such that in Proposition 5.2, the Brauer class of Λ has order n in B(S/R). In
the usual way, embed A2

k̄ as an open subset of the projective plane P2
k̄ and let F∞ denote the

line at infinity.

Proposition 5.3. In the above context, assume f1, f2 are polynomials in k[x,y] satisfying
properties (A) – (D).

(A) f1 is irreducible in k[x,y].
(B) In P2

k̄ the curve Z( f1 f2) intersects F∞ in d1 +d2 distinct points, where di = deg fi ≥ 1.
(C) f = f1 f2 +1 is irreducible in k̄[x,y].
(D) gcd(d1,n) = 1, or gcd(d2,n) = 1.

Then for the ideal I = (z− 1, f1) in T , and the A-algebra Λ = (T/A, I, f1), the following
are true.

(a) The K-symbol algebra ( f , f1)n is a central division algebra that is split by L, hence
has index n and exponent n.

(b) The R-Azumaya algebra Λ⊗A R has order n in B(S/R).
(c) The class represented by the ideal I has order n in H1(G,ClT ).

Proposition 5.3 is proved utilizing the cycle space of the graph associated to a plane
curve. Before the proof, we review the definition.

Definition 5.4. Let Y be a reduced curve in P2
k̄ and write Y = Y1 ∪ ·· · ∪Ym, where the Yi

are the distinct irreducible components of Y . For each i let Ỹi → Yi be the normalization
and define Ỹ to be the disjoint union Ỹ1 ∪ ·· · ∪ Ỹm. There is a natural map π : Ỹ → Y . Let
P = {p1, . . . , ps} be the singular set of Y , and P̃ = π−1(P) = {q1 . . . ,qe}. The diagram

(62)

P̃ = {q1 . . . ,qe}
⊆−−−−→ Ỹ = Ỹ1∪·· ·∪ Ỹm

π

y yπ

P = {p1, . . . , ps}
⊆−−−−→ Y = Y1∪·· ·∪Ym

commutes. To the curve Y is associated a bipartite graph Γ(Y ) with vertex set {Ỹ1, . . . ,Ỹm}∪
{p1, . . . , ps} and edge set P̃. The edge q ∈ P̃ connects the vertex Ỹi ∈ Ỹ to the vertex
p j ∈ P if and only if q ∈ Ỹi and π(q) = p j. By [17, Corollary 1.3], modulo any tor-
sion that is divisible by the characteristic of k, there is an isomorphism of abelian groups
n B(P2−Y )→ H1(Ỹ ,Q/Z)⊕H1(Γ(Y ),Z/n). The element in the cycle space of Γ(Y ) as-
sociated to a symbol algebra can be computed using local intersection multiplicities [17,
Theorem 2.1]. Suppose Yi and Yj intersect at the point p with local intersection multiplicity
µ = (Fi,Fj)p. The definition simplifies if we assume Yi and Yj are both nonsingular at p,
which is true in the application below. Let fi and f j be local equations for the two curves
and consider the symbol algebra ( fi, f j)n over the field of rational functions on P2. Then

near the vertex p, the cycle in Γ corresponding to ( fi, f j)n looks like Fi
µ−→ p

−µ−−→ Fj.

Proof of Proposition 5.3. The diagram

(63)

B(R) −−−−→ B(R⊗k k̄)y y
B(k(x,y)) −−−−→ B(k̄(x,y))
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commutes. The ring R is a localization of k[x,y] in K = k(x,y), so the vertical arrows in
(63) are one-to-one. Part (b) follows from Proposition 5.2 and Part (a). The diagram

(64)

B(S/R)
γ5−−−−→ H1(G,Cl(T ))y y

B(S̄/R̄) −−−−→ H1(G,Cl(T ⊗k k̄))

commutes. By [19, Proposition 2.1], H2(G,(T ⊗k k̄)∗) = 〈1〉, hence by Theorem 1.1 the
arrow in the bottom row of (64) is one-to-one. Therefore (c) follows from Proposition 5.2
and (b). To prove (a), by (63) it is enough to show the symbol algebra ( f , f1)n has exponent
n in B(k̄(x,y)). For the remainder of the proof, we assume k is algebraically closed. For
i = 1,2, let Fi = Z( fi) be the projective plane curve in P2

k̄ defined by fi. If we write

(65) Fi ·F∞ = Qi1 + · · ·+Qidi ,

for i = 1,2, then the set {Qi j} contains d distinct points. Then

F ·F∞ =
2

∑
i=1

di

∑
j=1

Qi j, and

F ·Fi = dQi1 + · · ·+dQidi for i = 1,2.

(66)

The symbol algebra ( f , f1)n represents a Brauer class on the open complement of the curve
F+F1+F∞ in P2. We use [17, Theorem 2.1] to associate to ( f , f1) a cycle in the edge space
of the graph Γ(F +F1 +F∞). The edge weights are computed from the local intersection
multiplicities. From (65) and (66) we compute the weighted path in the graph Γ(F +F1 +
F∞) for the symbol algebra ( f , f1)n. The homology is computed with coefficients in Z/n.
The graph and edge weights are shown in Figure 1. Using hypotheses (B) and (D), one

•F∞

•Q11 . . . •Q1d1
•Q21 . . . •Q2d2

•F1

•F

0 0

−d2
d1

d1
−d2

d2

d2

−d1
−d1

FIGURE 1. The weighted path of ( f , f1)n in Proposition 5.3

checks that the cycle shown in Figure 1 has order n in H1(Γ,Z/n). This proves (a). �
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5.2. A cyclic extension ramified along an algebraic torus. Retain all of the notation
of Section 5. Moreover, assume the ground field k contains an element c such that the
polynomial xn− c is irreducible in k[x]. Let ν ≥ 2, A = k[x1, . . . ,xν ], and f = x1 · · ·xν + c.

In Section 5.2 we consider the ring T = A[z]/(zn− f ), which is a cyclic extension of A
with ramification locus the algebraic torus defined by f = 0. In the notation of Section 1.1,
let σ be the A-automorphism of T defined by σ(z) = ζ z, R = A[ f−1], S = T [z−1], K the
quotient field of A, and L the quotient field of T . In Proposition 5.5 we compute the
relative Brauer group term B(S/R) that appears in Theorem 1.1. In Section 5.2.1 we apply
Theorem 1.1 to the Galois extension T (θ)/T obtained by adjoining θ , an nth root of c in
k̄. In Section 5.2.2 we compute the Brauer groups of the varieties obtained by extending
the ground field to k̄.

Proposition 5.5. In the above context, let A = k[x1, . . . ,xν ], f = x1 · · ·xν +c. For the cyclic
extension T = A[z]/(zn− f ) over A, the following are true:
(a) T is a regular integral domain of dimension ν .
(b) We have

Hr(〈σ〉,T ∗) =


k∗ if r = 0,
k∗/(k∗)n if r > 0 is even,
µn = 〈ζ 〉 if r is odd.

(c) Pic(T ) = Cl(T ) = (0).
(d) The crossed product map H2(〈σ〉,T ∗) γ4−→ B(S/R) is an isomorphism.

Proof. The ramification divisor of the extension T/A is the nonsingular affine hypersurface
defined by x1 · · ·xν +c = 0. Since A is a regular integral domain of dimension ν , (a) is true.
Notice that (a) implies Pic(T ) = Cl(T ). Consider the homomorphism of k-algebras

(67) T [x−1
1 , . . . ,x−1

ν−1]→ k[x1, . . . ,xν−1,z][x−1
1 , . . . ,x−1

ν−1,z]

defined by the assignments x1 7→ x1, . . . , xν−1 7→ xν−1, xν 7→ (zn−c)(x1 · · ·xν−1)
−1, z 7→ z.

One checks that the map in (67) is an isomorphism. Since we assume zn− c is irreducible,

(68) T/(xi)∼=
k[x1, . . . ,xν ,z]
(xi,zn− c)

is an integral domain. Therefore, T xi is a minimal prime of T . The ring on the right hand
side of (67) is a localization of a polynomial ring, hence is factorial. The exact sequence
of Nagata is

(69) 〈1〉 → T ∗→ T [x−1
1 , . . . ,x−1

ν−1]
∗ div−→

ν−1⊕
i=1

Z(T xi)→ Cl(T )→ (0).

From (67), the group of units in T [x−1
1 , . . . ,x−1

ν−1] decomposes into the direct product k∗×
〈x1〉× · · ·× 〈xν−1〉. Hence in (69) the divisor map div is onto, T ∗ = k∗, and Cl(T ) = (0).
Since the group 〈σ〉 acts trivially on k∗, we get (b) from [43, Corollary 10.36]. The exact
sequence of Theorem 1.1 reduces to (d). �

5.2.1. The torus under a cyclic extension of the ground field. In the context of Section 5.2,
let θ be a root of zn− c in k̄. By Kummer theory, k(θ)/k is a cyclic Galois extension of
fields with group Autk k(θ) = 〈τ〉 where τ(θ) = ζ−1θ . Let A(θ) = A⊗k k(θ), T (θ) =
T ⊗k k(θ), R(θ) = A(θ)[ f−1], S(θ) = T (θ)[z−1]. We are in the context of Theorem 1.1.

Lemma 5.6. In the above context,
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(a) T (θ) is a regular integral domain of dimension ν .
(b) T (θ)∗ = k(θ)∗,

Hr(〈σ〉,T (θ)∗) =


k(θ)∗ if r = 0,
k(θ)∗/(k(θ)∗)n if r > 0 is even,
µn = 〈ζ 〉 if r is odd,

and

Hr(〈τ〉,T (θ)∗) =


k∗ if r = 0,
B(k(θ)/k) if r > 0 is even,
〈1〉 if r is odd.

(c) For 1 ≤ i < ν and 0 ≤ j < n, define the ideal Ii, j = (xi,ζ
jz− θ) in T (θ). Then

Pic(T (θ)) = Cl(T (θ)) is a free Z-module of rank (n− 1)(ν − 1) generated by the
classes of the ideals Ii, j, 1≤ i < ν , 0≤ j < ν−1.

(d)

Hr(〈σ〉,Cl(T (θ))) =

{
(0) if r is even,⊕

ν−1
i=1 Z/n[Ii,0]∼= (Z/n)ν−1 if r is odd,

and

Hr(〈τ〉,Cl(T (θ))) =

{
(0) if r is even,⊕

ν−1
i=1 Z/n[Ii,0]∼= (Z/n)ν−1 if r is odd.

(e) There is an exact sequence

〈0〉 → B(k(θ)/k)→ B(T (θ)/T )
γ5−→ H1(〈τ〉,Cl(T (θ)))→ (0)

of abelian groups. In particular, if k is algebraically closed, γ5 is an isomorphism.
(f) There is an exact sequence

〈1〉 → H2(〈σ〉,T (θ)∗) γ4−→ B(S(θ)/R(θ))
γ5−→ H1(〈σ〉,Cl(T (θ)))→ (0)

of abelian groups. In particular, if k is algebraically closed, γ5 is an isomorphism.

Proof. Part (a) is proved in Proposition 5.5, which also proves Pic(T (θ)) = Cl(T (θ)). By
(67), T (θ)[(x1 · · ·xν−1)

−1] is factorial. Therefore, the class group of T (θ) is generated by
the minimal prime ideals of x1 · · ·xν−1. Notice that τ j(Ii,0) = (xi,ζ

jz−θ) = Ii, j, which is
also equal to σ j(Ii,0). By Lemma 5.1,

divT (θ)(xi) = Ii,0 + τ(Ii,0)+ · · ·+ τ
n−1(Ii,0)

= Ii,0 +σ(Ii,0)+ · · ·+σ
n−1(Ii,0).

(70)

The exact sequence of Nagata is

(71) 〈1〉 → T (θ)∗→ T (θ)[x−1
1 , . . . ,x−1

ν−1]
∗ div−→

ν−1⊕
i=1

n−1⊕
j=0

ZIi, j→ Cl(T (θ))→ (0).

From (67), the group of units in T (θ)[x−1
1 , . . . ,x−1

ν−1] decomposes into the direct product
k(θ)∗×〈x1〉× · · ·× 〈xν−1〉. On generators, the map div of (71) is given by the formulas
in (70). It follows that the kernel of div is the group k(θ)∗, from which (b) follows using
[43, Theorem 10.35]. It follows from (71) that Cl(T (θ)) is a free Z-module of rank (n−
1)(ν−1) generated by the classes of the ideals Ii, j, 1 ≤ i < ν , 0 ≤ j < ν−1. This is (c).
Given the actions of τ and σ on generators, one computes (d) using [43, Theorem 10.35].
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As mentioned above, the height one prime ideal Ii,0 is a projective T (θ)-module of
rank one. By (70), Ii,0τ(Ii,0) · · ·τn−1(Ii,0) = T (θ)xi is principal. As in Definition 3.2, let
Λi = ∆(T (θ)/T, Ii,0,xi). For the cyclic Galois extension T (θ)/T , we are in the context
of Theorem 1.1 with U = SpecT . Therefore, Λi is an Azumaya T -algebra that is split
by T (θ). Under the map γ5 in Theorem 1.1, the Brauer class of Λi is mapped to the 1-
cocycle represented by Ii,0. This proves (e). Part (f) is similar, using the A(θ)-algebras
∆(T (θ)/A(θ), Ii,0,xi). �

By Lemma 5.6 (e), the Azumaya algebras Λi generate a subgroup of B(T ) of order nν−1.
The ramification locus of SpecT → Aν = SpecA is the closed set F defined by z = 0. The
closed immersion F → SpecT is induced by the natural map

(72) η : T → T/(z)∼=
k[x1, . . . ,xν ]

(x1 · · ·xν + c)
∼= k[x1, . . . ,xν−1][x−1

1 , . . . ,x−1
ν−1].

The coordinate ring of F is the ring on the right hand side of (72). Then F is Tν−1, the ν−1-
dimensional algebraic torus. In Proposition 5.7 we prove that the Azumaya T -algebras Λi
restrict to nontrivial Azumaya OF -algebras.

Proposition 5.7. Under the natural map

(73) B(η) : B(T )→ B(F).

the images of the Azumaya T -algebras Λi generate a subgroup of B(F) of order nν−1.

Proof. Under the map η , the ideal Ii,0 is mapped to Ii,0⊗T T/(z), which is the principal
ideal generated by xi. Therefore, using Definition 3.2, we see that Λi⊗T T/(z) is equal
to the cyclic crossed product algebra (Tν−1(θ)/Tν−1,τ,x−1

i ). The Brauer group of the
algebraic torus is computed in [27, Corollary 2.6] to be

(74) B(Tν−1)∼= B(k)⊕

(
ν−1⊕
i=1

H1(k,Q/Z)

)
⊕ (Q/Z)(

ν−1
2 ) .

In the description of B(Tν−1) in (74), the Azumaya algebras Λi⊗T T/(z) represent classes
in
⊕

ν−1
i=1 H1(k,Q/Z), and they generate a subgroup of order nν−1. �

Now assume n= ν . Then X = Z(zν−x1 · · ·xν−cxν
0 ) is a normal projective hypersurface

in Pν+1
k(θ) = Projk(θ)[x0,x1, . . . ,xν ,z]. Sending z 7→ 0 defines a morphism π : X→ Pν which

agrees with SpecT (θ)→ SpecA(θ) on the open set x0 6= 0. The action of σ on X is
σ(z) = ζ z. Let C = Z(zν−x1 · · ·xν) be the hyperplane section of X defined by x0 = 0. Then
C → Projk(θ)[x1, . . . ,xν ] is a cyclic covering of degree ν that ramifies at the ν distinct
hyperplanes xi = 0. Thus C is a hypersurface in Projk(θ)[x1, . . . ,xν ,z] and the singular
locus of C corresponds to the singular locus of Z(x1 · · ·xν) ⊆ Pν−1. The open subset of C
where z 6= 0 is an algebraic torus of dimension ν−1, and has affine coordinate ring Tν−1.
It follows that k is integrally closed in O(C). Proposition 5.8 shows that ∆(T (θ)/T, Ii,0,xi)
has nontrivial ramification along the divisor C. Moreover, the ramification along C depends
on c, but not on i.

Proposition 5.8. In the above context, the following are true.
(a) Λi = ∆(T (θ)/T, Ii,0,xi) is an Azumaya T -algebra,
(b) Λi is split by T (θ), and
(c) Λi has exponent ν in B(T ).
(d) For each i 6= j, Λi⊗Λo

j is unramified at every prime divisor of X.
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Proof. The generic stalk of Λi is the L-symbol algebra (xi,c)ν . The ramification of (xi,c)ν

along the divisor C corresponds to the cyclic Galois extension C×Speck(θ)→C. Since k
is integrally closed in O(C), this Galois extension has order ν in H1(C,Z/ν). This implies
(xi,c)ν is an L-central division algebra with exponent ν in B(L). Under the ramification
map

(75) ramC : B(L)→ H1(K(C),Z/ν),

the subgroup generated by the Brauer classes of Λ1, . . . , Λν is mapped to a cyclic group.
Therefore, the Azumaya T -algebras Λi⊗Λo

j are unramified at every prime divisor of X . �

Remark 5.9. Let H denote the subgroup of B(T ) of order νν−2 generated by the algebra
classes described in Proposition 5.8 (d). The variety X is normal, but has singularities. The
singular locus of X corresponds to the singular locus of the set z = x0 = x1 · · ·xν = 0. By
[44, Theorem 10.3], H is a subgroup of

⋂
x∈X1

B(OX ,x), where X1 denotes the set of points
of codimension one. By [33, Theorem 5.3], H is a subgroup of the image of the natural
map β (X)→B(L). As of this writing, it is unknown whether H is a subgroup of the image
of the natural map B(X)→ B(L).

5.2.2. The torus over an algebraically closed field. Throughout Section 5.2.2, retain the
notation of Section 5.2. Additionally assume the ground field k is algebraically closed.

Lemma 5.10. Let θ ∈ k be a root of xn − c. Let S = R[z]/(zn − f ), and Ii,0 the ideal
generated by (xi,z−θ) in S. Then

(a) B(R) is isomorphic to a direct sum of ν−1 copies of Q/Z.
(b) n B(R) is isomorphic to the direct sum of ν−1 copies of Z/n.
(c) n B(R) = B(S/R) is generated by the Azumaya algebras ∆(S/R, Ii,0,xi).

Proof. Let F = Z( f ) ⊆ SpecA. By (72), F is isomorphic to Tν−1, the ν − 1-dimensional
algebraic torus. Using [16, Theorem 1], for example, there is an exact sequence

(76) 0→ B(A)→ B(R) a−→ H1(F,Q/Z)→ H3(A,Q/Z).

Since k is algebraically closed, the map a is an isomorphism. By [27], H1(F,Q/Z) is
isomorphic to a direct sum of ν−1 copies of Q/Z. This proves (a) and (b). By Lemma 5.6,
B(S/R) is isomorphic to a direct sum of ν − 1 copies of Z/n, and is generated by the
Azumaya R-algebras Ai = ∆(S/R, Ii,0,xi), which is (c). �

Lemma 5.11. Let S = R[z]/(zn− f ). Then d B(S) is isomorphic to the direct sum of ν−1
copies of Z/d. Viewing d B(S) as a subgroup of B(L), a basis consists of the symbol
algebras {(xi,z)d | 1≤ i < ν}.

Proof. Let Y be the closed subset of SpecS where x1 · · ·xν−1 = 0. The assignment xν 7→
(zn− c)/(x1 · · ·xν−1) induces

(77) S[(x1 · · ·xν−1)
−1]∼= k[x1, . . . ,xν−1,z][(x1 · · ·xν−1z)−1]

which is an isomorphism of k-algebras. By (77) we know SpecS−Y is isomorphic to Tν ,
the algebraic torus of dimension ν over k. From [27] for instance, d B(Tν) is a free Z/d-
module of rank

(
ν

2

)
. A basis for d B(Tν) consists of the Brauer classes represented by the

symbol algebras (xi,x j)d ,(xi,z)d , where 1 ≤ i, j ≤ ν − 1. By [16, Theorem 1] there is an
exact sequence

(78) 0→ B(S)→ B(Tν)
a−→ H3

Y (S,Q/Z)
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of cohomology with supports in Y . Let σY denote the singular locus of Y , and σ2Y the
singular locus of σY . By [16, Theorem 1] there is an exact sequence

(79) 0→ H3
Y (S,Z/d)→ H1(Y −σY,Z/d)→ H0(σY −σ

2Y,Z/d).

The set Y−σY is the disjoint union of n(ν−1) copies of Tν−1. Using (79), the ramification
map a can be computed on the basis for d B(Tν). The kernel of a in (78) is the subgroup
generated by {(xi,z)d | 1≤ i < ν , 0 < d}. The details are left to the interested reader. �

Proposition 5.12. There is an exact sequence

0→ B(S/R)→ B(R) res−→ B(S)→ 0

of abelian groups. As abstract groups, B(R)∼= B(S)∼= (Q/Z)ν−1 and res is the “multipli-
cation by n” map.

Proof. This follows from Lemma 5.10 and Lemma 5.11. �

Proposition 5.13. In the context of Section 5.2.2, B(T ) = (0).

Proof. The ramification divisor F is defined by the prime ideal of T generated by z. By
(72), F is an ν−1-dimensional torus. By [16, Theorem 1] there is a commutative diagram

(80)

0 −−−−→ B(A) −−−−→ B(R) a−−−−→ H1(F,µ) −−−−→ 0y yρ

yσ

0 −−−−→ B(T ) −−−−→ B(S) b−−−−→ H1(F,µ)

with exact rows. As in (76), a is an isomorphism and H1(F,µ) is a divisible group. The
ramification index at F is n, so σ is “multiplication by n” [44, Theorem 10.4]. Therefore σ

is onto, and the kernel of σ is a group isomorphic to (Z/n)ν−1. By Lemma 5.6, the kernel
of ρ is isomorphic to the kernel of σ . By Proposition 5.12, ρ is onto. The Snake Lemma
implies B(T ) = (0). �

5.3. An application to a cubic surface. The reader is referred to [25, Section V.4] and
[37] for background material on cubic surfaces. We retain the notation of Section 5, with
n = 3. Additionally, assume 6 is invertible in k, and k contains ζ , a primitive cube root
of unity. Let f be an irreducible cubic polynomial in k[x1,x2]. Let P2 = Projk[x0,x1,x2].
Let f ∗ denote the homogenization of f with respect to x0. Let F = Z( f ∗). Let F0 = Z(x0)
be the line at infinity. Assume F intersects F0 in three distinct points, Q0,Q1,Q2. Let X
be the irreducible cubic surface in P3 defined by x3

3 = f ∗. So π : X → P2 is a cyclic triple
cover ramified along F . We consider the affine portion of this cover where x0 6= 0. In
the notation of Section 1.1, let A = k[x1,x2], T = A[x3]/(x3− f ), R = A[ f−1], S = T [ f−1].
Let σ be the A-automorphism of T defined by σ(z) = ζ z and let G = 〈σ〉. Assume the
curve F is nonsingular, so the ring T is regular. Then PicT = Cl(T ). Also assume that the
field k is large enough so that X contains the 27 lines. The ramification divisor has only one
component, which will be denoted F̃ . Theorem 1.1 applies, with ν = 1. In Proposition 5.14
we compute all of the terms and homomorphisms in the exact sequence (4) of Theorem 1.1
for the ramified cyclic covering T/A.

Proposition 5.14. In the above context, the following are true for the groups and homo-
morphisms appearing in the exact sequence of Theorem 1.1.

(a) Cl(T )∼= Z(6).
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(b) We have

Hr(G,Cl(T ))∼=

{
Z/3⊕Z/3⊕Z/3 if r is odd,
(0) if r is even.

(c) γ1 : H1(G,T ∗)∼= (Z/n)F̃ is an isomorphism.
(d) If k′ is the integral closure of k in T , then

H2(G,T ∗) =

{
k∗/(k∗)3 if k′ = k,
B(k′/k) if k′ 6= k.

(e) The sequence of abelian groups

0→ H2(G,T ∗)
γ4−→ B(S/R)

γ5−→ H1(G,Cl(T ))→ 0

is split exact.

Proof. Because A is factorial, Cl(A) = (0), hence γ0 = 0 and the sequence (4) simplifies to

(81) 0
γ0−→ H1(G,T ∗)

γ1−→ (Z/n)F̃
γ2−→ Cl(T )G γ3−→

H2(G,T ∗)
γ4−→ B(S/R)

γ5−→ H1(G,Cl(T ))
γ6−→ H3(G,T ∗).

The hyperplane section of X where x0 = 0 is the plane cubic curve C defined by x3
3 =

f (0,x1,x2). The covering C→ P1 ramifies at the three distinct points Q0,Q1,Q2, so C is
nonsingular. Since C is irreducible, the sequence

(82) 1→ O∗(X)→ O∗(T )→ ZC→ Cl(X)→ Cl(T )→ 0

is exact. The hyperplane section C generates a direct summand of Cl(X). By our assump-
tions, we know Cl(X) ∼= Z7. This implies Cl(T ) is isomorphic to Z6 and is generated by
the classes of the 27 lines. The group G = 〈σ〉 acts on Cl(T ) without fixed points, so
Cl(T )G = (0). Hence γ2 = γ3 = 0, and γ1 is an isomorphism. By Lemma 4.2 we know γ1 is
defined by ζ 7→ F̃ . By the structure theory for modules over a cyclic group of prime order
[11, Section 74] we know Cl(T ) is a direct sum of three indecomposable G-submodules
and H1(G,Cl(T )) ∼= Z/3⊕Z/3⊕Z/3. Pick any of the lines on X and let I be the corre-
sponding prime ideal in T . Then Iσ(I)σ2(I) is a principal ideal of the form T g, for some
g ∈ A. By Lemma 4.7 we know γ6 = 0. The affine curve Z(g) in A2 is a line which is
tangent to F at one of the nine flex points. We construct the A-algebra Λ = ∆(T/A, I,g)
as in Definition 3.2. Let K and L denote the quotient fields of A and T respectively. By
Corollary 3.10, the generic stalk of Λ is Λ⊗A K = (L/K,σ ,g−1), which we identify with
the symbol algebra ( f ,g−1)3 over K. By Theorem 3.13, Λ⊗A R is an Azumaya R-algebra
that is split by S. By Theorem 4.17, the homomorphism γ5 maps the Brauer class [Λ⊗A R]
to the 1-cocycle in H1(G,Cl(T )) represented by the class of I. We have shown that in (e)
the sequence is exact. Since R is regular, B(S/R)→ B(L/K) is one-to-one. It follows from
the crossed product theorem that B(L/K) is a Z/3-module. Therefore the sequence in (e)
is a split exact sequence of Z/3-modules. Eq. (82) implies O∗(X) = O∗(T ). By [25, The-
orem I.3.4], O∗(X) is equal to the group of units in k′, the algebraic closure of k in T . Then
H2(G,T ∗) is isomorphic to the cokernel of the norm map N : (k′)∗→ k∗, Since (k′)G = k,
if k′ 6= k, then k′/k is a Galois extension with group G. Then H2(G,T ∗)∼= B(k′/k), and γ4,
which is described in Lemma 3.16, is induced by the natural map B(k)→B(R). Otherwise,
k = k′, G acts trivially on k∗, and H2(G,T ∗)∼= k∗/(k∗)3. �
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5.3.1. A finite extension of the ground field. Retain the notation of Section 5.3. In Sec-
tion 5.3.1, assume k contains an element c such that x3− c is irreducible in k[x]. Let θ be
a root of z3− c in k̄.

In this section, we consider the ring T which is the coordinate ring of the affine cubic
surface over k defined by z3 = f , where f = y3− x3 + c. For the cubic extension T →
T ⊗k k(θ), we compute the homomorphism γ5 appearing in Theorem 1.1. If X denotes
the nonsingular projective surface in P3 defined by z3 = y3− x3 + cw3, then computations
involving the Brauer group of X can be found, for example, in [9, Proposition 2.1] and [37,
Example 45.3]. As shown in [36], the so-called Brauer-Manin obstruction to the Hasse
Principle depends on computing the kernel B(X)→ B(X×k k̄).

The coordinate ring of the affine surface is T = A[z]/(z3− f ). Set R = A[ f−1], T =
A[z]/(zn− f ), S = T [ f−1]. Set R(θ) = R⊗k k(θ), T (θ) = T ⊗k k(θ), S(θ) = S⊗k k(θ). By
Kummer theory, k(θ)/k is a cyclic Galois extension of fields with group Autk k(θ) = 〈τ〉
where τ(θ) = ζ−1θ . Set A = k[x,y], A(θ) = k(θ)[x,y]. Then T (θ)/T is a Galois extension
with group 〈τ〉. Let σ be the A-automorphism of T defined by σ(z) = ζ z. In T (θ) the 27
height one prime ideals

(83) (z−ζ
i
θ ,y−ζ

jx), (z−ζ
iy,x−ζ

j
θ), (z+ζ

ix,y+ζ
j
θ)

define the 27 lines on the cubic surface. By Lemma 5.1 each of the prime ideals in (83) is
invertible. Compute the principal divisors

div(z−ζ
iy) = (z−ζ

iy,x−θ)+(z−ζ
iy,x−ζ θ)+(z−ζ

iy,x−ζ
2
θ)

div(z+ζ
ix) = (z+ζ

iy,y+θ)+(z+ζ
iy,y+ζ θ)+(z+ζ

iy,y+ζ
2
θ)

div(y−ζ
ix) = (y−ζ

ix,z−θ)+(y−ζ
ix,z−ζ θ)+(y−ζ

ix,z−ζ
2
θ)

(84)

We know from Proposition 5.14 that PicT (θ) ∼= Z6 is spanned by the 27 lines. It is clear
that τ acts on PicT (θ) without fixed points. This implies H1(〈τ〉,PicT (θ))∼=Z/3⊕Z/3⊕
Z/3. Let I be any of the ideals in (83). Then by (84) we have N(I) = div(g) for some
g ∈ T . Then we construct the T -algebra Λ = ∆(T (θ)/T, I,g) as in Definition 3.2. We are
in the context of Theorem 1.1 with v = 0. Therefore, U = SpecT , and by Theorem 3.13,
∆(T (θ)/T, I,g) is an Azumaya T -algebra that is split by T (θ). In Proposition 5.15 we
use the well known structure of the group Cl(T (θ)) to compute the relative Brauer group
B(T (θ)/T ).

Proposition 5.15. If T is the affine coordinate ring of the surface defined by z3 = y3−x3+
c, then in the above context, the following are true.

(a) The generalized cyclic crossed product algebras ∆(T (θ)/T, I,g) generate a subgroup
of B(T (θ)/T ) of order 27, where I runs through the set of ideals appearing in (83).

(b) If X is the nonsingular projective surface in P3 defined by z3 = y3− x3 + cw3, then the
kernel of B(X)→ B(X× k(θ)) contains a subgroup isomorphic to Z/3⊕Z/3.

Proof. By Theorem 4.17, the homomorphism γ5 maps the Brauer class [Λ] to the 1-cocycle
in H1(〈τ〉,PicT (θ)) represented by the class of I. We have shown that the sequence

(85) 0→ H2(〈τ〉,T ∗) γ4−→ B(T (θ)/T )
γ5−→ H1(〈τ〉,PicT (θ))→ 0

is exact. Each group in (85) is a Z/3-module, so the sequence is split exact. This proves
(a). The map γ4 is described in Lemma 3.16. Let L and L(θ) denote the quotient fields of
T and T (θ) respectively. By Corollary 3.10, the generic stalk of Λ = ∆(T (θ)/T, I,g) is
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Λ⊗T L = (L(θ)/L,τ,g−1), which we identify with the symbol algebra (g,c)3 over L. The
ramification map [44, Chapter 10]

(86) ramC : B(L)→ H1(K(C),Q/Z)

sends the symbol algebra (g,c)3 to the cubic extension of C defined by adjoining θ . There-
fore, under ramC the group of order 27 described in (a) is mapped to a group of order 3. In
the exact sequence

(87) 0→ B(X)
η−→ B(T ) a−→ H1(C,Q/Z)

of [17, Corollary 1.3], the homomorphism a agrees with ramC. Therefore, the image of the
natural map η contains a subgroup of B(T (θ)/T ) of order 32. �

5.4. A ring of multiplicative invariants. Let k be a field in which 2 is invertible. In this
section we consider the singular affine surface defined by z2 = (x2− 4)(y2− 4). Let f =
(x2−4)(y2−4)∈A= k[x,y]. The affine coordinate ring of the surface is T =A[z]/(z2− f ).
Let

T2 = k[x,y,u,v]/(u2− (x2−4),v2− (y2−4)),

which we view as a double cover of T , by the identification z 7→ uv. Then T2 is a ramified
extension of A = k[x,y] of degree four. Let ρ1,ρ2 be the k-algebra automorphisms of T2
defined by ρ1(u) =−u, ρ1(v) = v, ρ2(u) = u, ρ2(v) =−v. So A is the subring of T2 fixed
by the group 〈ρ1,ρ2〉, and T is the subring fixed by 〈ρ〉, where ρ = ρ1ρ2. We denote by
k[s, t,s−1, t−1] the affine coordinate ring of the 2-dimensional algebraic torus over k. The
assignments

(88) x 7→ s+ s−1, y 7→ t + t−1, u 7→ s− s−1, v 7→ t− t−1

define a k-algebra isomorphism T2→ k[s, t,s−1, t−1]. The diagram of k-algebras

(89)

T2 =
k[x,y,u,v]

(u2−(x2−4),v2−(y2−4))
u7→s−s−1
−−−−−→
v7→t−t−1

k[s, t,s−1, t−1]x x
T = k[x,y,z]

(z2−(x2−4)(y2−4))
z 7→(s−s−1)(t−t−1)−−−−−−−−−−→ k[s+ s−1, t + t−1,(s− s−1)(t− t−1)]x x

A = k[x,y] x 7→s+s−1
−−−−−→
y7→t+t−1

k[s+ s−1, t + t−1]

commutes. The horizontal arrows in (89) are induced by (88), the vertical arrows by set
containment.

In Proposition 5.16 we compute all of the terms appearing in the exact sequence of
Theorem 1.1, for the ramified cyclic extension T2/T . In Proposition 5.18 we do the same
for the ramified cyclic extension T/A. In Theorem 5.22, assuming the ground field k is
algebraically closed, we compute the abelian groups and homomorphisms when the Brauer
group functor is applied to (89).

5.4.1. A cyclic quotient of an algebraic torus. In the context of Section 5.4, the singular
locus of SpecT corresponds to the four singular points on the affine plane curve (x2−
4)(y2−4) = 0. Enumerate these four points P1, P2, P3, P4.
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Proposition 5.16. In the context of Section 5.4, the quadratic extension T2/T satisfies the
hypotheses of Theorem 1.1, with ν = 0. If U2 = SpecT −{P1,P2,P3,P4} is the complement
of the four singular points, and V2 the open in SpecT2 lying over U, then V2 → U2 is
Galois with group 〈ρ〉. The exact sequence (4) of Theorem 1.1 degenerates into the two
isomorphisms:

γ0 : Cl(T )∼= H1(〈ρ〉,T ∗2 )∼= Z/2⊕Z/2⊕Z/2

γ4 : H2(〈ρ〉,T ∗2 )∼=
k∗

(k∗)2
∼= B(V2/U2).

(90)

In particular, if k is closed under taking square roots, then B(V2/U2) = (0).

Proof. We remark that some of the computations below follow from [35]. For example,
[35, Example 2.7 (1)] shows Cl(T )∼= (Z/2)(3).

Using the isomorphism (88) we identify T2 = k[s, t,s−1, t−1]. The quotient field of T2 is
generated over K = k(x,y) by s and t. One checks that the minimal polynomial of s over K
is Irr.polyK(s) = w2−xw+1 and that of t is Irr.polyK(t) = w2−yw+1. From this we see
that the only height one primes of T2 that ramify over A are the minimal primes containing
the image of z2 = f = (x2−4)(y2−4). The ring T2 is factorial and one checks using (88)
that

divT (z) = (z,x−2)T +(z,x+2)T +(z,y−2)T +(z,y+2)T,(91)

divT2(z) = (s−1)T2 +(s+1)T2 +(t−1)T2 +(t +1)T2.(92)

Each prime appearing in the right hand side of (92) is principal and has ramification index 2
over A. Combining these results we find that for each minimal prime of T2, the ramification
index over T is one. The extension T2/T satisfies the hypotheses of Theorem 1.1, with
ν = 0. Therefore, γ1 = γ2 = 0 and γ0 : Cl(T2/T )∼= H1(〈ρ〉,T ∗2 ) is an isomorphism. Since
Cl(T2) = Cl(k) = (0), the maps γ3, γ5, and γ6 are all equal to 0. The group of units of T2 is
equal to k∗×〈s〉×〈t〉. Since ρ acts trivially on k,

(93) Hi(〈ρ〉,T ∗2 )∼=


k∗ if i = 0,
〈−1〉× 〈s〉

〈s2〉 ×
〈t〉
〈t2〉 if i is odd,

k∗
(k∗)2 if i > 0 is even.

To complete the proof, we show that V2→U2 is the largest open for which the covering
is étale. We know that over the complement of the four lines (x2−4)(y2−4) = 0, T2/A is
Galois with group 〈ρ1,ρ2〉. To prove V2 →U2 is Galois, it suffices to prove Oπ(p)→ Op
is étale for an arbitrary point p ∈U2 that is on one of the four lines but not on the other
three. It suffices to prove this when k is algebraically closed [38, Proposition I.3.2], so we
extend the ground field to k̄, an algebraic closure of k. By symmetry, assume the point p is
on the line x = 2. Look at one of the maximal ideals of T containing x−2. For instance,
m= (x−2,y−b,z). The maximal ideals of T2 containing m look like n1 = (s−1, t−b1),
n2 = (s− 1, t− b2) where b1 = b2 if and only if b = ±2. Assume b1 6= b2. Then in the
local ring (T2)n1 , (s+1)(t2−1)(st)−1 is invertible, so any ideal containing m also contains
(s−1, t−b1). This proves that the local ring (T2)n1 is unramified over Tm. Moreover, the
residue field T2/n1 is isomorphic to k̄. Therefore, (T2)n1 is étale over Tm. One checks that
if b =±2, then m⊆ n2

1, hence Tm→ (T2)n1 is ramified. �

Proposition 5.17. In the context of Section 5.4, the following are true.
(a) T ∗ = k∗.
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(b) Cl(T )∼= (Z/2)(3) is generated by the four divisors I1, I2, I3, I4 appearing on the right
hand side of (91) subject to the relations 2Ii ∼ 0, I1 + I2 + I3 + I4 ∼ 0.

Proof. Part (a) follows from (93). As in (92), the ideal zT +(x+2)T is equal to (s+1)T2.
By Lemma 4.2, the map γ0 in (90) maps the class of (z,x+2) to the 1-cocycle ρ(s+1)(s+
1)−1 which one checks is equal to s−1. Similarly, γ0 sends (z,x−2) to −s−1, and (z,y+2)
to t−1. Using (93) and the isomorphism γ0 in (90), we find that Cl(T ) is generated by
the four ideals Ii appearing on the right hand side of (91), subject to the relations 2Ii ∼ T ,
I1 + I2 + I3 + I4 ∼ T . This gives (b). �

5.4.2. The ring of multiplicative invariants as a double plane. Retain the notation of Sec-
tion 5.4. Let L1, L2, L3, L4 be the four lines on the surface z2 = f defined by the four ideals
(z,x±2), (z,y±2), in no particular order. The ramification divisor of T/A consists of the
minimal prime ideals of T containing z. Each of the primes appearing in the right hand
side of (91) has ramification index 2 over A. Let σ be the A-automorphism of T defined by
σ(z) =−z.

Proposition 5.18. In the above context, the ramified quadratic extension T/A satisfies
the hypotheses of Theorem 1.1, with U = SpecR, V = SpecS, where R = A[ f−1], and
S = T [ f−1].

(a) Hi(〈σ〉,Cl(T ))∼= (Z/2)(3) for all i≥ 0.
(b) H1(〈σ〉,T ∗)∼= Z/2.

The exact sequence (4) of Theorem 1.1 breaks up into the two sequences

0
γ0−→ H1(〈σ〉,T ∗) γ1−→

4⊕
i=1

(Z/2)Li
γ2−→ Cl(T )

γ3−→ 0(94)

0→ H2(〈σ〉,T ∗) γ4−→ B(S/R)
γ5−→ H1(〈σ〉,Cl(T ))

γ6−→ 0(95)

each of which is split exact. If k is algebraically closed, then γ5 is an isomorphism and
B(S/R) is an elementary 2-group of rank 3.

Proof. By Proposition 5.17, we know Cl(T ) is generated by the ideals Ii appearing on the
right hand side of (91). Since σ(Ii) = Ii, σ fixes Cl(T ) element-wise. So H1(〈σ〉,Cl(T ))∼=
Cl(T )⊗Z/2 ∼= (Z/2)(3). Since Cl(A) = (0), we get the split exact sequence (94). In
particular, H1(〈σ〉,T ∗) = 〈−1〉 is cyclic. The norm of Ii is T : (T : Iiσ(Ii)) = T g where
g ∈ A is one of x±2, y±2. Therefore, we construct the A-algebra Λi = ∆(T/A, Ii,g) as in
Definition 3.2. Then Λi⊗A R is an Azumaya R-algebra split by S. In no particular order, the
four central simple algebras Λi⊗K are isomorphic to the K-symbol algebras (x± 2, f )2,
(y± 2, f )2. Using the method of [17, Corollary 1.3] which is reviewed in Definition 5.4,
one checks that the R-algebras Λi⊗A R generate a subgroup of B(S/R) of order 23. We
have shown that the sequence (95) is exact. If k is algebraically closed, then γ4 = 0 by [19,
Proposition 2.1]. �

Corollary 5.19. In the exact sequence of Corollary 2.4, the crossed product map

(96) α4 : H2(〈σ〉,S∗)→ B(S/R)

is an isomorphism. If k is algebraically closed, then B(S/R) is an elementary 2-group of
rank 3.
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Proof. The exact sequence of Nagata is

(97) 0→ T ∗→ S∗→
4⊕

i=1

ZLi→ Cl(T )→ Cl(S)→ 0

By Proposition 5.18, Cl(T ) is generated by the divisors L1, L2, L3, L4. Therefore, Cl(S) =
PicS = 0. �

5.4.3. Multiplicative invariants over an algebraically closed field. Retain all of the nota-
tion from Section 5.4, and additionally assume the ground field k is algebraically closed.

Lemma 5.20. In the above context, the following are true.
(a) The sequence of abelian groups

0→ B(L/T )→ B(T )→ B(U2)→ 0

is exact.
(b) PicT = 〈0〉.
(c) The kernel of the natural map B(T )→ B(U2) is equal to the relative Brauer group

B(L/T ), and is a cyclic group of order two.
(d) The groups B(L/T ) and B(T2/T ) are equal. In (90) the Brauer group term B(V2/U2)

is not equal to B(T2/T ).

Proof. Part (a) follows from [15, Corollary 3]. At each singular point Pi of X = SpecT , the
singularity is an ordinary double point of type A1. The class group of the local ring OX ,Pi

is isomorphic to Z/2, and is generated by the divisor of either of the two lines containing
Pi. In [12] it is shown that there is an exact sequence of abelian groups

(98) 0→ PicT → Cl(T )
χ−→

4⊕
i=1

Cl(OX ,Pi)→ B(T )→ B(L).

From the computation of Cl(T ) in Proposition 5.17, it follows that the map χ is one-to-
one, which proves (b). From Proposition 5.16, we know Cl(T ) is an elementary 2-group of
rank three, so the cokernel of χ has rank one. Therefore, there is an element of order 2 in
the relative Brauer group B(L/T ). Since B(T )→ B(L) factors through B(U2), (c) follows.
We remark that using [7, Proposition 1], one can also compute the relative Brauer group
B(L/T ) from a desingularization X̃ → X of X . The diagram

(99)

0 −−−−→ B(L/T ) −−−−→ B(T ) −−−−→ B(U2) −−−−→ 0y y yψ

0 −−−−→ B(T2)
φ−−−−→ B(V2) −−−−→ 0

commutes. By cohomological purity [24, Corollary 6.2],

(100) φ : B(T2)→ B(V2)

is an isomorphism. By Proposition 5.16, ψ is one-to-one. Part (d) follows from (99). �

Remark 5.21. As mentioned in Theorem 2.1, the natural map β (T )→ β (U2) = B(U2) is
one-to-one. Therefore, Lemma 5.20 implies that the Brauer group of T is not equal to the
reflexive Brauer group of T .

Theorem 5.22. In the context of Section 5.4.3, the following are true for the singular affine
surface X = SpecT in A3 defined by z2 = (x−4)2(y−4)2.
(a) 2 B(T ) is a cyclic group of order two and is equal to B(L/T ).
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(b) There is an exact sequence

0→ B(L/T )→ B(T ) res−→ B(T2)→ 0

of abelian groups. As abstract groups, B(T )∼= B(T2)∼=Q/Z and res is the “multipli-
cation by 2” map.

(c) res : B(U2)→ B(V2) is an isomorphism. Both groups are isomorphic to Q/Z.
(d) The corestriction map

cor : B(V2)→ B(U2)

is the “multiplication by 2” map. The kernel is the Brauer class in B(T2) = B(V2)
represented by the symbol algebra (s, t)2.

Proof. The fact that U2 is a regular surface implies

(101) Hi(U2,Gm) =


T ∗ = k∗ if i = 0,
Pic(U2) = Cl(T )∼= (Z/2)3 if i = 1,
B(U2) if i = 2,

where the i = 1 group is from Proposition 5.16. By (90), B(U2)→ B(V2) is one-to-one.
Both groups in (100) are isomorphic to Q/Z. Therefore, 2 B(V2) is a cyclic group of order
2, this shows 2 B(U2) is a cyclic group of order at most 2. For each i ≥ 1, the Kummer
sequence

(102) 0→ Hi−1(U2,Gm)⊗Z/2→ Hi(U2,µ2)→ 2 Hi(U2,Gm)→ 0

is a split exact sequence of Z/2-modules. From (101) and (102) we see that

(103) Hi(U2,µ2) =


µ2 ∼= Z/2 if i = 0,

2 PicU2 ∼= (Z/2)3 if i = 1,
(PicU2⊗Z/2)⊕ (2 B(U2))∼= (Z/2)b2(U2) if i = 2.

In (103), b2(U2) is equal to 3 or 4. Let P = P1 +P2 +P3 +P4 denote the singular locus of
X . Then

(104) Hi
P(X ,Gm) =


〈1〉 if i≤ 1,⊕4

j=1 ClOX ,Pj
∼= (Z/2)4 if i = 2,

〈0〉 if i = 3,

by [15]. It would be interesting to compute the i≥ 3 groups in (101), (103), and (104), but
they are not necessary for this proof. For each i≥ 1, the Kummer sequence

(105) 0→ Hi−1
P (X ,Gm)⊗Z/2→ Hi

P(X ,µ2)→ 2 Hi
P(X ,Gm)→ 0

is exact. Then

(106) Hi
P(X ,µ2)∼=

{
〈1〉 if i≤ 1,
(Z/2)4 if i = 2 or 3.

The long exact sequence of cohomology for X with supports in P and coefficients in µ2 is

(107) · · ·H1(X ,µ2)→ H1(U2,µ2)→ H2
P(X ,µ2)→ H2(X ,µ2)→

H2(U2,µ2)→ H3
P(X ,µ2)→ H3(X ,µ2)→ ··· .
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The groups in (107) are Z/2-modules. The groups Hi(X ,µ2) vanish for i ≥ 3 by [38,
Theorem VI.7.2]. By (107) and the computations made above, b2(U2) = 4. We have

(108) Hi(X ,µ2) =


µ2 ∼= Z/2 if i = 0,

2 PicX ∼= 〈0〉 if i = 1,

2 B(X)∼= (Z/2)b2(X) if i = 2,
〈0〉 if i≥ 3,

where the Picard group vanishes by Lemma 5.20. We compute b2(X) = 1 by substituting
into (107) the Z/2-modules that have been computed in (103), (108), and (106). We have
shown 2 B(X) is a cyclic group. By Lemma 5.20 the group B(L/T ) is cyclic of order 2.
This proves (a).

(b): The Brauer group of T2 is isomorphic to Q/Z. The symbols (s, t)n generate the
n-torsion subgroup. The action of ρ on B(T2) is induced by (s, t)n 7→ (s−1, t−1)n ∼ (s, t)n.
Therefore, ρ fixes B(T2) element-wise. By (90), the natural map B(U2)→B(V2) is one-to-
one. By [28, Theorem 1.4], 4B(V2)⊆B(U2). This and (100) imply B(U2)∼=B(V2)∼=Q/Z.
Parts (b) and (c) follow.

(d): The map res : B(U2) → B(V2) is one-to-one and onto, and the composite map
cor◦ res is the “multiplication by 2” map. It suffices to show that (s, t)2 is in the image
of res. Using the method of [17, Corollary 1.3] which is reviewed in Definition 5.4, one
computes 2 B(R)∼= (Z/2)(4). The Brauer classes represented by the K-algebras

(y2−4,x−2)2, (y2−4,x+2)2, (x2−4,y−2)2

make up a Z/2-basis for the image of α4 in (96). Consider the symbol algebra Λ = (x−
2,y− 2)2 over K = k(x,y). Then upon extension of scalars to k(s, t), the quotient field of
T2, we see

Λ⊗K k(s, t) =
(
(s−1)2

s
,
(t−1)2

t

)
2

∼ (s−1, t−1)2

∼ (s, t)2.

(109)

Under the natural map B(R)→B(S), the class of Λ = (x−2,y−2)2 maps to an element of
order 2. Since Λ⊗K L is unramified at every prime divisor of T , Λ⊗K L represents a class
in the image of B(U2)→ B(V2). �

Remark 5.23. It follows from Theorem 5.22 that the Brauer class represented by (u,v)2
in B(T2) is the image of an element of order 4 in B(T ).
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