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A two-strength line in one of its states.

Fields: 1 + r, 1 + 2r, r, �r, �3r, �1� 2r, �1� r

Noise is added to the �eld at each node. The state
changes to match the �eld (discrete time). A Markov
chain.

The noise is unbounded, so all transition probabilities are
positive and there is a unique stationary distribution.

The noise depends on a noise-level parameter � > 0. We
are interested in the limit of the stationary distributions
as � ! 0.



THE NOISE

The density function of the noise at each node is

f (x=�)

�
for a �xed f which is continuous, everywhere positive,
symmetric around zero, and satis�es

lim
x!1

f(�x)

f(x)
= 0

for each � > 1. The parameter � > 0 is a measure of
the intensity of the noise.

� the standard normal density function
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� the density function of the logistic distribution with
variance 1
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Normal is solid curve, logistic is dashed curve.



VISIBLE STATES

A state is visible if it has nonzero probability in the lim-
iting stationary distribution. Here is our favorite state
again:

Imagine there are n > 1 weak nodes, rather than 5.
There are 2(n� 1) states like our favorite one.

In the normal case, this state is invisible if r > 1=4, and
its probability is 1

4(n�1) if r � 1=4.

In the logistic case, this state is invisible if r > 1=2. If
r < 1=2 its probability is 1

4(n�1) and if r = 1=2 its

probability is 1
2(2n�1).



INDEXED PROBABILITIES

Our setting is a Markov chain whose matrix has a para-
meter �. Its entries are indexed probabilities, by which
we mean (continuous) functions from the positive real
numbers to the half-open interval (0; 1].

If a and b are indexed probabilities we write

a � b (or a = b) if lim
�!0

a(�)

b(�)
= 1,

a � b if lim
�!0

a(�)

b(�)
= 0,

a � b if lim
�!0

a(�)

b(�)
exists.

The preorder a � b gives rise to an equivalence relation
a � b (time-scale equivalence).

Note that a � b if and only if a + b = b, and a � b if
and only if a+ b = sb for some real number s � 1.



THRESHOLD EXPRESSIONS

LetX be a random variable with density function f(x=�)=�.
Consider the indexed probability

[s] = P (X > s).

A threshold expression is a polynomial in these symbols
with positive real coe¢ cients. Note that [0] = 1=2, and
if s < 0, then [s] = 1. If 0 < s < t, then

[s] + [t] = [t].

In the logistic case, we have

[s][t] = [s+ t]

for s; t > 0. The normal calculus is more complicated.

There
nY
i=1

[si] is determined by
Pn
i=1 s

2
i and n.

The (equivalence classes) of the entries in our Markov
matrix are all threshold expressions.



THE ALGORITHM

Find the largest o¤-diagonal entry � (this determines the
current time scale)

Eliminate states that are �-transient, modifying the ma-
trix appropriately.

Lump �-irreducible subsets into mixed states. (Record
the composition of mixed states.)

If more than one state remains, repeat.

Unpack the one mixed state that is left.



TRANSIENT AND MIXED STATES

Here is a �-transient state for � = [r].

We can �nd a �-path to the all-white state, but no �-path
back.

The four states that look like our favorite state

are lumped together to form a mixed state when � = [r]
(whether or not they are visible).

In practice, all eight states are lumped together because
we treat carry dual pairs of states as one state. This cuts
the size of the matrix down by a factor of four.



TRANSIENT LIMITS

Each row of lim�!0 limn!1A(�)n is the limiting sta-
tionary distribution. What if n!1 and � ! 0 simul-
taneously in some way?

A matrix L is a transient limit of the sequence A(�)n if
for all " > 0 there exists � 2 R+ so that for all � � � ,
there exists t � 1=" such that

"t � n � t implies d(An(�); L) < ".

The rows of a transient limit are not generally equal. If L
and M are transient limits of An(�), then L and M are
commuting idempotent matrices, and either LM = L or
LM =M .

In the algorithm, we could record the transition proba-
bilities from the invisible states to the remaining states
and so maintain a Markov matrix including all the orig-
inal states. I think that the transient limits come from
evaluating that Markov matrix at � = 0 each time we
move to a new time scale.



QUESTIONS

For the single-strength circle, line, and torus, the only
visible states are homogeneous. Is that true for any single-
strength connected network?

What is the largest ratio r of weak to strong for which
there are visible inhomogeneous states in some two-strength
connected network with normal or logistic noise?

Can the behavior of two-strength circles with normal or
logistic noise be completely classi�ed in a reasonable way?

The algorithm, as it now stands, requires maintaining a
large matrix, none of whose entries are zero. This limits
the algorithm to fairly small networks, a maximum of
12 nodes in the current implementation. Can this be
circumvented?


