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Abstract: Beginning with the famous Lester circle containing
the circumcenter, nine-point center and the two Fermatgpoin

a triangle, we survey a number of interesting circles imtyla
geometry.
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1. Some common triangle centers

Figure 1. The Euler line and the nine-point circle

HN : NG :GO=3:1:2.



Figure 2. The orthocentroidal circle

O and N are inverse in the orthocentroidal circle.



Figure 3. The Euler reflection poit

The reflections of the Euler line in the three sidelines
intersect at a point on the circumcircle:

a? b2 2
E:(b2_c2:02_a2:a2_b2)'




Figure 4. The Fermat poirft,

Construct equilateral triangle$ BC', AB'C', ABC'’ externally
on the sides of triangld BC.
AA', BB', andC'C’ concur at thé=ermat point

T 1 1 1
Fo=K|=)= . : .
i <3) <¢§SA+S /355 + S ﬁ50—5>




Figure 5. The negative Fermat poifit

If the equilateral triangled” BC', AB"C', ABC" are constructed internally,
AA”, BB", andC'C" concur at thenegative Fermat point

s 1 1 1
F‘:K<_§):<¢§SA—SV§SB—S:ﬁscw)'



Figure 6. Kiepert triangléC(0) and Kiepert perspectdk (6)

Kiepert trianglexC(d) := XY Z,

. 1 1 1
Kiepert perspectoK (0) = (SA s ; [ ; o +S@> :



Figure 7. The Kiepert hyperbola

The locus of the Kiepert perspector is a rectangular hyparbo
whose center is the midpoint of the Fermat points.

(b — Ayz + (¢ — a®)zx + (a* — b*)zy = 0.
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2. The first Lester circle

Theorem 1(Lester) The Fermat points are concyclic with the circumcenter
and the nine-point center.

B C
Figure 8. The first Lester circle through, N and the Fermat points



Proof. (1) Let M be the intersection of, F'_ and the Euler line.
By theintersection chords theorem it is enough to show that

MF, -MF_ = MO - MN.

o

Figure 9. Intersection of Fermat line and Euler line



10

(2) Consider a Kiepert perspectair(f) with homogeneous barycentric co-
ordinates

1 1 1
K(0) = : : .
() (SA"‘S@ Sp + Sy 5'0+5'9>
These homogeneous coordinates can be rewritten as
K(0) = ((Sp +59)(Sc + Sp), (Sc + Sp)(Sa + Sp), (Sa + Sp)(SB + Sp))
= (Spc + Soo + (Sp + Sc)Sps -+ ,+++)
=(SBc + Ses, Sca + See, Sap + See) + Se(Se + Sc, Sc + Sa, Sa+ Sp).
Similarly,
K(—=0) =(SBc + Ses, Sca + See, Sap + Ses) — Se(Sp + Sc, Sc + Sa, Sa+ Sp).
From theseK (#) and K (—6) divide harmonically
thesymmedian point K = (S + S¢, Sc + Sa, 5S4 + Sp) and
Q(0) =(Spc + Ses, Sca + Ses, Sap + See)
=(SBc, Sca, Sap) + Spe(1,1,1)

which is a point on the Euler line, dividing
theorthocenter H = (Sp¢c, Sca, Sap) and
thecentroid G = (1, 1, 1) in the ratio

GQ(9) : Q(O)H = 3Spg : S* = 3cot? 0 : 1.



GQ9) : Q(O)H = 3Spg : S* = 3cot? 0 : 1.
A

C
TN K ()

Figure 10. M’'Cay’s theorem
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(3) Ford = +3, this ratio isl : 1.

M = Q (%) is the midpoint ofGH.

The Fermat ling¥, F_ intersects the Euler line at the midpointdfandG,
which is the center of therthocentroidal circle with HG as diameter.

F_

Figure 11. Fermat line and orthocentroidal circle
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(4) If we putOH = 6d, then
2d d d 2d

Figure 12. The Euler line

MO -MN = 4d-d = (2d)* = (MH)* = (MG)~

F_
A

' G
B C
Figure 13. Fermat line and orthocentroidal circle

(5) Recall from ()M F, - MF_ = MO - MN = (MH)? = (MG)2.
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Therefore, the Lester circle theorem is equivalent to e&ttedollowing.

(1) The Fermat points are inverse in the orthocentroidalesir
(2) The circleF, F'_G'is tangent to the Euler line &t.
(3) The circleF, F'_H is tangent to the Euler line &f.

Figure 14. Thecircle$, F_G andF . F_H
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Theorem 2. The Fermat points are inverse in the orthocentroidal circle

Figure 15. F; on the polar ofF_ in the orthocentroidal circle

Proof. Let M be the matrix of the orthocentroidal circle.
—454 Sa+Sp Sa+ Sc
M= |Ss4+Sg —45g S+ Sc
Sa+Sc Sp+Sec —45¢
Write
F,=X+4+Y and F.=X-Y,
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with
X = (Spc +35% Sca+355% Sap+35%),
v S

:E(SB—FSO Sc+Sa Sa+Sg).

XMX! = YMY! = g(SA(SB —S¢)’ +Sp(Sc — Sa)?+Sc(Sa—Sp)*)S?,
we have

FMF! = (X +Y)M(X - Y) = XMX' - YMY" = 0.

This shows that the Fermat points are inverse in the orthiomedal circle.
H

Corollary 3. Every circle throught’, and F_ is orthogonal to the ortho-
centroidal circle.
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Theorem 4(Gibert). Every circle with diameter a chord of the Kiepert hy-
perbola perpendicular to the Euler line passes through tharkat points.

Figure 16. Gibert’s generalization of Lester’s circle
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Figure 17. The circley F_ H

Equation of linef’, F'_: L = 0.

Perpendicular to Euler line &: L, = 0,

intersecting Kiepert hyperbola &§.

Circle F'. F_H is one in the pencil of conics throudgh , F_, H andYj:

(b — Ayz + (¢ —a*)zx + (a®> — b))y — L - Ly =0

by suitably adjusting the linear fornis L, by constants.
It center lies on the perpendicular bisectorfofF' .



Figure 18. The circlgy F_ G

Equation of lineF, F_: L = 0.

Perpendicular to Euler line &: L, = 0,

intersecting Kiepert hyperbola &t.

Circle F'. F_G is one in the pencil of conics through , F_, G andY;:

(b = Ayz + (¢ —a*)zx + (a®> — b))y — L- L1 =0

by suitably adjusting the linear fornis L, by constants.
It center lies on the perpendicular bisectorfofF .

19
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For arbitraryt, let L; = (1 —t) Lo+t - L.
The lineL, = 0 is perpendicular to the Euler line.
The equation

(b — Ayz+ (¢ —a*)zx + (a®> = b)zy — L - Ly = 0
represents a circle through the Fermat points.

Figure 19. Gibert’s generalization of Lester’s circle
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The line joining the midpoints of/ Y, andGY;

contains the midpoint of the every chord cut out/y= 0.

This line is also the perpendicular bisectorfoff.

Therefore the center of the circle is the midpoint of the dhor

Figure 20. Gibert’s generalization of Lester’s circle
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3. The symmedian and isodynamic points

Figure 21

If P, Q divide X, Y harmonically,
thenP and( are inverse in the circle with diametatY’.



Figure 22

If P and( are inverse in a circlé,
then every circle througlk and@ is orthogonal ta.

23
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which are on the lin® K (B
are inverse in the cire '
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Theisodynamic pointshave coordinates
Jy =(a*(V3S4+ 9),b*(V3Sp + ), A (V3Sc + S)),
—V/3(a?S4, b%Sp, 2Sc) + S(a®, b2, 2);
J_ =V3(a2S4,b2SE, 2Sc) — S(a?, b, ).

They divideO and K harmonically.
Therefore, every circle through, is orthogonally to theéBrocard circle
(with diameterO K).

Figure 24. The Brocard circle and the isodynamic points
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The isodynamic points are the only points
whosepedal trianglesare equilateral.

A

Figure 25. The pedal triangle df;. is equilateral
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The isodynamic points are tigogonal conjugates
of the Fermat points

Figure 26. J; = isogonal conjugate af’



4. The first Evans circle

Theexcentral triangle I,1,1. has circumradiug8 R and
circumcented’ := reflection of! in O.

Figure 27. The excentral triangle and its circumcircle

29
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The triangle of reflections

Figure 28. The triangle of reflections
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The Evans perspectorlV of the excentral triangle and the triangle of re-
flections

Figure 29. The Evans perspsectbr
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Figure 30. The Evans perspsectiras a point orO1

Let I,A* intersectO] atWW. A routine calculation shows that
I'w -WI=R:—-2r

Similarly, I B* andI.C* intersectO] at points given by the same ratio.
Therefore the lineg, A*, I, B* and.C* concur atV onO]1.
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Theorem 5. The Evans perspectdt’ and the incenter are inverse in the
circumcircle of the excentral triangle.

Figure 31. W andI are inverse in the circumcircle of the excentral triangle

2
Proof. I'W - I'I = 325 - I'I” = pbas - (2- O)? = (2R)%. O
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Evans also found that the excentral triangle is perspeutitre
each of the Kiepert triangles (3) andK (—%).
He denoted these perspectorsihyandV_ and
conjectured that’,, V_, I andWW are concyclic.

I,
Figure 32. Evans’ perspectdt of I (—g) and excentral triangle
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Proposition 6. Let X BC' and X'I,,I. be oppositely oriented
similar isosceles trianglesvith basesBC' and 1. respectively.
The linesl, X and I, X’ are isogonal with respect to angle the excentral

triangle.

I,
Figure 33. Isogonal lines joining, to apices of similar isosceles & and ;1.
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I,
Figure 34. Isogonal lines joining, to apices of similar isosceles & C andI,1.

Proof. TrianglesX BI, and X'I,I, are similar since
LXBI,=/X'I,I,=%—L2 -9, and
asBC andl,I. are antiparallel,

XB:X'I,=BC:LL.=IDB":I1I,

It follows that/BI1,X = /1,1,X' and
the linesl, X, I,X' are isogonal in the excentral triangle.
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Theorem 7. Let XY Z be the Kiepert triangléC(6) of ABC'.
The linesl, X, I,Y, I.Z concur at a point
V(0) which is the isogonal conjugate &f.(—6) in the excentral triangle.

Proof. (i) 1,X’', I,Y’, 1.Z' concur at the Kiepert perspectar.(—60) of the
excentral triangle.

(i) Since I,.X and, X’ are isogonal with respect 1, and similarly for
the pairsl,Y, I,Y' andl.Z andi.Z’, the linesl, X, I,Y, I.Z concur at the
isogonal conjugate ok .(—0) in the excentral triangle. O

Corollary 8. V.. are the isodynamic points of the excentral triangle.

Therefore, every circle through. andV_ is orthogonal to the circumcircle
of the excentral triangle.

If such a circle contains the incentér it also contains the inverse df
in the circumcircle of the excentral triangle.

This latter is the Evans perspectot.
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Theorem 9(Evans) The points/; are concyclic with/ and V.

V_ e Xi019

Figure 35. The first Evans circle



Proposition 10. The center of the first Evans circle is the point

X o <a(b—c) ble—a). c(a—b))

b+ c c+a a+b

X1019
.

Figure 36. The first Evans circle
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5. The Parry circle and the Parry point

TheParry circle is the one passing through tls®dynamic points./.. and
the centroid G.

Figure 37. The Parry circle through the centroid and isodyingoints

Since.J;. are inverse in the Brocard circle,
the Parry circle is orthogonal to the Brocard circle,
and also contains the inverse®@fin the Brocard circle.

The same is true with the Brocard circle replaced by the miatcle.
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Theorem 11.The inverse of the centro@d in the Brocard circle is
the Euler reflection point E.

Proof. The equation of the Brocard circle is
(a® +0*+ ) (aPyz 4+ V22w + Foy) — (v +y+2) (VP Pr + Fa’y +a’b?z) = 0.
The polar of the centroid is the line
(b — )z + (¢ — a®)’y + (a* — b*)?2 = 0.
This clearly contains the Euler reflection point

2 b2 2
E = ( ¢ . . ¢ ) :
b2_c2 02—a2 a2_b2
which also lies on the line

> (0 =) (Saa— Spc)r =0
joining G to the midpoint ofO K. ]
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The linesGE andF, I are parallel.

Figure 38. GE andF F_ are parallel
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Since the Parry circle is orthogonal to the circumcircle,
the polarO is the radical axis of the circles.

This line passes through the symmedian pa&int
TheParry point P is the second intersection of

the Parry circle and the circumcircle.

It lies on a number of interesting circles.

Figure 39. The Parry circle and Parry point
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(1) The circle F, F_G contains the Parry poirf.

Figure 40. The circle through'y F_ G contains the Parry point
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(2) The circle OGK contains the Parry poirf.

Figure 41. The circl®GK contains the Parry poir®
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Proposition 12. The circleF’, F'_G intersects the circumcircle at
the Parry point and
the reflection o in the Euler line.

Xa3

Figure 42. Intersections df;. F_ G and the circumcircle



Proposition 13. The circleO K G intersects the circumcircle at
the Parry pointP and
the reflection o in the Brocard axis.

Figure 43. Intersections @ K G with the circumcircle
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