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� � I n t r o d u c t i o n

A lattice path is a sequence of un it steps in the North � and East � direction� starting at the

origin� In a �left� weighted lattice path every left turn
�

� � gets the multiplicative weight ��

�
� � � � � � �
�

� �
Lattice Path with Weight ��

The total weight sn�m� of all paths reaching the point �n�m� equals

sn�m� �
X
d��

�
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d

��
n

d

�
�d� ���

In Section ��� we show why th is kind of weighted path is a very ��natural		 generalization

of the ord inary lattice path �where � � ���
A ballot path stays strictly above a parallel to the diagonal� y � x � K � say� where K

is a nonnegative integer� In an ord inary �� � �� ballot path we can sw itch the two types of

steps and obtain a path below y � x � K � Hence counting ordinary ballot paths above is

equivalent to counting paths below corresponding boundaries� However� th is is no longer

true for weighted paths� because sw itch ing the steps moves the weight from left to right

turns�

� ��� ��� ��� 	�� � �� 
�� ���� � ��� � � � � t��u�
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� � � � � � � � � t��u�
u � � u � � u � � u � � u � � � � � degree v �

Total weights of paths with weighted left turns belowy � x � �

The total weight tv�u� of the ballot paths to �u� v� below y � x�K is easily obtained as

tv�u� �
X
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for all � � v � u �K � It follow s that for K � v � u �K there are
�
u�K

l

��
v�K

l

�
paths

with l left turns� ending at �u� v� and reach ing the line y � x�K som ewhere� In Corollary

� we prove ��� via symmetric Sheffer sequences
 Theorem � shows a different proof for this

result� using a variation of ��rowed plane partitions� Suppose m � n � K � �� With the

sam e approach it is shown in Theorem 
 that
�
n�K��
l��

��
m�K��

l��

�
paths with l left turns end

at �n�m� above the line y � x�K after reaching it som ewhere�
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Total weights of paths with weighted left turns abovey � x� �

In order to find the weight rn�m� of the ballot paths above the line y � x�K in term s

of Sheffer sequences it is no longer adm issible to use the initial value rn�n � K� � � for

all n � K � Instead� we must work with the initial condition rn�n � K � �� � rn���n �
K � �� for all n � K �bold entries in the tab le above�� We say that the initial values are

recursively defined 
 the polynom ial rn�x� gets an initial value from its predecessor rn���x��
In Theorem � we show that

rn�m� �
X
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as a special case �k � �� of a result for skew �symmetric Sheffer sequences� More gen�

eral resu lts on Sheffer sequences with recursively defined initial values will be shown in a

forthcom ing paper�

� � S h e f f e r S e q u e n c e s

For the follow ing we need a few definitions from the Umbral Calculus �� � � A Sheffer

sequence fpn�x�gn�� is a sequence of polynom ials such that deg pn � n andX
n��

pn�x�t
n � p�t�ex��t��

where p�t� �
P

n�� pn���t
n and ��t� are formal power series of order � and �� respectively�

Let B�t� be the formal inverse of ��t�� and D be the derivative operator on the algebra of

polynom ials� The linear operator B�D� is called the delta operator for fpng
 for all n � �

Bpn � pn�����
n�x

n

��
n��

is an example for a Sheffer sequence with associated delta operator O �

� � E��� the backwards difference operator� where Ea denotes the translation operator

Eaf�x� � f�x�a�� The basic sequence associated with the delta operator B is the Sheffer

sequence fbng with initial values bn��� � ���n�

� �� S y m m e t ry

A Sheffer sequence fpn�x�g is symmetric if

pn�m� � pm�n�

for all nonnegative integers m and n� Obviously�
�
n�m

n

�
is symmetric� which is the reason

for so many elegant resu lts in ordinary lattice path counting�

The difference of two different Sheffer sequences for the sam e delta operator is again a

Sheffer sequence �for the sam e operator�� If fpng is symmetric then

tn�x� �� pn�x�� pn�K�x �K� ���

is a Sheffer sequence which has initial values tn�n � K� � � for all n � K � The well�

known solution for the ord inary ballot problem can be obtained th is way� But are there any



other symmetric Sheffer sequences besides
��

n�x

n

��
� In �
 � we have shown that except

for a scaling factor there is only one param eter that describes the whole class of symmetric

Sheffer sequences�

Theorem � All symmetric Sheffer sequences are of the form f�sn�x�gn�� where � is a

nonzero scaling factor� and

sn�x� �
nX
l	�

�
n

l
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x

l

�
�l

�� �� ��� The corresponding delta operator � has the expansion

� �
�

���
���

in term s of the forward difference operator � � E� � ��

In other words� the Sheffer sequence fsng has the sam e symmetry as
��

n�x

n

��
� which is

the reason for many elegant results on the enumeration of lattice paths with weighted left

turns�

All Sheffer sequences for � satisfy the recurrence relation

sn�x� � sn�x� �� � sn���x� � ��� ��sn���x� �� �
�

and the identity

sn�x�� sn�x� �� � �
n��X
i	�

si�x� ��� ���

because ��� has the solution

� � ������ ��� ���

It is easy to verify that lattice paths with weighted left turns are enumerated by the recurrence

�
�� with initial values sn��� � � for all n � �� �� � � � if no other restrictions are present�

Hence the total weight ��� is obtained�

Corollary � The ��Sheffer sequence

tn�x� �� sn�x�� sn�K�x �K�

has the initial values tn��� � � for all n � �� � � � � K��� and tn�n�K� � � for all n � K �

Proof� Follows from ����

� �� S k e w �S y m m e t r ic Sh e f f e r P o ly n om ia l s

The generating functions

��� t��k
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�
 � belong to an important class of ��Sheffer sequences which will be called skew �symmetric

in the follow ing� They can be expanded as

s�k�n �x� �
nX
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�
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�
�l� ���

The case k � � has been discussed in the previous section 
 k � � gives the basic sequence

for �� It is easy to check that skew �symmetric Sheffer sequences have the property

s�k�n �m� k � �� � ���ks���k�m �n� k � �� ���

for all integers k� and for all non�negative integers n and m�



From the expansion ��� we can derive another important property of skew �symmetric

Sheffer sequences�

�s�k�n �x� � �s
�k���
n�� �x�� ����

� � R e c u r s i v e I n i t i a l C o n d i t i o n s

Suppose ftn�x�g and frn�x�g are Sheffer sequences for the sam e delta operator� Assum e

that ftn�x�g and the basic sequence fbn�x�g are known� and that rn�x� � tn�x� for all n
below som e given positive integer K � For n � K we recursively define the initial values

rn�n�K � �� � rn���n�K � ��� ����

where � is som e given sh ift� This recursive initial value problem can be solved �see �� � ��

in the sense that rn�x� can be expanded in term s of ti�x� and bi�x�� In th is paper we restrict

our attention to skew �symmetric Sheffer sequences where a special approach leads to an

elegant solution �

If we write

rn�x� � tn�x� � qn�K�x� ��
then fqn�x�g is a Sheffer sequence for the sam e delta operator� satisfying the condition

qn�n�� qn���n� � tn�K���n� ��� tn�K�n� �� ����

for all n � ��

� �� S k e w �S y m m e t r y

Let

n
s
�k�
n �x�

o
n	�������

be a skew �symmetric Sheffer sequence as defined in ����

Theorem � If r
�k�
n �x� �� s

�k�
n �x� for all n � �� � � � � K � �� and r

�k�
n �n � K � k � �� �

r
�k�
n���n�K � k � �� for all n � K � then
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Proof� Let tn�x� � s
�k�
n �x� and � � �� k in equation �����

qn�n�� qn���n� � s
�k�
n�K���n� k � ��� s
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�
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���k�
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�

because of ����

Hence� the n�th degree ��Sheffer polynom ials qn�x�� qn���x� and

���k
�
s
���k�
n�� �x�K � k � ��� s

���k�
n�� �x�K � k � ��

	
all have one value in common� and therefore must be identical �this is a consequence of the

Binom ial Theorem for Sheffer sequences �� � �� In term s of � and ��

qn�x�� qn���x� � ��� �� qn�x� � � ��� �� qn���x� � ����k�s���k�n�� �x�K � k� ���

Applying ��� and ���� shows that
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Now we can expand r�k�n �x��

r�k�n �x� � s�k�n �x� � qn�K��k � �� � s�k�n �x�� ���ks
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At the end of the next section we provide a combinatorial interpretation of r
�k�
n �x� in

term s of two�rowed arrays�

� � C o m b i n a t o r i c s

In this section we describe a combinatorial approach to the enumeration of weighted lattice

paths� Basically� it can be extracted from �� � � or� equ ivalently� from the restriction to two

paths of the Gessel�Viennot theory of non intersecting lattice paths �� � � �� � � �� � Sec� �� �

Our approach to the enumeration of lattice paths with respect to their number of turns is

by encod ing lattice paths in term s of two�rowed arrays� Let �p�� q��� �p�� q��� � � � � �pl� ql� be
the left turns of a path P � Then the two�rowed array representation of P is defined by the

two�rowed array

p� p� � � � pl
q� q� � � � ql�

����

which consists of two strictly increasing sequences� If P runs from �a� b� to �c� d� then

a � � � p� 	 p� 	 � � � 	 pl � c and b � q� 	 q� 	 � � � 	 ql � d� � are satisf ied� If we

wish to make this fact transparent� we write

a � � � p� p� � � � pl � c
b � q� q� � � � ql � d� ��

����

For a given starting point and a given final point� by defin ition the empty array is the repre�

sentation for the only path that has no left turn � For the path in the figure above we obtain

the left turn representation

� 
 

� � �



or with bounds included�

� � � 
 
 � 

�� � � � � � 


�

Two�rowed arrays with rows of unequal length will also be considered� The arrays have

the property that the rows are strictly increasing� So by convention � whenever we speak of

two�rowed arrays we mean two�rowed arrays with strictly increasing rows� For these arrays

we will use a notation of the kind ���� as well�

Theorem � Let �u� v� be located below the line y � x�K � There is an explicit bijection

between lattice paths from ��� �� to �u� v� with l left turns� reaching the line y � x � K
som ewhere� and two�rowed arrays of the form

�K � � � �p� � � � �pl � u
K � �q� � � � �ql � v � ��

��
�

Hence� their cardinality equals
�
u�K

l

��
v�K

l

�
�

Proof� Consider a path P from ��� �� to �u� v� with l left turns� reaching the line y � x�K
som ewhere� In term s of its two�rowed array representation �

� � p� p� � � � pl � u
� � q� q� � � � ql � v � ��

����

it means that there is an index I � � � I � l� such that qI�� � pI � K �by convention�

p� �� � and ql�� �� v�� Without loss of generality assum e that I is the largest such integer�

Map the two�rowed array of P to

q� �K � � � � � qI �K � � pI�� � � � pl
p� �K � � � � � pI �K � � qI�� � � � ql �

����

Note that both rows are strictly increasing because of qI � K � � 	 qI�� � K � � 	
qI�� �K � � � pI�� and pI �K � � 	 qI��� It is not diff icult to see that ���� is of type

��
��

The inverse of this map is defined in the sam e way� We leave it to the reader to check the

details�

Theorem � Let �n�m� be located above the line y � x�K � There is an explicit bijection

between lattice paths from ��� �� to �n�m� with l left turns� reaching the line y � x � K
som ewhere� and two�rowed arrays of the form

K � � � �p� �p� �p� � � � �pl � n
�K � � � �q� � � � �ql � m� ��

����

Hence� their cardinality equals
�
n�K��
l��

��
m�K��

l��

�
�

Proof� Consider a path P from ��� �� to �n�m� with l left turns� reaching the line y � x�K
som ewhere� In term s of its two�rowed array representation ���� this means that there is an

index I � � � I � l such that qI � pI �K � Without loss of generality assum e that I is the

largest such integer� Map the two�rowed array of P to

q� �K � � q� �K � � q� �K � � � � � qI �K � � pI pI�� � � � pl
p� �K � � � � � � � � pI�� �K � � qI�� � � � ql�

����

Note that both rows are strictly increasing because of qI �K� � 	 pI and pI���K �� 	
pI �K�� 	 pI���K �� � qI��� Again � it is not diff icu lt to see that ���� is of type �����



The inverse of this map is defined in the sam e way� We leave it to the reader to check the

details�

We remark that in the sam e way it can be seen that for k � � and K � �k � � � ��
x

l

��
n� k � �

l � k � �

�
�

�
x �K � �k � �

l � k � �

��
n�K � k � �

l � �

�

counts two�rowed arrays of the form

� � p� � � � pl�k�� � n� k � �
� � qk � � � q� � � � ql�k�� � x� �

����

with the property that qi � pi � K � �k � � for all i� Without the restrictions k � � and

K � �k � � � �� one has a sim ilar but more involved combinatorial interpretation �

References

��� Gessel� I� M� and Viennot� X� ����
� Binom ial determ inants� paths� and hook length formu�

lae� Adv� in Math� �� � ��������

��� Gessel� I� M� and Viennot� X� ������ Determ inants� paths� and plane partitions� preprint�

��� Krattenthaler� C� and Mohanty� S� G� ������ On lattice path counting by major and descents�

Europ� J� Combin� �� � ���
��

��� Niederhausen � H� ������ Recursive initial values� subm itted to Discrete Math �

�
� Niederhausen � H� ������ Symmetric Sheffer sequences and their applications to lattice path

counting� J� Statist� Planning and Inference �� � �������

��� Rota� G��C �� Kahaner� D� and Odlyzko� A� ������� On the foundations of combinatorial

theory� VIII� Fin ite operator calculus� J� Math� Anal� Appl� �� � ��������

��� Stembridge� J� R� ������ Nonintersecting paths� pfaff ians and plane partitions� Adv� in Math�

�� � �������


