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Abstract

Given subsets A � B of a metric space X , such that A is located

in B and B is located in X , does it follow that A is located in X? It

does if A and B are subspaces of a Hilbert space X , but not if X is

just a Banach space.

A subset S of a metric space X is located (in X) if we can measure
the distance from S to any point x in X. In terms of computation, this
means that given any two rational numbers a < b, we can either construct a
point s in S such that d(s; x) < b, or we can show that d(s; x) > a for every
point s in S. So we can construct arbitrarily close rational approximations
to d(S; x), and we can construct points in S that come arbitrarily close to
realizing this distance. For an example of a subspace of a metric space which
is not located, let X be the real numbers, and S = Ra, the set of all multiples
of some number a that may or may not be zero.

We can also think of located subsets in terms of doing abstract mathemat-
ics using constructive logic|that is, without assuming the law of excluded
middle. In this context, to say that a subset S of X is located just means
that inffd(s; x) : s 2 Sg exists for each x in X. Of course, using classical
logic, we can prove that the in�mum of any nonempty set of nonnegative
real numbers exists. But this theorem requires the law of excluded middle;
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in fact it is equivalent to it. The virtue of rejecting the law of excluded mid-
dle is that computational notions like that of a located subset can be studied
without reference to an explicit model of computation.

The question as to whether a subset is located is central to approximation
theory. Typically one has a subspace S of a function space, and is interested
in approximating the functions with elements of S. To say that S is located
is to say that, given a function f , we can construct functions in S that come
arbitrarily close to being best approximations to f in S. Note that this is not
exactly the same as constructing functions in S that are arbitrarily close to
a best approximation|we may get very good approximations that are quite
far from any best one. Note also that we are doing a lot more than simply
approximating the distance from S to f .

Let A � B be subsets of a metric space X. Suppose A is located in B,
and B is located in X. Is A located in X? That is, if we can measure the
distance from A to any point in B, and from B to any point in X, can we
measure the distance from A to any point in X? Before concluding that this
is obviously false, take note of the fact that we can measure the distance
between any two points in X|that's part of being a metric space. The
problem is in measuring the distance from a subset to a point. There need
be no way to calculate this from the pointwise data.

To see that we cannot locate A in X just because we can locate A in B,
and locate B in X, we construct a Brouwerian counterexample. A Brouw-
erian example is a family of examples, with a proposition P as a parameter.
The idea is to show that, with no knowledge of P , we can locate A in B,
and locate B in X, but that if we could locate A in X, then we could de-
termine whether P was true or false. Thus transitivity of locatedness would
imply the law of excluded middle|the preeminent noncomputational princi-
ple in mathematics. In terms of computations, it would provide an algorithm
for deciding whether an arbitrary proposition was true or false. In view of
the unsolvability of the halting problem, where the proposition is that some
computer program terminates, there can be no such algorithm.

So let P be a proposition, and let X be the subset of f�2; 0; 1; 3g con-
sisting of f0; 1; 3g together with �2 if P holds. That is,

X = f0; 1; 3g [ fr 2 f�2g : Pg:
LetB = X\f�2; 1; 3g and A = X\f�2; 3g. To see that A is located inB, let
b be a point in B. If b = �2 or b = 3, then b is in A and d(A; b) = d(b; b) = 0.
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If b = 1, then d(A; b) = d(3; b) = 2. Note that if b = �2, then P is true,
while d(A; 1) can be computed independently of P . To see that B is located
in X, let x be a point in X, If x 2 B, then d(B;x) = d(x; x) = 0, while
d(B; 0) = d(1; 0) = 1.

However, if we could compute d(A; 0), then we could determine whether
P was true or false. Indeed, if the distance from A to 0 is less than 3, then
P is true, while if the distance from A to 0 is greater than 2, then P is false.

In this note we will construct a Brouwerian counterexample in which X

is a Banach space, and A and B are subspaces. This is a bit more delicate.
For one thing, if X is a Hilbert space, rather than just a Banach space, then
a located subspace of a located subspace is located. To see this, we consider
the projections onto the closures of the subspaces. A set is located if and
only if its closure is located|the distance to a set is the same as the distance
to its closure. A closed subspace K of a Hilbert space is located exactly
when it is the range of a projection �: the distance from x to K is equal to
kx� �xk (the converse, which involves constructing the closest point to x in
the located subspace K is less immediate, see [1, Theorem VII.8.7]). In the
case at hand, if � is the projection of X onto the closure of B, and � is the
projection of B onto the closure of A, then �� is the projection of X onto
the closure of A, hence A is located in X.

The space X of our example will be a closed subspace of the linear space
R

3 equipped with a strictly convex norm. De�ne a norm on R3 by the convex
set n

(x; y; z) : x2 + y2 + z2 + x2y2 � 1
o
:

To see that this set is convex, calculate the Hessian matrix of x2+y2+z2+x2y2

det

0
B@

2 + 2y2 4xy 0
4xy 2 + 2x2 0
0 0 2

1
CA

and note that the subdeterminants 2 and 2(2 + 2x2) are positive, and that
the determinant 8(1+x2+y2�3x2y2) is positive when x2+y2+z2+x2y2 � 1
because the maximumvalue of x2y2 in that case is (

p
2�1)2 = 3�2

p
2 < 0:2.

Having seen that this set gives a strictly convex norm, we want to change
coordinates so that it looks like

(x� z)2

2
+ y2 +

(x+ z)2

2
+

(x� z)2

2
y2 � 1
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so k(x; y; z)k is the value of r that solves the equation

x2 + y2 + z2 +
(x� z)2

2r2
y2 = r2;

which is

1p
2

r
x2 + y2 + z2 +

q
(x2 + z2)2 + 4y2(x2 � xz + z2) + y4

Note that this norm is the Euclidean norm on the xz-plane, and that the
closest point to (x; y; z) in the xz-plane is (x; 0; z) because x2� xz+ z2 � 0.
Also,

k(1; 1;�z)k = 1

2

q
4 + 2z2 + 2

p
6 + 6z2 + z4 + 4z:

This is obviously minimized by a small negative value of z. In fact that value
is �:18614, and the norm is 1:4786, so the closest point on the z-axis to

(1; 1; 0) is (0; 0;�:18614), as opposed to 1

2

q
4 + 2

p
6 = 1:4916, the distance

to (0; 0; 0).
We get a Brouwerian example as follows. Let X1 be the Banach space R3

with the above norm, and X2 the xy-plane in X1. Let P be a proposition,
and I = fi : i = 1, or i = 2 and Pg. Then X =

T
i2I Xi is a closed subspace

of the Banach space X1.
Let B be the xz-plane of X1 intersected with X, and A the z-axis inter-

sected with X. Then B is located in X because the closest point to (x; y; z)
in the xz-plane is (x; 0; z), and A is located in B because the closest point in
A to (x; 0; z) 2 B is (0; 0; z) as the norm on the xz-plane of X1 is Euclidean.
But we can't measure the distance d from (1; 1; 0) to A. The distance d is
1:4916 if P is true, and is 1:4786 if P is false. So if d < 1:49, then P is false,
while if d > 1:48, then P is true.
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