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Abstract

We investigate the structure and properties of the explicit algebraic
functions described in calculus texts and their relation to algebraic
functions. A structure theorem enables us to construct a large number
of examples. An example of an algebraic function that is not explicitly
algebraic is studied and an abstract algebraic context is provided for
the theory.

1 What is an algebraic function?

I was a little disturbed to learn that jxj was an algebraic function, but it
makes perfectly good sense because the function jxj is a root of the polynomial
X2 � x2 in accordance with the standard de�nition of an algebraic function
as one that satis�es a polynomial (in X) whose coe¢ cients are polynomials
(in x) with real (or complex) coe¢ cients (see [1] for example). However, such
an algebraic function is normally considered to be an element of an algebraic
function �eld, and if jxj is an algebraic function, then it, together with � jxj,
x, and �x, constitute four distinct roots of the quadratic polynomial X2�x2
which should have only two roots in a �eld. Another way of looking at this is
that (jxj+ x) (jxj � x) = 0, so we have zero divisors in the ring of algebraic
functions if jxj is an algebraic function.
Compare this situation with that of algebraic numbers. We are pretty

much agreed on what a number is: it�s a complex number, or perhaps a real
number. Algebraic numbers are those numbers that satisfy polynomials with
integer or rational coe¢ cients. Because the complex numbers form a �eld,
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each algebraic number satis�es an irreducible polynomial over Q, so even
if, with Kronecker, we disdain the real and complex numbers, we will still
naturally require an algebraic number to satisfy an irreducible polynomial
over Q.
Similarly, we are pretty much agreed on what a real-valued function of

a real variable is. So you might think it would be uncontroversial that al-
gebraic functions are simply those functions that satisfy a polynomial with
coe¢ cients in R [x], the analogue of the ring of integers in this situation.
This, in fact, is the point of view I take here. But these algebraic functions
do not form a �eld, nor do they satisfy irreducible polynomials.
In calculus books the consensus is that a (real) function is algebraic if it

can be constructed from polynomials using addition, subtraction, multipli-
cation, division, and extraction of roots (see [9] for example). In particular,
jxj =

p
x2 is an algebraic function in this sense also. Thus there are two

established meanings for the term �algebraic function.�If a function, on its
domain, satis�es a nontrivial polynomial with coe¢ cients in R [x], I will say
that it is an algebraic function, and, following Pierpont [6],[7], I will call
a function an explicit algebraic function if it is algebraic in the calculus-
book sense, which I�ll make more precise shortly.
In [2], Hamming distinguishes between these two notions, somewhat in-

formally, and goes on to �indicate the proof that this second de�nition is
included in the �rst one.�In [7, §48], Pierpont says of this implication that,
�The demonstration is simple but will not be given here�; in [6, §199] he
simply says, �It is known . . . every explicit algebraic function is an algebraic
function.�Hardy [3] says, �this is in fact true, and indeed not di¢ cult to
prove, though we shall not delay to write out a formal proof here.� In this
paper, we will spend a little time proving this (Corollary 4).
The functions of interest are real-valued functions, each de�ned on a sub-

set of the real numbers. These are partial functions, so every function comes
equipped with a domain. Two partial functions are considered equal when
they have the same domain and take on the same values on that common
domain. Each explicit algebraic function comes with a natural domain by
its construction; for example, the domain of

p
x is the set of nonnegative

real numbers. We can, of course, restrict the domain of any of these partial
functions. The domains of the partial functions obtained from other partial
functions by the algebraic operations are determined as follows:

� dom(f + g) = dom (f � g) = dom f \ dom g,
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� dom1=f = fx 2 dom f : f(x) 6= 0g,

� dom m
p
f =

�
dom f if m is odd
fx 2 dom f : f(x) � 0g if m is even

.

So, for example, the domain of the function
p
x+

p
1� x is the interval [0; 1],

the domain of the function
p
x +

p
�1� x is empty, and the domain of the

function 0=(x � 1) consists of those real numbers that are di¤erent from 1.
The function 0=(x � 1) di¤ers from the function 0 because it is not de�ned
at 1.
The partial functions do not form a ring� they do not even form an

abelian group under addition. In the last section we will consider what the
relevant abstract algebraic structure is. Nevertheless, the set of all the partial
functions with domain a �xed subset of R is, of course, a ring.

2 Properties of explicit algebraic functions

The signum function de�ned by

sgn(x) =

8<:
1 if x > 0
0 if x = 0

�1 if x < 0

is a root of the polynomial X3�X, hence algebraic, yet is not an explicit al-
gebraic function! To show that, we need to spell out the (inductive) de�nition
of an explicit algebraic function a little more carefully:

� The constant function f(x) = r is an explicit algebraic function for
each real number r. Its domain is R.

� The identity function f(x) = x is an explicit algebraic function. Its
domain is R.

� If f and g are explicit algebraic functions, then so are

� f + g

� f � g
� 1=f
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� m
p
f where m is a positive integer.

The signum function is not continuous at 0, so it is not an explicit alge-
braic function because an explicit algebraic function is necessarily continuous
at each point of its domain, as the following straightforward theorem shows.

Theorem 1 If f is an explicit algebraic function, then f is continuous at
each point of its domain (within that domain).

Proof. The proof proceeds by structural induction on f , as will often be the
case for such statements. The constant functions f (x) = r and the function
f(x) = x are clearly continuous. Moreover, if f and g are continuous on their
domains, then so are f + g, f � g, 1=f , and m

p
f .

The �rst order of business is to show that each explicit algebraic function
is algebraic. If R is a commutative ring, and A is a commutative R-algebra,
then an element of A is said to be integral over R if it satis�es a monic
polynomial with coe¢ cients in R. Note that if r 2 R, then r � 1A is integral
over R because it satis�es the monic polynomialX�r. We need the following
well-known fact about integral elements (see, for example, [4, Theorem 14]).

Lemma 2 If A is a commutative algebra over a commutative ring R, then
the set of elements of A that are integral over R is closed under addition and
multiplication.

We would like to apply this lemma to the case where A contains some
explicit algebraic functions and R is R (x), the �eld of rational functions over
the real numbers. I see a couple of ways of doing this. Perhaps the clean-
est and most informative approach is to go generic and derive an identity
in the polynomial ring Z [a0; a1; : : : ; am; b0; b1; : : : ; bn; X; Y ]. However, deal-
ing directly with the concrete situation seems to result in a shorter proof.
Moreover, we will use the construction of the ring A again later.

Theorem 3 If f and g are algebraic functions, then so are f + g, f � g, 1=f ,
and m

p
f .

Proof. Let h be one of the functions f + g, f � g, 1=f , or m
p
f , and let

D = domh. Since the restriction of an algebraic function to a smaller domain
is still algebraic, we may assume that dom f = dom g = D. If D is empty,
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then h satis�es any polynomial on D. Otherwise, let T be the ring of all
functions on D. If f satis�es a polynomial P (X) of degree n, then 1=f
satis�es the polynomialXnP (1=X) and m

p
f satis�es the polynomial P (Xm),

so we may assume that h = f + g or h = f � g. We want to get a situation
where we can apply Lemma 2.
The ring T is an R [x]-module in a natural way. Let S be the (multiplica-

tively closed) set of nonzero elements of R [x], and let A = TS, the ring of
fractions t=s with t 2 T and s 2 S. The kernel of the natural map T ! A is
the idealK of T of functions that are killed by some nonzero element ofR [x].
In particular, the elements of K are algebraic over R [x] because they satisfy
a nonzero linear polynomial. So if h 2 K, then we are done. Otherwise, A is
a nontrivial algebra over the �eld R (x).
The images of f and g in A are integral over R (x), so the image of h in

A is integral over R (x) by Lemma 2. Thus the image of h in A is algebraic
over R [x] when viewed in T=K. That is, there is a nonzero polynomial p
with coe¢ cients in R [x] such that p (h) 2 K. So cp (h) = 0 for some nonzero
c 2 R [x] which implies that h is algebraic.
The ideal K in the proof consists of those functions in T with �nite range,

but this fact seems unimportant.

Corollary 4 Every explicit algebraic function is algebraic.

Proof. The constant functions f (x) = r and the function f(x) = x satisfy
the polynomials X � r and X � x respectively, so the corollary follows from
Theorem 3 and the de�nition of an explicit algebraic function.

We don�t expect the converse of Corollary 4 to be true, even for con-
tinuous functions, because an explicit algebraic function is expressible by
radicals, and we know that we cannot necessarily solve a �fth-degree poly-
nomial equation using only radicals. In fact, over the rational numbers, we
know that we cannot necessarily solve a cubic polynomial whose roots are
all real, using only real radicals (see van der Waerden [10, Section 8.8]). In
Section 6 we will follow van der Waerden�s proof to show that there is a
function, de�ned on an open interval, that satis�es a cubic polynomial with
coe¢ cients in R [x] on that interval, but is not an explicit algebraic function.
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3 Continuous algebraic algebraic functions

It will be helpful to have the following theorem about the zero set of a
continuous algebraic function.

Theorem 5 The zero set of a continuous algebraic function on an open in-
terval has only a �nite number of connected components.

Proof. Let f be a continuous algebraic function on an open interval I,
and let Z be its zero set. As f is algebraic on I, it satis�es a polynomial
a0 + a1X + � � � + anXn on I, where ai 2 R [x] for each i, and an 6= 0. Let d
be the maximum degree of the coe¢ cients ai. We will show that Z cannot
have more than d+ 1 connected components. Suppose J0 < J1 < � � � < Jd+1
are connected components of Z. For 0 � i � d, there is a point xi between
Ji and Ji+1 such that f (xi) 6= 0. Without loss of generality we may assume
that f (xi) > 0 for d(d+ 1) =2e values of i. Let � be the minimum of the
positive values of f (xi).
By the intermediate value theorem, the function f takes on any value r 2

(0; �) at least 2 d(d+ 1) =2e � d+1 times. So a0 (x)+a1 (x) r+� � �+an (x) rn =
0 for at least d+1 values of x. It follows that a0 (x)+a1 (x) r+� � �+an (x) rn =
0 as a polynomial in x for each r 2 (0; �). It follows that the polynomials ai
are all zero, contradicting an 6= 0.
In particular, a continuous algebraic function on an open interval has at

most a �nite number of isolated zeros. So, for example, sin x and cosx are
not algebraic on R. Hamming [2] shows that the standard elementary tran-
scendental functions of calculus are not algebraic. However, his treatment
of arctanx, which relies on the fact that tan x is not algebraic on its full
domain (even his argument for this is not completely clear to me), rather
than on (��=2; �=2), is incomplete. Speck [8] gives a simple proof that these
functions are not algebraic on any nonempty open interval.

Corollary 6 An analytic algebraic function on an open interval is either
identically zero or has only a �nite number of zeros.

Proof. Because the function is analytic, if it vanishes on a nontrivial subin-
terval, then it is identically zero.

The hypothesis of the corollary can be weakened by assuming that f is
C1 rather than analytic. We don�t need this result but we will take a small
side trip to prove it anyway.
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Corollary 7 A C1 algebraic function on an open interval is either identi-
cally zero or has only a �nite number of zeros.

Proof. Let f be a C1 algebraic function on an open interval I, and let
J 6= I be a connected component of the zero set of f . It su¢ ces, by Theorem
5, to show that J must be a point. Otherwise, f and all of its derivatives
vanish on an endpoint s of J . Without loss of generality, we may assume,
by Theorem 5 again, that there is t > s in I such that f does not vanish on
(s; t). We will show this cannot happen.
Suppose f satis�es the polynomial p (X) = a0 + a1X + � � � + anXn on

(s; t), where an 6= 0. We will proceed by induction on the degree n of p (X),
it being clear that we cannot have n = 0. Repeatedly di¤erentiating a0 +
a1f + � � �+ anfn and evaluating at s, we see that a0 and all of its derivatives
vanish at s, so a0 = 0 whence gf = 0 where g = a1 + a2f + � � �+ anfn�1. As
f (x) 6= 0 on (s; t), it follows that g (x) = 0 on (s; t), whence f satis�es the
polynomial a1 + a2X + � � � + anXn�1 on (s; t). But this cannot happen by
induction on the degree of p (X).

Continuous algebraic functions are piecewise analytic.

Theorem 8 A continuous algebraic function on an open interval is piecewise
analytic with a �nite number of pieces.

Proof. Suppose the continuous function f satis�es the nonzero polynomial
p (x; y) in R [x; y] on the open interval I; that is, p (x; f (x)) = 0 for all
x 2 I. Write p = q1 � � � qm where each qi is irreducible in R [x; y]. The
functions qi (x; f (x)) are continous and algebraic, so their zero sets have a
�nite number of components by Theorem 5. If we divide I at the �nite
number of endpoints of these components, then we get open intervals such
that qi is either identically zero or never zero on each one, and some qi is
identically zero on each one (because p (x; f (x)) = 0). So we may assume
that p (x; y) is irreducible.
Now we want to show that py (x; f (x)) has only �nitely many zeros. If

py (x; y) were identically zero, then p (x; y) would contain no occurrence of y,
so p (x; f (x)) could not be identically zero. Because R (x) [y] is a principal
ideal domain., and p (x; y), viewed as an element of R (x) [y] is irreducible
by Gauss�s lemma, there exist polynomials a (x; y), b (x; y) in R [x; y], and
nonzero c (x) in R [x], such that ap+bpy = c. Thus b (x; f (x)) py (x; f (x)) =
c (x), so every zero of py (x; f (x)) is a zero of c (x). Putting those �nitely
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many zeros in as dividing points of I, we may assume that py (x; f (x)) is
never zero on I. So f (x) is analytic on I by the real analytic inverse function
theorem [5, Theorem 1.5.3].

4 The structure of explicit algebraic functions

For our main structure theorem, we will appeal to Theorems 3 and 5, and to
Corollary 6.

Theorem 9 If f is an explicit algebraic function, then there exist points
t1 < t2 < � � � < tn cutting up R into n + 1 open intervals I0; I1; : : : ; In such
that on each Ii

� f is unde�ned or

� f is analytic and never 0 (hence positive or negative) or

� f is identically 0.

Proof. The constant functions and the function f(x) = x satisfy these
conditions with n = 1 and t1 = 0. We need to show that if f and g satisfy
these conditions, then so do f + g, f � g, 1=f , and m

p
f .

Note that if the conditions hold, and we add �nitely many more points
to the nodes t1; : : : ; tn, then the conditions still hold. For m

p
f , we refer to

Theorem 5 and adjoin the endpoints of the components of the zero set of f
to the nodes t1; : : : ; tn. Note that m

p
� is analytic on (0;1), and is analytic

on (�1; 0) if m is odd.
For the others we take the union of the nodes for f and the nodes for g,

so the resulting open intervals are totally contained in intervals associated
with both f and g. The only problem is when f and g are both analytic and
never 0 on I and we are considering f + g. In that case we must show that
f + g is either identically zero or is zero on at most �nitely many points of
I. But Theorem 3 tells us that f + g is algebraic, so the result follows from
Corollary 6.

Call the points (or the open intervals) in Theorem 9 a witnessing grid
for f . Note that f may or may not be de�ned on those points. We can
always choose a witnessing grid so that if f is positive or negative on the
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entire interval Ij�1[ftjg[ Ij, then f is not analytic at tj. Such a witnessing
grid is unique.
If we leave the signum function unde�ned at 0, then it is an explicit al-

gebraic function, namely x= jxj. However, consider the function f(x) that,
for each integer n, is equal to (�1)n on the open interval (n; n + 1), and is
unde�ned elsewhere. It is continuous on its domain and satis�es the poly-
nomial X2 � 1 yet it is not an explicit algebraic function because it has no
�nite witnessing grid, as required by Theorem 9.
We want to prove a converse for Theorem 9, that is, we want to show that

a continuous, piecewise explicit algebraic function (with a �nite number of
pieces) is an explicit algebraic function. With this converse we can construct
lots of explicit algebraic functions. For example, the function that is equal
to
p
jxj on the interval [�1; 1], equal to x3 on the interval [1;1), and equal

to 2 + x on (�1;�1], is an explicit algebraic function.
First of all we determine what the domain of an explicit algebraic function

can be. From Theorem 9 we know that the domain must be a �nite union of
open intervals and points. The next theorem constructs an explicit algebraic
function whose domain is an arbitrary �nite union of open intervals and
points. Note that the domain of the explicit algebraic function f(x) =

p
�1

is empty and that the domain of the explicit algebraic function f(x) = b +p
a� x+

p
x� a consists of a single point a where f takes on the value b.

Theorem 10 Let J be a �nite union of open intervals and points. Then
the function 'J , whose domain is J and is equal to 0 on J , is an explicit
algebraic function.

Proof. Note that J is the complement of a �nite union of open intervals and
points. If we can construct a function �I (x) that is unde�ned exactly on I,
for I an open interval or a point, then

'J (x) = 0 �
X

�I (x)

where I runs over the open intervals and points in the complement of J . If
I is the �nite interval (a; b), then we set

�I(x) =

s����x� b+ a2
����� b� a2
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which is unde�ned exactly when
��x� b+a

2

�� < b�a
2
, that is, when x 2 (a; b). If

I is the in�nite interval (�1; a) or (b;1) we set

�I(x) =
p
x� a or �I (x) =

p
b� x

If I is the point [c; c], then we set �I (x) = 1= (x� c).
A corollary is that if f is an explicit algebraic function, and J is a �nite

union of open intervals and points, then the function g that is equal to f
on J and unde�ned elsewhere is also an explicit algebraic function. Indeed,
g = f + 'J . We refer to g as the restriction of f to J .

Lemma 11 Let f be an explicit algebraic function and I an interval that
has a smallest element or a largest element. If a is the smallest element of
I, let J = (�1; a); if a is the largest element of I, let J = (a;1). Then
there is an explicit algebraic function h such that

� domh � I [ J ,

� h = f on I,

� if f(a) is de�ned, then h = f(a) on J ,

� if f(a) is not de�ned, then h = 0 on J .

Proof. By symmetry it su¢ ces to do the case that a is the smallest element
of I, and by translating, we may assume that a = 0. If f is de�ned at 0,
then the function

f

�
x+ jxj
2

�
,

restricted to I [ J , has the desired properties. If f is not de�ned at 0, there
are two cases. If f is de�ned for some b > 0, let

g(x) = b+
(x= jxj) + 1

2
(x� b)

so that

g(x) =

�
x if x > 0
b if x < 0

.

Then the explicit algebraic function

(x= jxj) + 1
2

f(g(x)),
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restricted to I [J , works. If f is not de�ned for any b > 0, then the function
0

x+ jxj ,

restricted to I [ J , works.
If a is the smallest (largest) element of I, we call the function constructed

in the lemma the canonical left (right) extension of f . With this lemma
we can show that piecewise explicit algebraic functions, that agree where the
pieces join, are explicit algebraic functions.

Theorem 12 (splicing) Let t1 < t2 < � � � < tn be real numbers. These
points break up R into n+1 closed intervals I0; I1; : : : ; In. If fi is an explicit
algebraic function for i = 0; : : : ; n, and fi�1(ti) = fi(ti) (possibly both un-
de�ned) for i = 1; : : : ; n, then there is an explicit algebraic function that is
equal to fi on each Ii.

Proof. By induction we can �nd an explicit algebraic function g that is
equal to fi on Ii for i = 0; : : : ; n� 2 and equal to fn�1 on In�1 [ In. Let h0
be the canonical right extension of g restricted to the interval I0 [ � � � [ In�1
and h1 the canonical left extension of fn restricted to In. If h0 is de�ned at
tn, then h0 + h1 � h0(tn) is equal to fi on each Ii. If h0 is not de�ned at tn,
then h0 + h1 is equal to fi on each Ii.

5 The derivative

We would like to show that the derivative f 0 of an explicit algebraic function
f is an explicit algebraic function. Recall that dom f is a �nite union of
separated intervals. We will allow f 0 to be the one-sided derivative on an
endpoint e of such an interval if e 2 dom f .

Lemma 13 If f is an explicitly algebraic and analytic on a nonempty inter-
val (a; b), then there exist c0 < c1 < � � � < cm, with a = c0 and cm = b, such
that f 0 is explicitly algebraic and analytic in (ci�1; ci) for i = 1; : : : ;m.

Proof. We proceed by structural induction on f . Except for the case f =
n
p
g, we can take m = 1. We can do the same if f = n

p
g and either g doesn�t

vanish in (a; b) or g vanishes on all of (a; b). Otherwise, by Corollary 6, we
can take c1; : : : ; cm to be the points in (a; b) where g is zero.
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Lemma 14 Suppose that f , f 0, and f 00 are algebraic and analytic on (a; b).
If f is de�ned and continuous at a, and its right derivative is equal to c there,
then c = limx!a+ f

0 (x). Similarly, if f is de�ned and continuous at b, and
its left derivative is equal to c there, then c = limx!b� f

0 (x).

Proof. By adding a constant to f , we may assume that f (a) = 0, and by
subtracting dx, we may assume that c = 0. By Lemma 13 we may assume
that f 0 and f 00 are explicitly algebraic and analytic on (a; b). By Corollary
6 we may assume that f , f 0, and f 00 do not vanish in (a; b) or that f 00 is
identically zero on (a; b). In the latter case, f is a polynomial on [a; b) so the
conclusion holds. Without loss of generality we may assume that f is positive
on (a; b). As f 00 never vanishes in (a; b), either f 0 is always increasing, or f 0

is always decreasing. We will show that f 0 is always increasing by showing
that it increases at least once.
Choose any t 2 (a; b). Because the right derivative of f is zero at a, we

can choose s < t in (a; b) so that

f (s)

s� a <
f (t)

t� a

This is equivalent to the inequality

f (s)

s� a <
f (t)� f (s)

t� s

The mean value theorem gives us � 2 (a; s) and � 2 (s; t) so that f (s) =
f 0 (�) (s� a) and f (t) = f (s) + f 0 (�) (t� s) so

f 0 (�) =
f (s)

s� a <
f (t)� f (s)

t� s = f 0 (�)

Thus f 0 is increasing on (a; b). If the in�mum of f 0 were positive, then
f(x)�f(a)
x�a would be bounded below on (a; b) by the mean value theorem. So

the left derivative c would be positive, contradiction.

The derivative of an explicit algebraic function f is de�ned and explicitly
algebraic on dom f , with the possible exception of a �nite number of points
(for functions like 3

p
x and jxj).

Theorem 15 Let f be an explicit algebraic function. Then f 0 is an explicit
algebraic function and dom f = dom f 0 [ P where P is a �nite set.
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Proof. To show that f 0 is an explicit algebraic function on its domain, it
su¢ ces, in light of Lemma 13 and Theorem 12, to show that f 0 is continuous
on its domain. This follows from Lemma 14.

Example: The function x jxj is explicitly algebraic and continuously
di¤erentiable (its derivative is 2 jxj) but it is not analytic at 0.
Of course an antiderivative of an explicit algebraic function need not be

explicitly algebraic: an antiderivative of 1=x is lnx, and an antiderivative of
1= (1 + x2) is arctanx.

6 A counterexample

Although there are procedures for constructing zeros of cubic and quartic
polynomials that involve only arithmetic operations and taking n-th roots,
there are cubic polynomials over the rational numbers whose zeros are all
real but cannot be constructed in this way without using complex numbers
as intermediate values (see [10, Section 8.8]).
We want to show that a certain real analytic function on an open interval,

that satis�es a nonzero cubic polynomial in X with coe¢ cients in R [x], is
not an explicit algebraic function on that interval. Essentially, we want to
show that the polynomial

X3 � 3X + x
cannot be solved by real radicals. Note that this polynomial has no roots
in R [x], by a simple argument on degrees, hence is irreducible over the �eld
R (x). This is a functional instance of casus irreducibilis, an irreducible cubic
with three real roots.
Here is a plot of the equation x = �X3 + 3X with the axes reversed.
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3 2 1 1 2 3

2

1

1

2

x

X

The local extrema for x are �2 corresponding to X = �1. The variable
x is zero when X = �

p
3 and X = 0. You can see the three functions,

f1 (x) � f2 (x) � f3 (x) that are the continuous roots of X3 � 3X + x for
x 2 (�2; 2). These functions are analytic on the interval (�2; 2) by the real
analytic inverse function theorem [5, Theorem 1.5.3].
We will need the fact that if p is a prime number, and a is an element of

a �eld K, then Xp � a is either irreducible over K or has a root in K [10,
Section 8.5].

Theorem 16 The function f1 is not an explicit algebraic function on (�2; 2).

Proof. Clearly

X3 � 3X + x = (X � f1) (X � f2) (X � f3)

as polynomials in T [X] where T is the ring of continuous real-valued func-
tions on (�2; 2).
The discriminant of X3 � 3X + x is

� = 27
�
4� x2

�
= (f2 � f1)2 (f3 � f1)2 (f3 � f2)2
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so p
� = (f2 � f1) (f3 � f1) (f3 � f2)

If f1 is an explicit algebraic function, then we can construct a sequence of
elements u1; u2; : : : ; um = f1 of T such that each element is a polynomial in
R [x], or is the sum, product or quotient of two previous elements, or is a
p-th root of a previous element for some prime p. We may, without loss of
generality, take u1 = 4 � x2 and u2 =

p
4� x2. Note that the polynomial

X2 � (4 � x2) is irreducible over R [x] because 4 � x2 = (2� x) (2 + x) is a
product of two distinct primes.
Let S be the set of nonzero elements of R [x]. These elements are regular

in T . We work within TS, the ring obtained from T by inverting elements
of S. From the sequence u1; u2; : : : ; um = f1 of T , we construct a sequence
of sub�elds K0 � K1 � � � � � Kn of TS such that K0 = R (x) and Ki+1 =
Ki [vi] where vi is a pi-th root of an element of Ki for some prime pi, and
f1 2 Kn. We may assume that Ki is a proper sub�eld of Ki+1, so vi satis�es
an irreducible polynomial Xp�ai with ai 2 Ki. We may further assume that
f1 =2 Kn�1. Note that F0 = R (x) and F1 = F0

hp
�
i
.

The splitting �eld F0 [f1; f2; f3] of the irreducible polynomial X3�3X+x
contains the quadratic extension F1 = F0

hp
�
i
, so is dimension 6 over F0,

hence dimension 3 over F1. Thus the splitting �eld is contained in F1 [f1]. As
f1 is in Fn but not Fn�1, and dimFn�1 Fn = pn�1, we must have pn�1 = 3 since
f1 satis�es an irreducible cubic. So Fn is the splitting �eld ofX3�3X+x over
Fn�1, which implies that it is normal: if it contains a root of an irreducible
polynomial over Fn�1, then it contains all of them. Thus Fn contains all pn�1
roots of Xpn�1 � an�1. But the quotient � of any two distinct such roots is
a primitive cube root of 1, so has the property that �2 + � + 1 = 0. Thus
(�+ 1=2)2+3=4 = 0, so the sum of two nonzero squares in TS is zero, which
is impossible.

At the end of [10], van derWaerden does go into the theory of formally real
�elds: �elds where if a sum of squares is zero, then each square is zero; but
in his treatment of casus irreducibilis, which comes several chapters before,
he seems to be dealing with a sub�eld of the real numbers. Hardy [3] gives
the polynomial X5�X � x for an example of an algebraic function which is
not an explicit algebraic function. This is presumably a polynomial whose
Galois group is not solvable, so there would be no way to write a solution for
it in terms of the required algebraic expressions, even if we allowed p

p
a to be
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an arbitrary complex number whose p-th power is a. Hardy says, the �proof
is di¢ cult and cannot be attempted here.�

7 The algebra of partial functions

The explicit algebraic functions are real-valued partial functions. What is
the algebraic structure of the set of such functions? We�ve got commutative
and associative addition and multiplication with the distributive law. We�ve
got additive and multiplicative identities 0 and 1. The partial functions
whose values are all 0 are additive idempotents that form a semilattice with
e ^ f = e + f = ef , so they are also multiplicative idempotents. Moreover
e = e + 0 = e0. These idempotents can be thought of as the domains of
functions. The largest is 0; the smallest is the empty domain. The empty
domain need not be in the algebra, for example in the algebra of rational
functions. If e is an additive idempotent, then so is ex. So the additive
idempotents are exactly the multiples of 0. In the full algebra, they have
arbitrary in�ma, so arbitrary suprema. In the algebra of rational functions,
the domains are co�nite sets, so you don�t have arbitrary in�ma. If you
identify rational functions that agree on their common domain, which is
co�nite, you get the usual �eld of rational functions.
The �rst two rules are those of a commutative semiring, or perhaps a

commutative rig.

1. Two commutative monoids, addition with 0 and multiplication with 1.

2. Multiplication distributes over addition.

We do not require that 0 � a = 0, which is not true in our setting. But we do
have the somewhat strange looking

3. If e and f are additive idempotents, then e+ f = ef

From (3) we see that additive idempotents are also multiplicative idem-
potents. The order on the additive idempotents is the usual one: e � f if
ef = e. So ef � e and if g � f and g � e then gfe = ge = g so g � fe.
Thus ef = e ^ f . This argument works whenever you have a commutative
semigroup consisting of idempotents. Clearly 0 is the top because x+0 = x.
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Theorem 17 If e is an additive idempotent, then so is ae. The additive
idempotents are exactly the multiples of 0. For each a there is a unique
additive idempotent e = a0 such that a + e = a and ae = e. If e is an
additive idempotent, then fa : a+ e = a and ae = eg is a ring with additive
identity e and multiplicative identity 1 + e.

Proof. If e is an additive idempotent, then ae + ae = a (e+ e) = ae.
In particular, a0 is an additive idempotent. Conversely, if e is an additive
idempotent, then e0 = e + 0 = e from (3). Note that additive idempotents
are multiplicative idempotents by (3). In particular, 0 � 0 = 0.
Clearly a + a0 = a (1 + 0) = a and a � a0 = a0 � a0 = a0. To show

uniqueness, suppose a + ei = a and aei = ei for i = 1; 2. Then eiej =
ej � eiej = ej + eiej = aej + eiej = (a+ ei) ej = aej = ej, so ei = eiej = ej.
The ring in the theorem is the ring of functions with domain e.
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