SHEFFER POLYNOMIALS IN FPATH ENUMERATION

by

Heinrich Miederhausen”
Department of Statistics, Stanford University

1. Introduction.

A lattice path has unit step vectors, say, if its steps go only in the
direction of the axis, one unit each. In other words: if the path has
reached the point (nl,...,n-r+l )T € [Ngﬂ, the next point is obtained by
adding 1 +to exactly one component n, (1<i<r#l)., For me W, and
n € {Ng denote by D(u,m) the nmuber of paths, which

start at the origin,

have only unit step vectors,

stay in a certain specified region of ﬂ\l'gﬂ, and

reach the point (m,m) e INS+l .
The first kind of regions we look at are sets of points (i,j) with J > v(i),

vhere v 1is a given boundary function. We make the following obvious restric-

tions for the boundary v:

v is integer valued

v(0) = -1 (each path starts at the origin)

v(n) > v(m) ¥n>mn (no path can go down).
Here n >m means n, > m, for all i =1,...,r. The following recursion
and side conditions uniquely determine the numbers D(n,m) for the one-sided

. boundary case: (gk: = x®P it vector in z")
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Example 1l: Figure 1 shows the region

(G510 310 > v(1),1,)) in u\rz » with

2i,H,-1 ¥(0,0) < (iy,1,) < (3,3)
v(il,ie) =

il+2i24l else,

For n, = 0 and n, = 1 the computation of D(nl,nz,m) is demonstrated

in the next two tables.

81 7 2 55 9 139 139 8 [8 60 220 ko 557~|o
T {1 6 18 30 lkp 42 0 T 17 45 135 165’ 0
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General results about path enumeration can be found in T.V. Narayana's
book [6]. The two sided boundary case (see section 5) is solved with

other methods by B. R. Handa and S.G. Mohanty [2].



2. Affine Boundaries.

From the recursion (1) and side conditions (2) follows the existence of

a multi-indexed sequence of real polynomials (dn) e X
2n el

with the properties:

dE(m) = D(m,m) ¥m>v(n), n>0

do(x)=l ¥xeR

T
(3) dE(X) -dE(X_-l) = kgl dﬂ‘_e_k(X) ¥xeR .-

Define dn{x) =0 if n ¢ Z’r\lNg . (dn) is a multi-indexed analogy of ‘a
Sheffer ssquence. The theory of Sheffer sequences is highly developed in
the ,Finite Operator Calculus” [3]. An abstract of the definitions and
theorems needed for two dimensional path counting can be found in [8], where

T i following. i
we refer to in the following. We call a sequence of polynomials (Sg)r_l < mé‘ a

Sheffer r-sequence for the delta operator Q {8, section 3.1}, iff

so(x)=c;éOVerR and

T
&) an=Zs__e V{l_ell\]‘;.
= k=1 =~k
1 if n=0
(sn) has roots in v, say, iff Sn(v(ﬂ)) = 6O,n t= R
= - - - 0 else
vhere v is any function from IN‘S onto R (not necessary a boundary ).

The Sheffer r-sequence (dn) corresponds to the backwards difference delta

operator V/: Vdn(x):= dn(x) - dn(x-l), and (4) holds because of (3).

In generalization of [8, (4.1)], we obtain: if v is any affine
function, v(i) = g_T_i_+b (a € er, b € R), then the Sheffer r-sequence

for v with roots in v is given by




x-a'ntb  x-b+n-1 x-a'n-b x-b+H

(5) — )= — )
x-b z x-b+n 2
_ T
For all x €¢R and nel. , where n := J, and
2B e
k=1
(y-n+l)- (y-n+2)+ -y
©) () s= ¢)r=1
n” nl'. vse nt 7 %0 *
For a € Ng and b = ~1, v is a boundary, and (5) is the number D{n,m)

of paths, staying strictly over the hyperplane {(n,m) € Zrﬂl m=s'n-1}.

See [5] for another proof.

3. Piecewise Affine Boundaries.

Anzglogously to lemma 4.1 in [8], the following main representation

formula holds:

Lemms 1: If (rn) is a Sheffer r-sequence for 9, then

s

J

ra(x) = rg._(v(_j_))si’g_i(x) ¥xelR,

1
jo

where (sj n)n cpFf s for each j e IN:S the Sheffer r-sequence for Q
LB R,

with roots in v, (1) s= v(i+i).

This lemma and formula (5) yield a theorem which can be used to compute

Sheffer r-seguences for v in a recursive way:

Theorem 1: ILet (rn) be the Sheffer r-sequence for Y with roots in



p(l) V¥iel
v(i) :=

clitd  ¥i en\%\L s

where p 1is any function from [N(l; onto R, ge!Ng, d €R, and L is a

set in !Ng with the property: if iel and 0<j<1i, then 4 € L.

If the numbers T, (ET£+G.> are known for all i in L, then rn(x) can be

computed from

- x—gT_q—d x—d~gTi_+E-:iT-l
(1) r (x) = r.(e'itd) ——— ( )
2 ieL * x—gTi-d a-c
for all x €R, n ¢ !Ng (see (6) for the symbols n and (i)).

T o(i) = a'i+h in the theorem above (a e {Rr, b €R), we obtain from

(c-a)"i+a-b cfitd-b+I-1 x-¢'n-d x-cli-a+n-I-1

®) rx = ¥ o———— (7, ) ——= ( : )

2 icl  cTitd-b 3 x-cli-a e
Example 2: In continuation of example 1 we compute D(%,2,10) = dh 2(lO).

2
. T T =
We find a = (2,1), b =-1, ¢’ =(1,2), 4=1 and
L=1{@ ,i)em2:0<i <3, 0<i, <3}. Hence, (8) yields
1°72 Q -1 = -T2 -
D(s,2,10) = % )% ~1l+12+2 21l+512+1) 1 11&-211-512
252 T, 20 i 20 il+2i2+2 i 9-il-2i2 hei. .24
1Y At 1% “rpeti

n

11541 ((4,2,10) is the circled point in Figure 1).




Repeated use of theorem 1 yields an explicit expression for each piece-

. wise affine boundary function, if the affine pieces are defined on sets

n

Ll,L ye-e with the property: if i eL , and j<i, then je U L,_-.
2 =€t SR 1€ 0

But computing rn(x) for an n € L~ would need an (m-1)-fold summation.

' A General Ballot Problem.

In a ballot with r+l candidates Ck’ the candidate Cr+1’ say, gets

the relative najority of m votes. Given L votes for each candidate

Ck (x = 1,...,7), vhat is the probability that candidate Cr+l had the

relative majority during the whole counting of votes? For r =1 we obtain

the ordinary ballot problem. It is well known (and follows from (5) with
m—nl+l n. +m

‘m‘%l

countings (= paths) in guestion. For the general case we have to compute the

3\

v(i) := i-1) that in this case D(nl,m) = ) is the number of

Sheffer r-sequence (dn) for § with roots in ;(i_) t= max{il,..,,ir}—l .

Beside 1r=1 an explicit solution is only known for r 2 [4]., We will show

another proof for this case, and a recursion defining identity for the genefal

case. The expansion

(9) alx)= T
>

- X‘*‘E
2 . di(—l)(g_i) ¥x elR

9_

holds for all Sheffer r-sequences for ¥ (choose v(i) = -1 in lemma 1).

Decompose Qeﬁ\% into (n,m), vhere n i=n and B = (nE""’nr)'

Write ¢
n,m

instead of d . Then (9) becomes
2

. Ty XN
%,n ) = i }>: 0 igo 9,3 b y) -



Using the abbreviation of(i,j) := di P
2

(-i-3), we obtain from

v(i) = max{il,...,ir]—l:

2n+m-1 )

(10) 5 = nei,m-3

_ E Vn}_max{ml,...,m j.
Omm 1303

Loo(,g)(

o r-1

The boundary function v is invariant under permubations of its argument.

Therefore, dn is invariant under permutations of its index vector 1,

and it is sufficient to have an algorithm for computing dn m only for
Lfoel

n > max(ml,...,mr_l}. (10) @efines a recursion of this kind. But (10)

is unnecessary complicated. An elementary induction over m shows that

(11) 5 _= [ qa(i,g)(egf'l) ¥ o> max(m,...m ) .

O,ntm i >0
The numbers ¢(i,m) are not only invariant under permutations of the vector
(i,g), they are in addition independent of zeros in this vector. Therefore,
the numbsrs computed for an r-dimensional problem can be used in an r+k-
dimensional problem. For instance, o(i,k,j) equals 9(3,0,3,0,0,k). Some

special values (from (11)):

(P(O)O) =1
9(1,0) = -(0,0)*{™) = 2
n-1 n-1
?@0) = -7 + ) - T 0,0 - - I o0

0 ¥n>2 (by induction) .




The following formula for ¢(i,3J) ¥ i,j € !Nl is due to G. Kreweras [k, p. 83]:

ity (G+j-)r{e(i+j-1)-1)t .

°(,9) = 217 ST e

Kreweras proved his result by inserting o(i,j) into (9), showing that the
rolynomial has the right zeros and yields the right recursion. We can

insert o©(i,j) into (11) and have to prove that

v itm (1tm1)f(2(i+m-1)-1)1 2nm-l
(12) 0= L 2 ST Cn

) Va>m>2
(the case m =1 is elementary).

The following proof of this identity is due to D. Stanton.

Using generalized hypergeometric functions, (12) can be written as

wtl, m, m+l/2, -n+l

0O=F 2, 3/2, mtntl ] ¥a>m>2.

L3

Transform this well-poised F  into the SaalschBtzian
L3
((x)n t= x. (x+1 ). .. (xtn-1))

(M pa -ntl, (pdl)/2, m/2+l, 3/2-m
{wmy hFB { 2, 3/2, 3/2-n

(See W.N. Bailey [1], formula 4.5.(1), p. 30).



With transformation 4.6.(2), p. 32 of [1] we obtain

(m+l)/2, m/241, 3/2-m, -n+l

W5t 3/, 2, 5/2m -
(2—m)n_l(m+5/2)n_l 5/2, m+2, 3/2-m, -n+l
Sy S s messe, 3 1

In the nominator of the r.h.s., (2-m)n_l equals zero for all n>m>2 .

5. The Two-Sided Case.

Now we introduce a second (upper) boundary function p: [Ng -»lNO and
count paths in the region {(n,m): v(n) <m < u(n)}. Excluding trivial

cases, we make the assumptions
>

k@) >p(@) ¥Yan>m and

v(n) < max[u(r_l_—gk)[k =1,...,7} ¥n>0.

The numbers D(n,m) are now determined by

D(m-1) + . Dlace,m) ¥vi@) <m<pw), nso
k=1
D(E:m) =

¥on<v(m) orm>um), n>0,

and




1 if n=0 and 0<m<u(0),

D(Q)m)=
o] ing_eZ’r\ﬁ\]’g,meZ’.

A generalization of plecewise polynomial Sheffer functions (Sheffer

splines) to r dimensions leads to the following analog of corollary IIT.1

in [7]:
. (i3 B)-vi@) o
(13) Vg,g‘ﬁg‘ 177 ¢ ag e D@H@)
where
. &) it x>0,
¢l =L =

(13) defines a recursion for D(m,u(n)). For any v(n) <m <p(n), dD(n,m)
can be found by changing u into p'(i) := min{m,u(i)}.

Let N(n) be the set of all indices mwith 0<m<mn N has

u
W

r
I <1'11§f}’l) elements. Arrange this 4 elements in such a way that
k=1

_ T, . . . .
gl~9,x3d~g and Igi-xgjez\m'g for all 1 <1i< j<d. Using this
quasi order (introduced by B. R. Handa and S. G. Mohanty [2] in the path

counting context) and Crdmer's rule, (13) yields

291



as . ped-viz o)
(1) D) = (DT A Y e

For r=l, this result was obtained by G. Kreweras 1965 [k, 2.3.71, and
by G.P. Steck 1969 {9]. For genmeral r, (13) and (i4) were first proved

by B.R. Handa and S.G. Mohanty 1979 [2] with other methods.

Example 3 (from [2]). Suppose, (n,m) is a fixed point in II\IéHEL and we

want to compute D(n,m). The following relations hold between our

boundaries v, p, and the upper and lower restrictions a,b in [2]:
a(i) = m-1-v(p-i) , and

b(i)

]

m (n-1) vo<ic<n.

Consider the mumber of paths which reach (m,m) := (1,2,5) and cross only
. .2

through points (11,12,3) vhere J > ma.x{B.’Til, 12-1}. Then D(1,2,5)

is determined by the upver boundary p =5 and the lower boundary v with

values

o -1 -1 2

(The other values of v are not interesting for this example.) Wow we bring
¥=1{m €1N§|9_12_§ (1,2)} in the order m oi= (0,0), m, i= (0,1),

my i= (0,2), m, = (1,0), My := (1,1), me i= (1,2) (see [2] for another

ordering). From (1}) we obtain

292




6_1_5 S”V (Ei_(_l)
D(1,2 = (-1 t
( »2,5) ( ) de (( Ei+l-n—1j +1,i=1,...,5

(Ofl ) 1 0 o 0o
(032) (ofl) 1 0 0 0
-1 Gy o o 1 00 |-,
(fl) (1?0) ° (Ofl) 1o
(162 ) (]fl 1?0 ) <o?2 ) Ofl )

Of course, there is a faster method for computing this little example:

obsere, that v can be written as

v(i) =
il+2 else .
Now (8) yields
D(L,2,2) = 1 ’l) -31l+2+l (1+1l+2) 12 3-1+m-1l-2-l)
,2,m) = —— . —— i ol
1=(0,0) 1l+2+l i m-i, 2 1 11,2 i,

i

(6:0) 55 (%) * (1) B2 GD) = 2@1) (a3 )
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