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Abstract

A lattice path has privileged access to the line y = a(x —¥¢),
a,? € Ny if there is an additional set of (privileged) step vectors P
such that the lattice point (n,a (n — £)) for n > £ can only be reached
by steps from P. If P is empty, then the lattice paths are bounded
by a line; a classical problem in path enumeration. Different from
bounded lattice path problems, privileged access problems give these
boundaries new path entry and exiting characteristics. = We find
closed form solutions for some specific privileged access problems
using linear operators and functionals with Sheffer sequences.
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1 Introduction

Denote by D(n,m) the number of lattice paths from the origin to (n,m).
The standard lattice path has step set € = {—,1} = {(1,0),(0,1)}; a (¢,7)-
path has step set € = {—,1,(¢c,y)} where ¢ € Ny, € Z. The paths stay in
the first quadrant above a line y = a(xz — ¢), a,¢ € N;. The integer lattice
{(n,m) | n,m € Z} is a subset of the (x,y) plane; although we refer to the
line y = a(x — ¢) and to the restricted (half)line y = a(x — £) for © > ¢,
we are mainly interested in the restricted points {(n,a(n—¥¢))|n > (}.
Introduced to us in [1] by Merlini, Rogers, Sprugnoli, and Verri, a lattice
path has privileged access to the restricted line if there is a (privileged)
access step set P such that the restricted points (n,a(n —¢)) can only
be reached by access steps from P. Figure 1 shows a sample boundary.
The solution method in this paper does not require the first piece of the



boundary to be horizontal nor must the boundary have only two pieces [4];
however, we limit the scope of this paper to a two piece boundary (3) like
that shown in Figure 1.
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Figure 1: Restricted Line

If the path can exit the restricted line via the step set to lattice points
above the boundary then this defines a lattice path problem with recursive
initial conditions at (n,a(n — ¢)). In 1999, we [5] gave explicit solutions
to Sheffer sequences with initial conditions determined by functionals on
the sequence. In this paper, we translate the privileged access condition
to a functional that evaluates to zero on the restricted line. We combine
the earlier results of path counts strictly above a line in [4] and this newer
technique of specifying initial conditions to give “closed form” solutions to
privileged access lattice path counting problems. If the path is not allowed
to exit the boundary, the number of paths reaching the boundary is found
in section 4.1.

In Section 2 we give the necessary theory of linear operators and func-
tionals on the polynomial ring k[z] which can be found in [3], [6], and [7].
In section 3 the results from our prior work, [4] and [5], are specialized
to this new problem. We establish sufficient conditions that guarantee an
explicit solution for counting lattice paths with privileged access to the re-
stricted line y = a(x — £), a,¢ € N;. We derive a general solution and then
demonstrate its use by some specific examples.



We first exemplify the goal. In figures 2 and 3 we show a sample path
and the values D(n,m) for a privileged access problem of Type S in Table
1 with line y = x — 2, step set € = {—, T}, and access step set P={(3,0)}.
The path may exit the boundary to points above it with a step from €.
Notice the path counts on the boundary line at (n,n — 2) are equal to the
counts at (n —3,n — 2).

o o o o
172 324 505 601
V4
96 152 181 96
Ve
47 56 29 o
7
18 9 o o
7
3 o o o
7/
o o o o
n—>
o o o o
o o o o
Figure 2: Sample Path to (5,6) Figure 3: Path Counts

In Figure 3, we can view each column n as the values of a polynomial
d,(z) evaluated at x = m, the height of the path!. For our example, the
polynomials are

3] . :
_ r—nm+2+3j(x+1+n—3j
d"(x)_z x+2 ( n—3j )

§=0
The first few polynomials in the sequence are do(z) = 1, di(z) = = + 1,
da(z) = $2?+ 2, and ds(z) = ;2 + 22+ 2z — 1. For example, the number
of paths from (0, 0) to (3,4) is D(3,4) = d3(4) = 29. We show how to derive
this answer in section 4.2.3.

IThese polynomials, written in the generic independent variable z, are evaluated at
integer values m along the y axis; n runs along the x axis.




2 Sheffer Sequences

The necessary theory of linear operators on the polynomial ring k[x] where k
is a field of characteristic zero can be found in [3], which gives the underlying
theory of the Umbral Calculus, and in [7] which introduces the Binomial
Theorem of Sheffer sequences. The theory of linear functionals on k[z] and
how it is connected with the linear operator theory can be found in [6].

2.1 Operators

Let k [z] be the algebra of all polynomials over a field k of characteristic 0.
A polynomial sequence in k[x] is denoted by (p,(z)) where p,, has degree
n. We set p,(z) = 0 for all z iff n < 0. A Sheffer sequence (s,(z)) is a
polynomial sequence with generating function

S sala)t" = plt)e™ O

n>0

where p(t) and S(t) are power series of order 0 and 1 respectively [7].

Let Homy(k[z], k[z]) be the linear operators on k[z]. Let Q(¢) be the
formal inverse (compositional) of 5(¢) and D, be the derivative operator
on k [z]. The linear operator Q := Q(D,) is the delta operator associated
with (s,(z)). Delta operators and their Sheffer sequences are related by
the “backwards recursion” 2

Qsn = sp_1 forn > 0.

Every delta operator is shift-invariant; it commutes with all shift operators
E® where E®p(z) = p(x + a) for every a € k and p(z) € k [z] .

The basic sequence (g, (z)) is the unique Q- Sheffer sequence with initial
values ¢, (0) = do,n. The sequence ((n +1) gnt1(2)/2),—0 ;.. is a Q-Sheffer
sequence [7, p. 702] and the linear combination of Sheffer sequences

T—an—b

x—b 4n (@ =)

Sn(x) :=
is again a Sheffer sequence.
Given that (s,) is a Sheffer sequence and (g,) is the basic sequence for
delta operator @, the Binomial Theorem for Sheffer sequences [7] states

n

sn(@+y) =D si(y)gn-i(2). (1)

=0

’Divide the Sheffer sequences in [7] by n! to agree with our definition.



2.2 Functionals

Let k* [z] be the vector space of linear functionals on & [x]. We denote the
action of a linear functional L on a polynomial p(z) by

(L |p(z)).

The umbral algebra [6, p. 101] of linear functionals defines the product of
two functionals L and M as

<LMZ,>=X_;<L|Z><M|(SH—_Z)'>

The product can be computed using any basic sequence instead of (%) .
The functional ¢, is defined as evaluation at a,

{ea [ p(z)) = pla).

The identity of the product is evaluation at 0, called augmentation and
denoted by ¢.
For all linear functionals L € k* [z] define u : k* [x] — Homy(k[z], k[z])

by
un) =3 (115 ) o 8

n>0

The mapping p is a one-to-one homomorphism onto the set of shift invariant
operators such that

(L [ p(x)) = (e | p(L)p(x)) .
Example 1 pu(e,) = E°.

With respect to the above product, a linear functional L is invertible
iff (L | 1) # 0 and therefore a shift invariant operator p(L) is invertible iff

u(L)1 #0.

3 Prior Results

3.1 Paths Strictly above a Boundary

The following results for paths staying strictly above the boundary are
needed for our method to solve privileged access problems. All results for
(¢,7) paths in this section are derived in [4].

From the Binomial Theorem (1), we see that given the basic sequence a
Sheffer sequence is determined if one value of d,,(x) is known for each n. We



call these values the initial conditions of the sequence and usually choose
them on the boundary. Let v,, : Ng — Z be a specific boundary function

[ -1 if 0<n<t )
Vn = aln—10) if £<n

with a,¢ € N;. For clarity we designate the lattice points (n,m) where
m > v, and n > 0 as upper points and points where D(n,m) = d,(m)
as congruous points. For n < 0 there is no boundary defined and no path
reaches these points; by convention d,,(z) = 0, and so these points are also
congruous points. Exceptional congruous points are points (n, m) weakly
below the boundary where m is a root of the polynomial d,(x) for n > 0.
A lattice path problem utilizing exceptional congruous points is considered
in the Appendix, but in the main part of the paper, the congruous region
and “congruous points” will refer to the nonexceptional congruous points.
Figure 4 shows upper points and congruous points for a boundary function
with ¢ = 2 and ¢ = 4. For all n > 0 the points (n, v,,) are the path boundary.
We talk about values of the polynomials (and of lattice path counts when
m > v,) in the rectangles when 0 < n < £ and in the triangles when n > £.
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Figure 4: Boundary and Points  Figure 5: Rectangles and Triangles

We call a lattice path problem admissible if, given a step set and the
recursion on D(n,m), a constraint on the boundary function (e.g. a choice
for a and ¢) guarantees that only one initial value D(n,m,,), say, for each
n is needed to obtain the path counts. The counts of (c,7)-paths strictly
above a boundary will be values of Sheffer polynomials for all upper points



if the problem is admissible. Admissibility, however, does not imply that
the Sheffer polynomials can be found explicitly. We remark that there are
lattice path counting problems that are not admissible in the strict sense
as defined here, but that have piecewise Sheffer sequence solutions. In that
case there is a second boundary v, > v, where d,,(m) = D (n,m) for all
m > v,, for some Sheffer sequence (d,, (z)).

For standard and for (¢, ) paths we state the delta operators with their
associated basic sequences. We find the conditions on the step set and on a
and ¢ for admissible problems (in the strict sense) along with appropriate
initial values. For both step sets, we state the explicit solutions for paths
staying strictly above y = —1 and for the paths strictly above the boundary

(3)-

3.1.1 Basic Sequences for Delta Operators

To use the Binomial Theorem we must know the basic sequence associated
with a delta operator. For the standard lattice path [3, p. 186] the delta
operator is the backwards difference operator V

Vd,(x) =dy(z) —dp(z — 1) = dp—1(x)

and its basic polynomials are ("+§_1).

A (c,7v) path [4, p. 760] has delta operator W and associated basic
sequence (wy,) where

Wd,(z) =dp(x) —dp(z —1) —dp—c(z —7) = dp—1(x) and

= (s ()

This simplifies for v =1 to
[n/c]
z\ ([z+n—1—kc
wio= 2 () ()
k=0
3.1.2 Admissibility and Initial Values
Admissibility for (¢, ) paths with a boundary function

- -1 if 0<n</
Yn = aln—20) if £<n

means those (c,7)- lattice path problems for which there is a Sheffer se-
quence (d,(z)) such that d,(m) = D (n,m) for all m > v,.



Any positive integers a and ¢ are admissible for a standard lattice path.
For a (c,~y)-path step set (which assumes a positive ¢), admissible values
for 7, a and ¢ derived from [4] are listed in Table 1 below. The table also
shows the initial values d,,(—1) for 0 <n < ¢ and d,,(a(n — ¢)) for n > ¢

Type a 14 vy dn(—1) | dn(a(n —2))
S a>0 {>1 standard path 0n,0 0
A a Z 0 I Z 1 Y S 0 5n,() 0
B [a>0] (>c y=1 (—1)"° 0
C a>1l|1<l=c vy=2 0n,0 —ben
D |a=1|1=(<¢ y=c+1 1.0 (—1)"°
E a>1|1l=l<c|y=alc—1)+2 On.0 —0eom
F a>1|1<tl<c|y=alc—4)+2 dn.0 —den
G a>1]1</t<c|y<alc—£)+2 00 0
Table 1: Admissibility and Initial Conditions

where (—=1)"7¢:= (=1)¢ if ¢ divides n and zero otherwise.

3.1.3 Explicit Solutions

The path counts in the upper rectangle have initial conditions along the
constant m = —1. The expansion of a Q-Sheffer sequence (d,,(x)) with basic
sequence (gn(z)) along this horizontal boundary is given by the Binomial
Theorem (1) with y = —1,

Zd 1)gn—i(x +1).

The initial conditions d;(—1) are found in Table 1 and the appropriate basic
polynomial from section 3.1.1 is substituted for ¢,,_;. If ¥ > 0, then by Type
B in Table 1, v =1 if ¢ < £. If ¢ > £ then in the upper rectangle the path
is equivalent to a standard lattice path. The path counts in the upper
rectangle and the values of the Sheffer polynomials in both rectangles are

o for & ={—,1} (Type S) and € = {—,1,(¢,y)} where ¢ > ¢ (Types

i) = ("7, (1)

n

o for € ={—,1,(c,v)} where v <0 (Type A)

[n/c] L2
m — k(v 71+1
dim) = 3 (- (( ) )
i=0
m+1 mtn—c(i+k+~vy)+k
m—k(y—1)+1 n—c(i+k) ’



e and for the special case € = {—,1,(c,1)}, c € Ny (Type B)

T [

=0

To enumerate paths strictly above a boundary like (3) we use the follow-
ing variation of the Binomial Theorem which lends itself to initial conditions
at points (n,a(n —¥)).

If (¢n,) is the basic sequence of a delta operator @, then with [3, p. 194]

x

gn(x | a):= mqn(x +an)
is the basic sequence for E~%Q, the Abelization of Q [7, p. T11]. If (d,(z))
is Sheffer for Q, then (d,,(z + an)) is Sheffer for E~*Q. Apply the Binomial
Theorem (1) to the basic polynomials ¢, (x | a) and the Sheffer polynomials
dy,(z + an) to derive the ‘extended’ Binomial Theorem:

n

dp(x+y+an)= d;(y + ai) S
y ; Y <x+a(n—z)

With the appropriate substitutions the explicit solution for paths stay-
ing strictly above the boundary v, is therefore

Gn—i(z +aln — z))) . (N

i) = Y atali=0) (T220 e —ali-0). @
1=0

x—al(i

For ¢ =0,...,¢ — 1, the coefficients d;(a (i — £)) are values in the rectangles
as computed in (4), (5), or (6). For ¢ > ¢ the values d;(a (i — ¢)) are the
initial conditions for path counts in the triangles as given in section 3.1.2.
The appropriate basic polynomial from section 3.1.1 must be substituted
for qn—i-

3.2 Defining Initial Conditions with a Functional

In a more narrow treatment than given in [5], we state a ‘generalized’
Binomial Theorem for Sheffer sequences.

Theorem 2 Suppose L is an invertible linear functional and (by,) the basic
sequence and (sy) a Sheffer sequence for the delta operator B, then

n

su(@) = (L si) p(L) " bumi(x) 9)

=0

where u(L)™! = p(L~1).



We note the similarity of this theorem and Theorem 11 in [6]. Theorem
2 has a computational advantage calculating s, () when initial conditions
of the Sheffer sequence (L | s;(z)) = 0 are given for i > /.

Example 3 For a trivial example we derive the Binomial Theorem (1)

from Theorem 2. Let L be evaluation at —y. We have u(L)™! = p (6_y)_1 =
EY per (2) and hence

sn(@) = Z (e—y | 5i) EYbn—i(2)
=0
= Z 8i(=y)bn—i(x +y).

=0

4 Privileged Access

A lattice path has privileged access to the restricted line y = a (z — ¥¢) for
x > [ if there is a step (p,q) € Z? in the access step set P by which
the restricted point (n,a (n — £)) can be reached from an upper point (n —
p,a(n—{)—q) in the path. An access point is any point (n—p,a(n—~£) —q)
where (p,q) € P.

Sheffer sequences are sought to give explicit solutions for counting priv-
ileged access paths. Recall that admissibility guarantees that the lattice
path counts are values of Sheffer polynomials. In addition to admissibility
of the boundary and step (¢, ) as described in section 3.1.2; admissibility
must also be characterized for the access step set P. Foremost, since no
value of a polynomial is infinite, the number of access points with nonzero
values d,—p(a (n —¥¢)) — q) for each restricted point must be finite; we call
this the finiteness condition. To further describe admissibility and problem
solutions, we divide privileged access lattice path counting problems into
two types: paths that can not exit the boundary via a step vector and paths
that can.

When paths can not exit to the upper points, the boundary v,, acts like
an absorbing boundary; the lattice paths that reach an upper point must
have stayed strictly above the boundary v,,. Therefore, besides conditions
on P, the admissibility for these lattice path problems and the Sheffer
sequence solutions for the counts at the upper points are the same as in
section 3.1.3. The number of paths S,, via privileged access to the restricted
point (n,a(n —£) is a function of these Sheffer sequence solutions and is
not part of the Sheffer sequence itself.

When the lattice path can exit to the upper points, the path counts in
the upper triangle are different from those with paths strictly above the
boundary. This defines a new lattice path problem. Admissibility differs

10



from the no exit problems. The points on the restricted line become part of
the Sheffer sequence; the privileged path counts at the restricted points be-
come the new initial conditions. The initial conditions are expressed by an
invertible functional L defined so that (L|d,(an — z)) = 0 for n > £. With
this functional and the generalized Binomial Theorem 2 some privileged
access problems can be solved explicitly.

4.1 No Exit from the Boundary

If the path is not allowed to exit the boundary, then S,,, the number of paths
to the restricted point (n,a(n —¥)), is the sum of paths to its corresponding
access points. The access set P must ensure that for all (p,q) € P, an
access point (n —p,a(n — ¢) — q) is in the congruous region. Therefore, P
is admissible if it satisfies the finiteness condition and if P is a subset of

{(p,a) |p<0,g<ap}U{(p,q) | p>0,qg <max(a(p—£),0)}.  (10)

(See the Appendix for more details.)
We address two cases. If the paths must end when they reach a restricted
point, then

n* Z Dn b,a n* *q Z dn p nig)fq)

(p,q)EP (p.9)€P

is a mere sum of explicitly known path counts. If the path can continue
along the boundary, then the path counts S, are recursive. An example
of this is the Fast Collector, where paths can not exit but can continue up
the restricted line in arbitrarily large steps {(j,aj) | 7 > 0} . Let (d,(x)) be
the Sheffer sequence such that D (n,m) = d,(m) for all upper points (for
m >max{—1,a(n—{)}). Welet Dy, :=3", »cpdn-p(a(n—~)—q). The
numbers S,, follow the recursion

n—1

Sn = Dn + Z Sk = QSn—l + Dn - Dn—l
k=t

for n > ¢. By induction, for n > ¢,

n—~0—1
S, =2""1D,+ D, + Z 251D, 4. (11)
k=1

11



Example 4
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Figure 7: Path Counts

Suppose (3,1)-paths (& = {—,1,(3,1)}) stay weakly above the subdiagonal
y=a(x —{). Let the restricted line y = a (x — £) be a Fast Collector with
access step set P = {—,(3,1)}. How many paths reach the restricted point
(nya(n—4)) forn > £? Figure 6 shows a sample path to the restricted
point (7,5) on the restricted line y = x — 2 for x > 2. Figure 7 gives the
path counts from the origin to (n,m) and shows the specific components for
point (4,2). Given the step and access step sets, this problem is admissible
by condition (10) for £ < 2 where a,f € Ny. We leta =1 and £ = 2 as in
figures 6 and 7 (Type G).

D, = Z dp—p(n—2—-¢q)=dp—1(n—2) +dp—3(n — 3)

(p,q)EP
and
S, = 2" 3 4+d, 1(n—2)+d,_3(n—3)
n—3
+ 28 (dpgoa(n — k= 2) + dpg_3(n — k — 3)
k=1

form > 2 and Sy = Dy = d1(0) + d_1(—1) = 1. For d,(x), substitute the
explicit solution (8) to path counts strictly above the boundary.

12



4.2 Exit to the Upper Points

Allow a path that reaches the restricted line to exit to the upper points with
a step vector; in the case of our boundary (3) this means with a vertical
step up T. The exiting paths add to those paths that stay strictly above
the boundary. In this section, “privileged access problems” means problems
where the paths can exit from the restricted line to upper points.

4.2.1 Admissibility

Admissibility guarantees that the Sheffer polynomial recursion can replace
the path recursion. For a (¢, y)-path this means

dn(z) = dp(x = 1) + dn1(z) + dn—c(x — )
can replace
D(n,m)=D(n,m—1)+ D(n—1,m)+ D(n—c¢,m — 7).
At x = v, + 1, we have

dp(Vn +1) =dp(vn) +dp—1(vn + 1) + dp—c(vn + 1 — 7). (12)

7 [ ]
These points must
be congruous

Figure 8: Access Points and Initial Values

In a privileged access problem, the numbers of paths that reach the re-
stricted line at n

D (n,a(n—12)) = Z D(n—p,a(n—~)—q) (13)
(p.9)EP

13



are the initial values d,(a (n —¥¢) = d, (v,) for the Sheffer polynomials in
the triangles. For n > ¢ the number of paths that reach (n, v, +1) (point B
in Figure 8) without going through the restricted point (n,a (n — ¢)) must
be the sum of d,,_1(v,, + 1) and dp,—c(vy, + 1 — ) by (12). As (n,v, + 1)
and (n — 1,v, + 1) are both congruous points and d,,(v,) is already given
by (13) for n > ¢, the access point (n — ¢,v, + 1 — ) must also be a
congruous point for n > ¢. Notice, (n — ¢, v, + 1 — ) when n < £ need not
be congruous (see access points for A in Figure 8) because we are free to
define d,, (v,,) appropriately (ds(—1) = —1 in Figure 8). With ¢,a € N; the
point (n — ¢, a(n — £) + 1 —7) is congruous when v — 1 < max(a(c — ¢),0).
Admissibility types and corresponding initial values are listed in Table 2.

Type a L v dn(-1)
S a>0 {>1 standard path 0n0
A a>0 {>1 v<0 0n,0
B a>0 {>c vy=1 ()"
G a>1|1<{<c|v<alc—¥)+2 00
Table 2: Privileged Access Admissibility and Initial Values

The admissibility defined here could be relaxed to include, for example,
all problem types given in Table 1. In that case, the Sheffer sequence
solutions need correcting at some noncongruous, restricted points.

It follows from the finiteness condition on the privileged access set P
that the access steps can not create self intersecting paths. For any ¢ € Z
this condition requires an access step (p,q) to have p > 0.

4.2.2 General Solution

If the access points are congruous points, then for n > ¢ the number of
paths on the restricted line

D(n,a(n_g)): Z D(n—p,a(n—ﬁ)—q)
(P9 EP
can be replaced by
dy(a(n—"0)= Y dppla(n—10)—q),
(p,9)EP

and there is a solution in terms of Sheffer sequences.

Theorem 5 Suppose v, a, and £ are admissible per Type S, A, B or G and
the step sets are € = {—,1} or € = {—,1,(¢,y) | c € N1,y € Z}. If the ac-
cess Step set P is contained in {(pa Q) | D,q € va > O,q < max (a(p - 6)70)};

14



then the number D(n,m) of lattice paths above and with privileged access to
the restricted line y = a (x — £) for x > £ are values of Sheffer polynomials
dn(x) such that D(n,m) = d,(m) for all m > max{0,a(n —¥{)}, i.e., the
points (n,m) are congruous.

Because the initial values on the restricted line for privileged access
problems are values of the same function for all n, they lend themselves
to functional evaluation on the restricted line. Starting with the privileged
access condition

dn(a(n—é))— Z dn,p(a(n—ﬂ)—q):Q

(p,9)EP
we define L so that
(L|dp(an+x)) =0 for all n > £.

In functional notation (L | d,, (an + x))

= (eatldn(an+2)) = Y (catp-t)-q | dunp(a(n—p)+2))
(p,q)€P

= (ecarldn(an+2) = > (Cappt)—g | (E7*Q)" dy (an + 1))
(p,9)€P

which gives

L=car— Y, capn-or " (E7Q)").

(p,q)EP

Because we have p > 0 for all (p, q) € P, it is easily seen that L is invertible.

A <saz— 3 aa<p_@_qw<EwQP>|1>

(p.9)€P
= femat D)= Y (e-ar—q| Q1)
(p,9)€P
= 1-0.

Given this functional L, we use the generalized Binomial Theorem 2

n

s(@) = (L] si(2)) p(L™")ba—i(2)

=0

where s, (z) = d,,(an + ) is a Sheffer sequence for E~*Q and by Abeliza-
tion by(x) = —L—qn(z + an) is the basic sequence for E~*Q). With

r+an

15



(L] dp(an + x)) = 0 for all n > £ we have the general solution

~
—_

dy(an + z) = > (L | di(ai + ) /J(L‘l)mqn,i(a (n—1) + ).
(14)
For the functional L we get the unique operator
HJ(L) _ Efaé o Z Ea(pfé)fq (EfaQ)p
(p,9)€P

= F~|1_— Z E~1QP
(p,9)EP
and therefore
-1

pL) = E (1= 3 B

(p,q)EP

Q@ and g, are substituted with the appropriate delta operator and basic
polynomial from section (3.1.1). (L | d;(ai + z)) for i = 0...£ — 1 are values
of Sheffer polynomials in the rectangles as computed in (4), (5), or (6).

4.2.3 Examples

The application of the general solution requires that closed forms can be
found for (L | d,(an + x)) in the rectangles, and that u(L)~! can be ex-
plicitly applied to the basic polynomial. We give two of the examples for
which we found solutions, jump access and line access. Figure 9 shows a
(3,0) jump step and Figure 10 shows some access points and access steps
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for horizontal line access for the restricted point (6,4).

Figure 9: Jump Access Figure 10: Line Access

If there is only one access step in P we call this type of privileged access
problem Jump Access. With a = ¢ = 1, jump access problems are solved
with generating functions in [2]. Since P is finite, it clearly satisfies the
finiteness condition. In this case

- (- E7Qr)
is realized with a geometric sum. We show how u(L) ! is explicitly applied
to the basic polynomial.

Because b, (7) 1= %-gn(x + an) is basic for E7°Q,

(L)~ bp—i(a(n — i) + )
E“Y " (ET1Qr)’ ' by_i(a(n — i) + )

j=0

= B E09 (B7Q)" by_ia(n i) + x)

j=0
=]
= anzm (n+l—14)+z—qj)
\_npz
B Z a(l+pj)+x—qj
an+l—1i)+z—qj

“qn—i—pj(a(n+L€—1) +x —qj).
=0
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For n < ¢ the functional L subtracts two values of explicitly known
Sheffer polynomials in the rectangles (see 3.1.3),

(L|dy(an+2z))=dy,(a(n—20)) —dp—p(a(n—20)—q).

Example 6 In the introduction we showed a jump access problem with
¢ ={—,1} and P = {(3,0)} with the restricted line y = x — 2 (Type S).

The enumeration problem is solved by

1 |52 ] .
243
dp(n+2) = E (L | dy) E M%ﬂzsj(n +2—i+x)
i=0 =0

: — n+2—i+x
where
a(i—40)+1i a(i—0)+i—3
L|d;)) = —
wiay = (MO0 (100
B 21— 2 B 2i—5
N i i—3
= (5,‘70 fOT’i = 0, 1
and

oo () = <n+7xl—1)'

When m = an + x the explicit solution is

m—-n+2+3j/m+1+n—3j
Dinm) = 5 MR (M),

j=0
When the access step set is P = {(«g,87) | j > 0} with @ > 0 we call
this type of privileged access problem Line Access. The access set P satisfies
the finiteness condition; as d,,(z) = 0 for all n < 0, the maximum number
of access points (n — aj, a(n — £) — Bj) for which d,,—nj(a(n —¥¢) — B5) #0
foranyn >0is j = L%J
In this case

v 1 C(1-EPQe)
E ZM(L) 1 = Zj21 (E*,BQQ)J- - 1— 2E76Qa

- ZQJ‘ (EfﬁQa)j _ ZQjJrl (EfﬁQo‘)j

Jj=20 Jj=1

= [1+Y 2 (57"

720
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and

(L|dn(an+2)) =dy (a(n—f))—Zdn,aj (a(n—10)—pBj).

Jjz1

If 8 < max(a(a—¥),0) then the access points are congruous points
and the general solution (14) holds.

Example 7 If we let « =1 and 5 = 0, then line access is horizontal as in
Figure 10. Let € = {—,1,(3,1)} and P = {(4,0) | 7 > 0} with the restricted
line y = 2(x — 3) for x >3 (Type G). The enumeration problem is solved
by

1 n—i—1
D(nm)=S (L|d;) (bn_i(6 —2i+m)+ Y by (6 20+ m)>
=0

% k=0

where

(L | ds) = (2“3>“> fori =0, 1

and

[n/3] )

T —an z\ (z+n—1-3j
bn(x) = . . .
) z Z()( n—3j )

im0

5 Appendix

5.1 Congruous Region

The region of solid points shown in the figures below is the congruous region.
We show that the points (n —p,a(n—£€) —q) for n > ¢ are in the congruous
region if (p, ¢) is contained in the set

{(p,) Ip<0,q<ap}U{(p,q) | p>0,q<max(a(p—£),0)}.
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Figure Al: Congruous Region Figure A2: When p > /¢

e For p < 0, g is constrained by the boundary with slope a, so g < ap.
e For p = 0, paths can step down from above so ¢ < 0.

e For p > 0, we look at cases where 0 < p < ¢ and where p > /.
We see from the restricted point (¢,0) that if p < ¢ then ¢ can not
be positive, so ¢ < 0. For p > { refer to Figure A2. The point
(n —p,a(n — £) — q) will be in the negative n space for finitely many
restricted points. At the critical point n = p, ¢ can not be greater
than a(p — ¢), the vertical space available before the “corner point”
(0, —1) is erroneously included in the congruous points.

5.2 Applications to Privileged Access

No Exit from the Boundary In privileged access problems where
the boundary absorbs the paths that reach it via an access step, all con-
gruous points can be access points. In that case the access step set P is
contained in the set

{(P,@) | p<0,q <ap}U{(p,q) |p>0,q<max(a(p—£),0)}.

Exit to the Upper Points For admissibility of the privileged access
problem, we have the requirement that the point (n — c,a(n — €) +1 — =)
must be congruous for n > ¢. Since ¢ > 0 in the definition of the (c,y)-path
step set, we know from above that for p > 0, ¢ < max(a(p — £),0) is the
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constraint on ¢ for (n — p,a(n — ¢) — q) to be a congruous point. We let
p =cand ¢ = v — 1. Admissibility becomes the requirement that

v —1 < max(a(c—£),0).

Because our general solution assumes all access points are congruous
points and the finiteness condition requires that p > 0, the access step set
P must be contained in the set

{(p,q) | p > 0,¢q < max(a(p —¢),0)}.

Exceptional Congruous Points as Access Points Privileged ac-
cess step vectors which utilize access points out of the congruous region may
still be admissible if the access point is an exceptional congruous point, a
point (n,m) where m is an integer root of p,(z) for n > 0. For exam-
ple, let € = {—,1} and access step set P = {(2,1)} with the restricted
line y =  — 4 for x > 4 (Type S). When n = ¢ = 4, the access point
(n—p,a(n—1*¢)—q)=(4—2,0-1) is not in the congruous region, but it
is a congruous point. We see that da(z) = (2;“'”) =122+ 32 + 1 evaluated
at x = —1 gives do(—1) =0= D (2,-1).
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