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Abstract

A Heron triangle is one whose sides and area are integers.
While it is quite easy to construct Heron triangles by jogin
two integer right triangles along a common side, there ameeso
which cannot be so obtained. For example, the Heron triangle
(25,34, 39) has integer are&0 but no integer altitude. In this
talk, a systematic construction of such indecomposableider
triangles will be presented.



oW e

No o

9.

CONTENTS

Heron’s formula for the area of a triangle 1
Construction of primitive Heron triangles 14
Decomposability of primitive Heron triangles 17
Triple of simplifying factors (for the similarity class

of a Heron triangle) 19
Gaussian integers 23
Heron triangles and Gaussian integers 26
Construction of Heron triangles

with given simplifying factors 30
Decomposability of Heron triangles

in terms of triple of simplifying factors 33
Orthocentric Quadrangles and

triples of simplifying factors 37

10. Examples of indecomposable Heron triangles

as lattice triangle 42



Indecomposable Hereon triangles

1. Heron’sformulafor the area of atriangle

A =/s(s—a)(s—Db)(s—c),

wheres := 1(a + b+ c).
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o A\ =rs.

e From the similarity of trianglesl/Y and Al,Y”,
r o S—a
e S

e From the similarity of triangle§’1Y and/,CY”,
rere=(s—05)(s—c).
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From

we obtain

o \/<s—a><s—b><s—c>

S

A =+/s(s—a)(s—b)(s—c).

)
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Examples

(1)
a b cls s—al|ls—bls—c|A
345/6=2-3|3 2 1 2:-3=6

(2)

a b ¢ |s s—a |s—b|s—c JAN

13 14 15(21=3-7|8=2%|7 6=2-3/22.3.-7=84

(3)

a b ¢ |s s—a s—b s—c A

25 34 39[49=7?124=23.3]15=3-5[10=2-5[22-3-5-7 =420
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How can one construct Heron triangles?

(1) Putu = s—a,v =s—b,andw = s — c. Thens =
u—+v+w.

We require

wow(u +v +w) = 0.

(2) From three positive rational numbeis t-, t3 satisfying
tito + tots3 + t3t; = 1. (Section 2 below).
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(3) A more nédve approach is to put two integer right triangles
together along a common side:

(13,14, 15; 84) = (12,5, 13; 30) U (12,9, 15; 54).
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By joining 4(3,4,5) and(5, 12, 13) along the common side
12, we also get13, 20, 21; 126):

20

(13,20, 21: 126) = (12,5, 13; 30) U (12, 16, 20; 96).
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We may also cut out a small Pythagorean triangle from a
larger one. For example,

(11,13, 20;66) = (12,16, 20;96) \ (12,5, 13; 30).
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Does every Heron triangle arise in this way?

We say that a Heron triangle aeecomposable if it can be
obtained by joining two Pythagorean triangles along a commo
side, or by excising a Pythagorean triangle from a larger one

Clearly, a Heron triangle is decomposable if and only if & ha
aninteger height (which is not a side of the triangle).

The Heron trianglé€25, 34, 39; 420) is not decomposable be-
cause it does not have an integer height. Its heights are

840 168 840 420 840 280

25 5 34 177 39 13’
none an integer.
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This example was first obtained by Fitch Cheney.

W. F. Cheney, Heronian trianglesp&R. MATH. MONTHLY,
36 (1929) 22-28.

Cheney was perhaps more famous for his card trick described
in

Michael Kleber, The best card trick, HE MATHEMATICAL
INTELLIGENCER, 24 (2002) Number 1, 9-11.

Kleber wrote
[William Fitch Cheney, Jr.] was born in San Fran-
cisco in 1894, .... After receiving his B.A. and
M.A. from the University of Californiain 1916 and
1917, ...[iln 1927 he earned the first math Ph.D.
ever awarded by MIT. ... Fitch [taught] at the Uni-
versity of Hartford . . . until his death in 1974.
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Cheney’s second example of indecomposable Heron triangle:
(39,58, 95;456).

a b ¢ |s s—a s—b s—cl|A

39 58 95[96=2°-3[57=3-19[38=2-19|1 23.3-19 = 456

Heights:
304 456 48

137297 5
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Nowadays, it is much easier to do a computer search.

Smallest indecomposable Heron triangle:
(5,29,30;72).

a b c |s s—a s—bls—c| A
5 29 30(32=2°[271=3%]3 2 23.32 =172

Smallest indecomposablacute Heron triangle:
(15,34, 35; 252).

a b ¢ |s s—a s—b |s—c| A
15 34 35(42=2-3-7|271=33[8=2%|7 22.32.7=252
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How can one constr uct examplesof indecomposable Heron
triangles?

Restrict toprimitive ones in which the sides do not have
common divisors.

We give a systematic construction of primitive Heron tri-
angles and examine the condition for the indecomposabil-

ity.
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2. Construction of primitive Heron triangles

The similarity class of a Heron triangle is determined by
three positive ational numbers

t] = tan — to = tan — t3 = tan —.
1 27 2 27 3 2

Since4d + £ + ¢ = 7, these numbers satisfy
tity + tots + tst; = 1.
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By clearing denominators, we obtain Heron triangles.

Puttingt; = %, ¢ = 1,2, 3, with gcd(n;, d;) = 1, and
magnifying bynnons times, we have the Heron triangle

Aq

|
|
|
|
.
A nidany X ninads As

Here,
ninads + nidang + dingong = dydads. (1)
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This is a Heron triangle with sides
a = ny(dans+nads), b = nao(dsni+nsdy), ¢ = nz(dine+nids),

Semiperimetes = nynaeds + nidang + dingng = didads
and area\ = nydinadansds.

Ay

A3

|
|
|
|
l
nidonsg X ninads

A primitive Heron trianglel’y results by dividing by the
sides byy := ged(a, b, ¢).
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3. Decomposability of primitive Heron triangles

Theorem 1. A primitive Heron triangle can be decomposed
into two Pythagorean components in at most one way, i.e., it
can have at most one integer height.

Proof. This follows from three propositions.

(1) A primitive Pythagorean triangle is indecomposable.

(2) A primitive, isosceles Heron triangle is decomposable,
the only decomposition being into two congruent Pythagorea
triangles?

(3) If anon-Pythagorean Heron triangle has two integerhisig
then it cannot be primitivée.

1Proof of (1). We prove this by contradiction. A Pythagoregarngle, if decomposable, is
partitioned by the altitude on the hypotenuse into two simidut smaller Pythagorean triangles.
None of these, however, can have all sides of integer lengtthé primitivity assumption on the
original triangle.

2Proof of (2). The triangle being isosceles and Heron, therger and hence the base must be
even. Each half of the isosceles triangle is a (primitivehBgorean trianglém? — n?, 2mn, m? +
n?), with m, n relatively prime, and of different parity. The height on keatant side of the isosceles
triangle is
2mn(m? — n?)
TmIin?
which clearly cannot be an integer. This shows that the oly ®f decomposing a primitive isosce-
les triangle is into two congruent Pythagorean triangles.
*Proof of (3). Let(a, b, c; A) be a Heron triangle, not containing any right angle. Supphse
heights on the sidesandc are integers. Clearly, andc cannot be relatively prime, for otherwise,

I
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the heights of the triangle on these sides are respectivelgnd bh, for some integeh. This is
impossible since, the triangle not containing any rightlenthe height orb must be less than,
Suppose thereforged(b,c) = g > 1. We writeb = b'g andc = g for relatively prime integers
b andc’. If the height onc is &, then that on the sideis <% = <. If this is also an integer, then
h must be divisible byy'. Replacingh by b’h, we may now assume that the heightsbaandc are
respectivelyc’ h andb’h. The sidec is divided intob’k and=+(c — b'k) # 0, whereg® = h? + k2.
It follows that

a2 (b/h)2 + (c'g _ blk)2
b/2(h2 4 k2) + C/292 _ 2blclgl€

= glg(®? +c?) — 20/ k]

From this it follows thaty dividesa?, and every prime divisor of is a common divisor of, b, c.
The Heron triangle cannot be primitive.
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4. Triple of smplifying factors (for the similarity class of a
Heron triangle)

Unless explicitly stated otherwise, whenever the three in-
dicesi, j, k appear altogether in an expression or an equation,
they are taken as germutation of the indicesl, 2, 3.

Note that from

tity + tots + 13t =1,
any one oft;, ¢;, t;, can be expressed in terms of the remaining

two. :
(

k\/j
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In the process of expressing= 5 in terms of
t; = 3 andt, = gt from
tite + tots + tst; = 1,
we encounter certaicancellations. Namely,
o 1— tjtk o djdk — ninyg

i b+ 1 N njdk —I—djnk
Is simplified by canceling thgcd

gi := ged(d;dy — njng, nidy + djng)

from the numerator and denominator. We call thithe
smplifying factor of t; from¢; andt;:

gin; = djdp —njny,
gid; = djng +n;dy.

Likewise, there are simplifying factors andg;..

(g1, g2, g3) is called thetriple of simplifying factor s for the
numbers(ty, to, t3), or of the similarity class of triangles they
define.
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Example 1. For the(13, 14, 15;84), we havet; = 3, t» =
andts; = 3.

1 —tots 7
t = — 13
Yty T ’
1—tst; 3-2—2.1 4
t: = :—:1$ :]_’
2T+t 3-1+2-2 7 92
L Loty 2714 10 2
S Th+t, 24+7-1 15 3 BT



22 P. Yiu

Example2. For the indecomposable Heron trian@, 34, 39; 420)
(Cheney’s example),

a b ¢ |s s—a s—b s—c AN
25 34 39[49=7124=23.315=3-5[10=2-5[22-3-5-7 =420

we haver = 2 = &,
b r _5 y r _4 y r _6
'Y Za 10 YT s—bp 7 P s—c¢ 7
L=ty 774625 5
YTty 4-746-7 70 14 a=
1 — tat 7-14—6-5 68 4
i =2t =T,

2T la+t, 6-14+5-7 119 7

l—t4ty 14-7—5.-4 78 6
p— p— = _—__— : :13_
ti+ly 5-7+14-4 91 7 93

The simplifying factors arég, g-, g3) = (5,17, 13).

l3
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5. Gaussian integers
We shall associate with each positive rational number

t = i ged(n,d) =1,

aprimitive, positive Gaussian integer
2(t) :=d+nv—-1€Z[v-1].
Here, we say that a Gaussian integer y/—1 Is

e primitiveif z andy are relatively prime, and
e positiveif both x andy are positive.

The norm of the Gaussian integer = x + y+/—1 is the
integer
N(z) == 2® +9°.

Theargument of a Gaussian integer = x + yv/—1 is the
unique real numbep = ¢(z) € [0, 2x) defined by
L Yy

cos ¢ =



24 P. Yiu

We also consider theomplement of z = = + v/ —1y:

=y +av—-1=+v-1-Z

z=z+yv—1
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Some basic facts about the Gaussian integer s
(1) The units ofZ[\/—1] are preciselyt1 and++/—1.
(2) Multiplicativity of norm: N(z123) = N(z1)N(29).

(3) An odd (rational) prime numberramifies into two

nonassociate primesp) andr(p) in Z[v/—1], namely,
p=mn(p)r(p) ifandonlyif p=1mod 4.

This is a consequence of Fermat’s 2-square theorem: A odteprumbep is a sum

of two squares in a unique way if and onlypif= 1 mod 4.

(4) Letg > 1 be an odd number. There ipaimitive Gauss-
ian integerd satisfying N(0) = g¢ if and only if each prime
divisor of g is congruent to 1 (mod 4).
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6. Heron triangles and Gaussian integers
Corresponding to the rational numbeys= Z— we consider
the Gaussian integef = d; + /—1n;.
The relations
gin; = d;dy, — njny, gid; = djny, + njdy,
can be rewritten as

gizi = V—1-Zz = (z2)"
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Lemma2. N(z) = ¢,9-
Proof. Fromg,z; = (z;2x)*, we have
giN(21) = N((zj21)") = N(zjz1) = N(z;)N(z).

Similarly,

giN(zj) = N(z)N(z) and giN(z) = N(z)N(z)).

Multiplying these latter two, and simplifying, we obtain

959¢ = N(2:)° = N(z) = gjg-
]
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Lemma2. N(z) = g;gs.

Proposition 3.

(1) g; isa.common divisor of N(z;) and N(zy).

(2) At least two of g;, g;, g1 exceed 1.

(3) gi isevenif and only if all n;, d;, n;, and d;, are odd.

(4) At most one of g;, g;, gx IS even, and none of them is
divisible by 4.

(5) g; is prime to each of n;, d;, ny, and dy.

(6) Each odd prime divisor of ¢;, i = 1, 2, 3, is congruent to
1 (mod 4).

Proposition 4. ged(g1, g9, 93) = 1.
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Proof. (1) follows easily from Lemma 2.

(2) Supposg = g2 = 1. Then,N(z3) = 1, which is clearly impossible.

(3) is clear from the relatior?@).

(4) Supposegy; is even. Them;, d;, ng, di, are all odd. This means thaf, being a divisor of
N(z;) = d5 +n? =2 (mod 4), is not divisible by 4. Alsod;d, — n;n, andn;dy + d;n are
both even, and

(djde —njni) + (njde + djni)
(dj + nj)(dr + 1) — 2nmy
= 2 (mod4),
it follows that one of them is divisible by 4, and the other ig®d 4). After cancelling the common
divisor 2, we see that exactly one of andd; is odd. This means, by (c), that andg;, cannot be
odd.

(5) If gs andn; admit a common prime divisgs, thenp divides bothn ; andn§ + d?, and hence
d; as well, contradicting the assumption thdat+ n;+/—1 be primitive.

(6) is a consequence of Propositigh O

Proof of Proposition 4. We shall derive a contradiction by assuming a common ratiprime
divisorp = 1 (mod 4) ofg;, g;, gx, With positive exponents-;, r;, rx in their prime factorizations.
By the relation £7?), the product; z;, is divisible by therational prime powerp™ . This means that
the primitive Gaussian integers andz;, should contain in their prime factorizations powers of the
distinct primesr(p) and=(p). The same reasoning also applies to each of the pairsz;) and
(zi, z;), S0 thatz, andz; (respectivelyz; andz;) each contains one of the non - associate Gaussian

primesn(p) andx(p) in their factorizations. But then this means thatndz,, are divisible by the

same Gaussian prime, a contradiction.
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7. Construction of Heron triangles
with given simplifying factors

Example3. g = 17, g = 13, g3 = 5.
N(z1) =13-5=065, N(2z3) =5-17 =85, N(23) = 17-13 =
221.

z1: 14+8y—-1 4+7y—-1 7T+4y—-1 84+ /-1
290 24+9v—-1 6+7y—1 7T4+6v—-1 94+/—-1

z=(n12)" | 2+49V=1  6+7/-1 7+6V-1 9++/-1

1+8y/—-1 5—14y/—1 11 —10y/—-1
44 7v-1 10— 11v/=1 14—-5y-1
T+4y/-1 144 5v/—1 10+ 11v/—1
8+ /1 114+10v/—1 54 14v/—1

There are four classes of rational triangles with tripleiof-s
plifying factors(17,13,5):

ity — (L8 5Y (42 1y (16 10y (12 u
17273_7777147 7797107 877711787975 .
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Primitive Heron triangles with triple of simplifying facte
(17,13, 5):

t1 |t t3 (CL, b, C; A)
R (34, 39, 25; 420)
£ 212 (68,117,175;2520)
£ 2110 (68,273,275;9240)

LL | (238,117, 275; 13860)

NS
kolno
|
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Theorem 5. Let ¢1, g2, g3 be odd numbers satisfying the fol-
lowing conditions.

() Atleasttwo of g1, g9, g3 exceed 1.

(i)  Theprimedivisorsof g;, 7 = 1,2, 3, are all congruent
to 1 (mod 4).

(i) ged(g1, 92, 93) = 1.
uppose g1, g2, g3 together contain A\ distinct rational (odd)
prime divisors. Then there are 2! distinct, primitive Heron
triangles with simplifying factors (g1, g2, g3).

Proof. Supposégy, g2, g3) satisfies these conditions. By (ii), there are primitive &aan
integerd;, i = 1,2, 3, such thay; = N(6;). Sinceged(g1, 92, 93) = 1, if a rational prime
p = 1 (mod 4) dividesy; andg;, then, in the ringZ[\/—1], the prime factorizations of;
andé; contain powers of the same Gaussian prife 7.

Therefore, ifg;, g2, g3 together contain\ rational prime divisors, then there a2é
choices of the triple of primitive Gaussian integéffs, -, 0s3), corresponding to a choice
between the Gaussian prime@) andx (p) for each of these rational primes. Choose units
€1 ande, such that, = €,0,03 andz, = €,030, are positive.

Two positive Gaussian integers and z, define a positive Gaussian integer via
9323 = (z1292)* if and only if

0 < d=1) +6(2) < - 2)
Sincep(z7) + ¢(z5) = m — (¢(21) + P(22)), it follows that exactly one of the two pairs
(21, 22) and (27, 23) satisfies condition (2). There are, therefa2e; ! Heron triangles
with (g1, g2, g3) as simplifying factors. O
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8. Decomposability of Heron triangles
in termsof triple of simplifying factors

Proposition 6. A Heron triangle is Pythagorean if and only if
its triple of simplifying factors is of the form (1,2, g), for an
odd number g whose prime divisorsare all of theform4m + 1.

Proof. If the Heron triangle contains a right angle, we may take
t3 = tan T = 1 so thatg;g» = N(1 4+ +/—1) = 2. From this
the numberg; andg, must be 1 and 2 in some order.
Conversely, ifg; = 1 andg, = 2, thenN(z3) = 2 —
23:1+\/—71,t3:1,and0:2arctan1:g. [

Here is the main theorem on indecomposable Heron trian-
gles.
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Consider the Heron triangle again.

Aq

|
|
|
|
L
Az nidony X ninads A3

a = ny(dans + nads) = g1nidy,
b = ng(dsny + nsdy) = ganads,

¢ = nz(ding + nids) = gsnads.

Proposition 7. ng(CL, b, C) = ng(Tlel, nads, n3d3).
Proof. Fori: = 1,2, 3, a; = g;n;d;. ]
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Proposition 8. TheHerontriangleI" (assumed non-Pythagorean)
Isindecomposable if and only if each of the simplifying factors
gi, 1= 1,2, 3, contains an odd prime divisor.

Proof. We first consider the triangle:
Ay

A2 pidons X ninads As
Sincel has area\ = n;dinadonsds, the height on the side

a; = g,nldl is given by
andjnkdk

gi .
Since the triangle does not contain a right angle, it is indec
posable if and only if none of the heighttg, « = 1,2, 3, Is an
integer. By Proposition 3(4), this is the case if and onlyaitle
of g1, g2, g3 contains an odd prime divisor. O

hi =
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Theorem 9. TheprimitiveHerontriangleI', with half-tangents
(t1, t2, t3) (assumed non-Pythagorean) isindecomposableif and
only if each of the simplifying factors ¢;, i = 1,2, 3, contains

an odd prime divisor.

Proof. The sides (and hence also the heightsl)(pareé times
those ofl’, where

g := ged(ag, az, az) = ged(nydy, nads, nads).
The heights ot are therefore

h/- _ 2njdjnkdk _ z ‘ njdjnkdk
' gi- g gi ged(nidy, nady, nads)
sdjmpd : : : _
Note thatgcd(n’fdh::d;md@ is aninteger prime tog;. If &} is

not an integer, thepy, must contain an odd prime divisor, by
Proposition 3(4) again. O
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9. Orthocentric Quadrangles and
triples of simplifying factors

A

1)

Iy

Triangle  Orthocenter Half tangents  Simplifying factors

' = ABC H t1, 12,13 g1, 92, gs(@ssumed odd
_ 1 1—t3 1-—t
Fl = HBC A 1’ 1+t27 1+t§ 291793792

I'y=AHC B —ts 1 16 93, 292, g1

1+t3”° E’ 1+t

_ 1—ts 1-t; 1
F3 = ABH C 1+tz’ 1—|—t1’ 13 92, 91, 293
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Proposition 10. The simplifying factors for the four (ratio-
nal) triangles in an orthocentric quadrangle are of the form

(91592, 93), (201, 92, 93), (91,292, g3) @and (g1, g2, 2g3), With gy,
g2, g3 0dd integers.

Corollary 11. Let I" be a primitive Heron triangle. Denote by
Iy, ¢ = 1,2, 3, the primitive Heron triangles in the similarity
classes of the remaining three rational triangles in the ortho-
centric quadrangle containing I". The four trianglesT" and I';,
i =1,2,3, areeither all decomposable or all indecomposable.



Indecomposable Hereon triangles

39

Example 4. The orthocentric quadrangle from Cheney'’s inde-

composabl€25, 34, 39; 420):

(a,b,c)

(25, 34, 39; 420)
(700, 561, 169; 30030)
(855,952, 169; 62244)

(285, 187, 364; 26334)

(ti,t2,t3) (91,92, 93)
2308 (5,17,13)
u 2 L (10,17,13)
& 1L (5,34,13)
2 2T (5,17,26)
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Summary: To construcindecomposable primitive Heron tri-
angles, one begins with a tripleadd integers g1, g2, g3), €ach
greater than 1, such that

(i) the prime divisors ofy;, i = 1, 2, 3, are all congruent to
1 (mod 4),

(i) ged(g1, 92, 93) = 1.

The primitive Heron triangle withV(z;) = g;g; is decom-
posable.
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(91792793) <d17n1> <d27n2) <d37n3) (CL, b, ¢; A)
(5,13,17) | (14,5) | (7,6) | (7,4) (25,39, 34; 420)
(5,14) | (9,2) | (81) | (175, 117,68; 2520)
(11,10)| (7.6) | (81) | (275,273, 68;9240)
(10,11) | (9,2) | (7.4) | (275,117, 238; 13860)
5.13,20) | (4,19) | (12,1) | (8, 1) (95,39, 58; 450)
(16,11) | (8,9) | (8,1) (110, 117, 29; 1584)
(11,16) | (12,1) | (7.4) |  (220,39,203;3696)
(19,4) | (8,9) | (7.4) |  (95,234,203;9576)
5.17,20) | (22,3) | (12,1) | (2,9) (55,34, 87; 306)
(18,13) | (9,8) | (9.2) (65, 68, 29: 936)
(18,13) | (12,1) | (6,7) |  (195,34,203;3276)
(22,3) | (9,8) | (7,6) (55,204, 203; 5544)
(13,17.20) | (22,3) | (16,11) ] (10,11)| (39,136, 145; 2640)
(22,3) | (19,4) | (5,14) | (429,646,1015;87780)
(18,13) | (19,4) | (11,10) | (1521, 646, 1595; 489060)
(18,13) | (16,11) | (14,5) | (1521,1496, 1015; 720720)

Further examples can be obtained by considering the ortho-
centric quadrangle of each of these triangles.
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10. Examples of indecomposable Heron triangles
aslatticetriangle

Theorem 12 (Y, MONTHLY, 108 (2001) 261-263)
Every Heron triangle is a lattice triangle.

(15,36)

25

39
(30, 16)

(0,0)

The indecomposable Heron triangle
(25,34, 39;420) as a lattice triangle
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(18, 24)
5

(21, 20)

30

29

(0,0)

The smallest indecomposable Heron triangle
(5,29,30; 72) as a lattice triangle
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(21,28)

(30, 16)
35

(0,0)

The smallest acute indecomposable Heron triangle
(15,34, 35;252) as a lattice triangle

THANK YOU



