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Abstract

We enumerate two-dimensional walks inside a band parallel to an axis of symmetry,
using an algebraic approach. The restrictions along the boundary lines can be more
complicated than just initial values of zeroes; we consider recursive initial values pre-
scribing which predecessors a position at the boundary can have. More general, the
initial conditions are expressed by certain linear operators which vanish along the axis
of symmetry.

1 Introduction

We like to think of a planar walk as a sequence of vertices connected by edges which must
be selected from a prescribed set of step vectors. All paths start at the origin, and they are
allowed to intersect with themselves. Enumerating such walks means finding the number of
paths that reach a certain vertex in k steps, say. We are interested in explicit enumeration,
finding “closed forms” for such numbers; however, we also use spread sheets (not shown in
this paper!), one for each k, for recursive enumeration of the walks, counting the paths that
arrive at a certain vertex in k steps by adding what we counted at the neighboring vertices
in k£ — 1 steps, in the previous spread sheet. Recursive enumeration validates the derived
explicit formulas, and is of course the only efficient counting method when no closed forms
can be derived from the recurrence equations and initial conditions.

There may be more meaning attached to a step vector than just being a directed edge in
a graph. The following example will show this. Consider a diagonal diffusion walk in Z2, a
random walk with steps "\, ./, \, and . Suppose the walk has to move along the grid lines;
diagonal steps are not physically possible, i.e., every diagonal step is a hook, a horizontal and
a vertical step combined into one. If all four diagonal steps are left hooks,\=", =", \,=L



and /=_, we call the resulting path a left hook walk.
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Left hook walk from the origin (®) and back

The above example shows 16 vertices, sequentially numbered, and visited by a left hook walk.
Because there are no further restrictions, the corresponding example of a diagonal diffusion
walk would look exactly the same. However, the difference gets noticeable if certain kinds
of boundaries are present.

Figure 2 Figure &8
o| " ]lo| N o o |l
L [ . [ . 0
x | N o | H|O
[ ] m 0
Left hooks can reach e only Diagonal diffusion can
from the two o vertices above. reach e from & positions.

In the above example a diagonal boundary is blocking the walks. The left hooks are “more
severely restricted” by such a boundary than the diagonal diffusion. Let Hy[m,n; /] be
the number of left hook walks starting at the origin, and reaching (n,m) in k moves while
staying strictly above y = x — r. The recurrence relation for Hy[m,n; 4] is obvious, and
Fig. 2 shows that we must apply the initial values

Hyln—r+1,n; 7] =Hyan—r+2,n+1; 4]+ Healn—r+2,n—1; 4],

a prototype of recursive initial values. If we extend the recurrence to lattice points on or
below the boundary, the above condition will hold if we require that

Hy aln—rn—1; 4]+ Hy 4[n—r,n+1; /4] =0.

This extension of the recurrence creates infinitely many new entries in each of the matrices
Hilm,n; /], but fortunately at lattice points that cannot be reached by any of the restricted
walks.

Enumeration of the bounded diagonal diffusion is much easier. All it requires are plain
boundary values of zeroes as indicated in Fig. 3; closed forms can be obtained from the
reflection principle [4]. In this paper we surround the reflection principle by some linear
algebra to find an explicit formula (closed form) for Hy[m,n; 4], and the number of paths
in other recursive initial value problems. With an explicit solution we mean an expansion
in terms of the unrestricted counts, Hy[m,n]. Both expansions, Theorems 23 and 29, for
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one- and for two-sided restrictions, can only be applied to boundaries parallel to an axis of
symmetry py = qzx, say, of the unrestricted walk (ged (p,q) = 1). A shift by one “basis”
step vector (p, ¢) in the positive direction of the selected axis is denoted by X'; the shift )
moves a basis step (—¢, p) perpendicular to X'. For example, the above boundary for the left
hooks is parallel to y = x. Hence X Hi[m,n; /7] = Hi[m+1,n+1; /|, and YHy[m,n; /] =
Hglm+1,n —1; /]. Recursive initial conditions can be translated into a linear operator L,
which is a linear combination (Laurent series) of powers in X and ), evaluating to 0 along the
axis of symmetry. In our example we saw that for the left hooks holds (X~ + Y1) Hy[n—r+
1,n; /4] =0, and therefore £ = (X~ + Y1) (XY)" /2 Theorem 23 solves such recursive
initial value problem in general, and says that

Hilm,n; /4] = Hy[m,n] — (LY /L) Hy[m, n]

where LT is the conjugate of £ with respect to transposition (see Section 2.1). In particular,

k k k+1 k—1
Hk[man?%“] = <m) <k+_n> - (k+m+r+1) <k+nr1>
2 2 2 2

(all binomial coefficients (Z) are assumed to be zero if u or v are negative integers). The
algebraic approach via Laurent series tends to overshadow the simple beauty of the ‘reflection
principle’: The theorem is based on the observation that matrices like £Hy[m,n; /] vanish
along the axis of symmetry, because they are the difference between some matrix and its
reflection.

Formulas for counting walks inside a band are more complicated, of course. In Section 4
we prove the main result of this paper, Theorem 29, which allows us to expand the expression
for the number of symmetric two-dimensional walks with recursive initial values along two
boundaries parallel to an axis of symmetry. Both expansion theorems simplify to the well
known reflection principle when the linear operators £ and J are monomials in ).

The left hook walks are a prime example for the theory developed in this paper. In
Sections 3.1 and 4.1 they can be counted by one-line formulas without being trivial. In
general, the formulas will involve multiple summations; we show only one such example, the
ordinary diffusion walk with weighted E-N and S-W deep left hooks, in Section 3.2. A deep
left hook (Fig.4) looks the same as an ordinary hook, but counts as two separate moves.
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Ordinary diffusion walk with deep left hooks of total weight £2w?.

If the weights € and w in the generating function for deep left hooks are replaced by u, — 1
and pu- — 1, then we are enumerating the ordinary diffusion walk by weighted East-North



and West-South left turns (Fig. 5).
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Ordinary diffusion walk with left turn weight p%u2.

Such weighted walks can be explicitly enumerated in a band according to the second Expan-
sion Theorem; however, the formulas are unpleasant. Corresponding results for lattice paths
with only two step vectors, — and T, can be found in [2] and [3].

As an illustration of the definitions and theorems we will refer to a third example. We
count the number of ordinary diffusion walks (with steps —, 7, + and 1) which are reflected
at a horizontal mirror y = —r below the x-axis. Reflection means that the path after reaching
the mirror in a downward step | must leave the mirror in an upward step T in the next move;
the path cannot move along the mirror with left or right steps.

E. Cséki’s recent survey article “Some results for two-dimensional random walk” [1]
contains many references about diffusion walks. A summary of results directly obtainable
from the reflection principle can be found in [4].

2 Symmetric Boards

We consider only random walks on the lattice Z?2 in this paper. We call them planar walks
or two-dimensional walks. If the recursion for the number of walks requires recursive initial
values, they must be located parallel to some axis of symmetry of the step vectors. The
necessary notation is introduced in this section.

A board U is a doubly infinite matrix. In lattice paths applications we think of Uy [m, n]
as the number of paths starting at the origin and reaching the point (n,m) after k steps while
satisfying some conditions. Note the unfortunate switch of coordinates: The lattice point
(n,m) indexes the cell [m, n| in the m-th row and n-th column of the matrix Uy. Boards will
always be denoted by uppercase roman letters in this paper. Examples for specific planar
walks and their boards are

left hook walks with steps \ =", /="T,\=L and /“=._.
Unrestricted: Hg[m,n] (Section 2.3 and (8)).
Strictly above y = x — r : Hg[m,n; /] (Sections 2.3, 3.1, and (20)).
Strictly between y = x —r and y = x + [ : Hg[m,n; Y /4] (Section 4.1, and (24)).

ordinary diffusion walks with steps —, T, «—, and |.
Unrestricted: Dy[m,n]| (Example 3, and (2)).
Reflected at y = —r : Dy[m,n; ] (Examples 22, 25 and 27).
Reflected between y = —r and y = [ : Dg[m,n; é] (Examples 28 and 31).
With weighted left turns: T'[k, m] (Section 2.3).
With weighted deep hooks: Dy[m,n;e,w] (Section 2.3, and formula (10)).
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page walks with step vectors £(2,1) and +(—1,2). Unrestricted: Pi[m,n] (Example 15).
As in [4] we need the concept of reflectable points.

Definition 1 (Symmetry) Suppose q and p are relative prime integers, and p > 0 (that
assumption will be made throughout this paper). A lattice point (ps + qt,qs — pt) € Z* is
called q/p-reflectable. Its reflection at the line py = qx is the point (ps — qt,qs + pt). The
set of q/p-reflectable points is called the q/p-grid. A board U is symmetric about the line
py = qz, or q/p-symmetric, iff

Ulgs — pt, ps + qt] = Ulgs + pt, ps — qt] (1)

for all q/p-reflectable lattice points. In this case the line py = qx is the axis of symmetry.
A sequence of boards is q/p-symmetric iff every board in the sequence is q/p-symmetric.

The cases p = 0,¢ = 1 and p = 1,q = 0 correspond to symmetry about the y-axis and
x-axis, respectively. The 0/1-, 1/0-, 1/1-, and —1/1-grids are all equal to each other (and to
Z?). This situation is typical (see [4]): A point which is reflectable at a certain line (py = qz)
is also reflectable at the line perpendicular to it through the origin (—qy = pz), and at the
two bisectors ((p+¢)y = (¢—p)z and (p—q)y = (p+q)x). The ¢/p-, —p/q-, (¢ — p) /(¢+Dp)-
and (¢ + p)/(p — q)-grid are the same. Note that we are abusing the notation: We should
write %” /%52-grid if p and ¢ are both odd.

Remark 2 If p + q is odd, then all q/p-reflectable points are of the form (ps — qt,qs + pt)
where s and t are integers. The perpendicular vectors (p,q) and (—q,p) are a basis for the
whole q/p-grid, which is a subspace of Z* seen as a vector space over the integers. We call
them the basis step vectors.

If q+p is even, then all q/p-reflectable points are of the form %(ps—qt, qs+pt) where s and
t are integers of the same parity. The perpendicular vectors (p, q) and (—q,p) only span a sub-
space of the q/p-grid; the whole grid is spanned by the bisectors {%(p +q,9—p), %(p —q,p+ q)}

The following extension of Z? will simplify the notation. Let

7 72 if p+ ¢ is odd,
9P\ {(i,5) | (2i,2§) € Z2 and i + j € Z} if ¢+ p is even.

We can view Zg,/, as the vector space over Z spanned by {(1,0),(0,1)} if p 4+ ¢ is odd, and
spanned by {(1/2,0),(0,1/2)} if p + q is even. All q/p-reflectable points are of the form

(s,1) ( _pq g) = (ps — qt,qs + pt)

where (s,t) € Zg/,. This notation has the advantage that we can write all ¢/p-grid points in
the form (ps — qt, qs + pt), (s,t) € Zyp, without referring to the parity of p + ¢.



Example 3 Taking an ordinary diffusion walk means that we can select among the step
vectors (1,0), (—1,0), (0,1), and (0,—1). Let Dg[m,n] be the number of unrestricted paths
from the origin to (n,m) in k moves. It is well known that

Duimrt = (4 ot o) (v 2) @

(see also Lemma 17).
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The sequence of boards (Dy) is 1/1-symmetric and also 0/1-symmetric. The basis step vectors
(1,0) and (0,1) span the whole Z?; the bisectors (1,1) and (—1,1) span the subgrid which
only contains lattice points with an even sum of components. Because of the step vectors,
Dy[m,n] follows the recursion

Dilm,n] = Dy_1[m,n+ 1] + Dy_1[m,n — 1] + Dy_1[m + 1,n] + Dy_1[m — 1, n|,

with initial values Dolm,n] = 6., 0,0)-

2.1 Transposition

In order to explicitly enumerate restricted walks with recursive initial values, we need a small
amount of linear algebra.

Definition 4 We denote by B, the vector space (over R, or some ring of generating
functions) of all boards B which vanish outside the q/p-grid.

Because the grids are the same, it follows that B,/, = B_,/; = B(q—p)/(g+p) = B(g+p)/(r—q)-

Definition 5 (Transposition of boards) The linear operator T on B, that reflects any
board B € B/, along py = qx in the sense of Definition 1 is the transposition operator,

(TB) lgs + pt, ps — qt] = Blgs — pt, ps + qt] (3)
for all (s,t) € Zy),. We also write BT for TB, and call B" the q/p-transpose of B.

Note that the notation 7 and B' does not indicate the dependence on ¢/p, which will
be obvious from the context. The ¢/p-transposition is involutory, 72 = 1. Ordinary matrix
transposition equals 1/1-transposition.



Definition 6 (Transposition of operators) The transpose LT of any linear operator L
on B, is the conjugate of L with respect to T,

L =TLT
L is symmetric iff L = LT.
For all boards B € B/, holds
(L' B) [gs — pt,ps + qt] = (LB") [gs + pt, ps — qt]
in general, and

(LB)[gs — pt,ps +qt] = (LB') [gs + pt, ps — qt]

if £ is symmetric. In the following we will omit the parenthesis in an expression like
(LBT) [m,n]; the cell [m, n] will always refer to the image board at the left, (CBT) [m,n] =
LB [m,n.

Definition 7 (Basic boards) A symmetric linear operator R on B, is the recursion
operator of a sequence of boards (By) in By, iff By = RBy—1 for all k > 0. We call (By,)
an R-recursive sequence. The sequence is basic (for R) iff Bo[m,n] = 6(mm),0,0)-

If (By) is an R-recursive sequence, then By, is ¢/p-symmetric, as can be shown by induc-
tion:

By=RBy1=RBl, = (R'Bi1) = (RBi1)' = By,

All the linear operators on B/, in this paper will be composed of shift operators, which
are defined as follows.

Definition 8 (Shift operators) Let (v,u) and (n,m) be q/p-grid points and B € B,
EW . Blm,n] — Blm + u,n + v]

is the shift operator £ on B,/,. We write X for E9P, and Y for EP~1; X and Y are the
shifts by basis step vectors.

The dependence of X and ) on ¢ and p will follow from the context and is not indicated
by the notation. Any finite linear combination of X*Y7, (i, j) € Z/,, maps B, to itself.

Example 9 (Ordinary diffusion continued) Suppose we focus on the 0/1-symmetry of
the ordinary diffusion walk (Example 3). Then X = E%!' and Y = E°. Note that 0/1-
transposition means reflection along the x-axis, (TU)[t,s| = U[—t,s] for any board U in
Bo/1, and therefore XT' = X and YT = E710 = Y (see also (4)). The recursion in
Example 3 can be written as Dy[m,n] = d(nm),0,0) and

Diplm,n] = XDy_1[m,n] + X 'Dy_1[m,n] + YDy_1[m,n] + Y 'Dy_1[m,n] = RDy_1[m,n],

where R = X + X1+ Y + Y~ is the recursion operator for ordinary diffusion walks, and
(Dy,) is its basic sequence. It is easy to check that this recursion operator R is symmetric,
RE=X4+X14+Y 14+ YV=R.



With the help of X and ) we can express symmetry of a board B (see (3)) as
TX°Y'B[0,0] = X*Y'B|0,0]

for all (s,t) € Zyp. It follows immediately that
(Xsyt)T _ Xsyft (4)

for all (s,t) € Zy,. Hence X*)" (XsY)" = X2 is symmetric. This is just an example of
more general results about transposes, which we list without proof.

Lemma 10 The linear operator £ commutes with its transpose LT iff LLT is symmetric.

Lemma 11 If R is a symmetric linear operator which commutes with some other linear
operator L, then R also commutes with LT,

2.2 Laurent Series of Shifts

Commutativity is an important aspect of the algebraic manipulations we are planning to
use. Instead of phrasing the expansion theorems in their most general form, we will enforce
commutativity of the linear operators by restricting them to suitable rings of Laurent series
in X and ). The choice of Laurent series, and the subspaces of boards they act on, may look
rather arbitrary at first reading, but are actually tailored to the type of walks we will discuss
later. We postpone the motivation for the following definitions until Remark 26, after we
have seen an application.

Definition 12 For given q and p let X = EYP and Y = EP~1 as before. For any set of (real)

coefficients a; ; we call Z(ij)eZ , ai’jé‘("yja series in X and Y. The set of series
’ q/p

Z ai; X'V | a;i; € R, and (a1, q2) € Zyp

(ZJ) EZq/p? JjZai,igtip>ar

1s denoted by qu/p, and the set of their transposes by ng/p. The elements of both sets are
called Laurent series. The support of a series S is the index set

Supp(S) = {(i,j) € Lyyp | aij # 0} :

The intersection of both types of Laurent series will be denoted by S;/p = qu/p N ng/p.
The subspace of boards U from B, with the property
Ulagq + bp, ap — bq] # 0 implies b < By and aq + bp < By, for some (B, B2) € Zqyp
(dependent on U ), is denoted by %qg/p, and the subspace of their transposes by B=, . The

qa/p
intersection of both subspaces will be denoted by %;/p.



For simplicity we will assume in this section that the coefficients a; ; of a Laurent series
are real. In weighted enumeration, the coefficients may be power series in the weights.
A series L is in qu/p iff min{j | (¢,7) € Supp(L)} and min {ig+ jp | (i,7) € Supp(L)}

both exist. Transposition shows that the Laurent series in ng/p are of the form
Z ;5 lej .
(i’j)GZq/p: Jjlai,ig—jp>a2

The support of Laurent series in 2;/]9 is contained in {(,j) € Zy), | B> j > a1,iq > a for
some (o, a2) , (B, a2) € Zgsp}. The support of boards in %2/p is contained in {(ap — bq, aq +
bp) | (a,b) € Zgp and 1 > b > «, By > aq for some (81, Ba) , (o, B2) € Zgyp}-

Lemma 13 The Laurent series Sf/p and ng/p are rings (over R) of linear operators on ‘qu/p
and ‘qu/p, respectively.

Proof. It is straightforward to show that qu/p and Eqé/p are both closed under addition;
showing that the Cauchy product of £ := 7. ..o a; ;X' Y and J := D >y ke o> by, XFY!
is again in qu/p requires verifying that

v—51
u v
LT = E XYy E E i jbu—iv—j-
v>a1+P1,uq+vp>as+fe J=01 az—jp<ig<ug+(v—j)p—PB2

The product is well defined, because the inner double sum is finite. The form of the outer

sum shows that £.7 is in qu/p. Hence, 25/1) is a ring, and so is S;p.

Let B € %qg/p with Blaq+ bp, ap — bq] = 0 where b > 31 or aqg+bp > 5. It can be shown
that LB[gs + pt, ps — qt]

= > a;;Blq(i + s) + p(j + 1), p(i + s) — q(j + t)].
f1—t>j>a1,f2—qs—p(j+t)>ig>az2—jp

Hence LBgs + pt,ps — qt] is well defined for all (s,t) € Z,,. The summation range gets

empty if 57 — oy < t orif By — g < ¢s + pt. Therefore LB is again in %qg/p.

Suppose J € £5, . and C € B=, . We saw above that J7CT € 8=, | and from J7CT =

q/p’ q/p° q/p’

(7C)" follows JC = (J7CT) €5, . m
Algebraically, the Laurent series 25/]3 and the boards %qz/p are just matrices, and there
is no need to distinguish between them. The distinction is made for combinatorial reasons

only.

N

o/p CaT be expanded as

Lemma 14 Fvery q/p-symmetric operator R € £

Z bi,j-Xi (yj + y_j) )

(4,J)€Zq/psP12520,ig> B2



Proof. Straightforward verification. =

Example 15 The page walk takes steps +(2,1) and £(—1,2). The number Py[m,n| of page
walks from the origin to (n,m) in k steps follows the recursion

Pim,n]| =Py m+1,n+2|+ P qam+2,n—1]+ Py 1m—2,n+1]+ P._1[m—1,n—2].

Hence, Pilm,n] = RP,_1[m,n] if we define the recursion operator R := 2 + 71 + £721
+ E7L72. The recursion is 1/2-symmetric; with X := EY? and Y = E*~1 we can write
R=1(xY"+XY°) + (XY + X091+ 1 (X120 + X~1Y0). The recursion is also —2/1-
symmetric; with X = £7% and Y := EY? we can write R as Y' + Y1+ X + XL, Some
results about restricted page walks can be found in [4]. The numbers Py[m,n] can be easily
found from Lemma 17.

Example 16 (Ordinary diffusion continued) The operator R =X +X"1+Y+ Y1 is
also the recursion for ordinary diffusion (Example 9), but with different p = 1 and ¢ = 0
then in the example above. We can calculate the numbers Dy[m,n| in equation (2) from
Di[m,n] = RDy_1[m,n] = --- = R¥Dy[m,n] by a multinomial expansion of R, using that
Do[m, n] = dnm),0,0)- That expansion, followed by an application of the Chu-Vandermonde
convolution formula, nothing but mirrors the elementary combinatorics approach to finding
Dglm,n]. A faster road to formula (2) is based on the observation that

R=(1+&Y) (X +Y71). (5)

We saw that this recursion operator plays a role in many different settings; hence we present
the expansion as a lemma.

Lemma 17 Let (By) be the basic board sequence in B, for the recursion operator R =
X+X T+ Y+ e,

By[m,n] = By-1[m+q¢,n+p]+ Bi-1[m — ¢, n —p| + Be_1[m+p,n — ] + Be_1[m — p,n+g],
and Bolm,n] = 6pmm),0,0)- Then
k k
Bk[man] = ( (n—m)—p(m+n) k:) ( (n—m)+q(m+n) k)
G VAN =
for all q/p-grid points (n,m).
Proof. Note that R = (1+ X)) (X' + Y ™'), and therefore
Dyl n] = R*Dolim,n] = 3 ( ) ( .>XZ_]yz+j_kDo[m, 7).
g NN

Solving the equations

n+pli—j)—qli+j—k) =0 and m+q(i—j)+p(i+j—Fk) =0

for ¢ and j proves the lemma. m
The introduction of the algebra qu/p was necessary because we will need inverses of
operators in our Expansion Theorems 23 and 29. Not every element from Ef/p has an

inverse in qu/p. For example, 1 — X2 has an inverse in Slg/l, but not in 212/1.
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Lemma 18 Suppose L is a Laurent series in Efp, with coefficients z,p, (a,b) € Sp =

Supp(L). Lett/ := min{b | (a,b) € Sg}. We can invert L in Si/p if there is an index a’ such
that (a',0') € S; and
aq+bp > a'q+b'p for all (a,b) € Se. (6)

Proof. Let 2, := —24p/ 20 v if (a,b) # (a/, V'), and 2,y := 0. Then £ = za/,blé\?“/))b/j,
where J = 1=, cs, Zap X"V YO Tt is enough to find the inverse of 7,

k

j_l _ Z Z 2a7b‘)c-a—a’yb—b'

k>0 \ (a,b)eS.

TS (L) I

o kap, -
k20 g, >0, k= Ka.b ’ (a.0)€5e
(a b)ESC
2D DNED DI CH B | L B
k>0 ka,b>07 k:Z(a,b)ESL ka,b (avb)esﬁ
in i Aka
-y ay > (L) T i
(i,j)EZq/p ka,b>0,1=3"kq p(a—a’), j=3" ka,p(b—b') (a.0)€52 (a.b)€Se

Because of the assumption (6) we know that > k., ((a — a’) g+ (b —b") p) is a partition of
iq + jp into nonnegative terms. For given ¢ and j there are only finitely many £,; > 0 in
this sum. Hence the inner sum is well defined. This series is in qu/p because j and iq + jp
are nonnegative. Also note that (a,b) € Z,, implies ) kqop(a,b) € Zg)p. ®

Example 19 The 2-term series X Y — 2z XY is invertible if b > V' and ap+bq > a'p+b'q.
In this case
1 o oxay
XAYPY — 2 xa)b 1= 2 a—a/ YoV’

— X—a'y—b’ Z Zka(a—a')yk(b—b')'

k>0

Remark 20 If we write 1/L£ we always mean L' which is in qu/p, and we call 1/L the
qu/p-im;erse of L. The inverse of K € qu/p will be denoted by K'! which is in qu/p. In other
words, if L € ,qu/p then LT (,C’l)T = (Eﬁfl)T =1, and therefore

(@) = (),
provided one of the two inverses exists. If R is a symmetric and invertible Laurent series

then (Ril)T = R, but R™! is not symmetric in general, R~ # R'L. A simple counter
example is Y + YL, However, if we know that U and R™1U are symmetric boards, then

RWw=RNHYU =R =R (7)
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Lemma 21 A Laurent series K € Sf/p satisfies the condition KT = K=t iff K = Y¥ for
some integer w.

Proof. Because K is Sf/p—invertible, we must be able to write I as z2X"Y" (1 + N),
where all powers of ) in A/ must positive. It is obvious that z = 1, uw = 0, and it can be
shown that ' =0. m

2.3 Left hooks

The number Hy[m,n| of unrestricted diagonal diffusion walks from the origin to (n,m) in k
moves follows the recursion

Hilm,n] = Hy_qy[m+ 1,n+ 1]+ Heam —1,n— 1)+ Hy_y[m+ 1,n — 1]+ Hy_1[m — 1,n + 1]
= (M e eV 4 7YY Hylm,n).

The recursion is obviously 0/1-symmetric, but also 1/1-symmetric. In the latter case we get
X =& Y =¢EL1 and we can write the recursion operatoras R = X + X1+ Y+ ! In
the Introduction we saw why a diagonal step, like ", in some models must be interpreted as
the result of a single “left hook step” _, first going right and then up in one step. There are
four different left hooks; EN, NW WS, and SE. The left hook walk follows the same recursion
R as the diagonal diffusion; without restrictions, left hook walks are indistinguishable from
diagonal diffusion walks, and it is well known that

it = (o) (e o) ®)

(see [1] for references, or apply Lemma 17). Vertical and horizontal boundaries for the left
hooks do not require any considerations different from ordinary diagonal diffusion walks.
Now suppose that we restrict the walks by a lower boundary parallel to the 1/1-axis, the
main diagonal. Hook steps cannot slide directly parallel to a diagonal barrier of slope 1
(see Figures 2 and 3): If y = x — r is the lower barrier, the diagonal step /" can go from
(n,n—r+1) to (n+1,n—7r+2), but the hook step . can’t, because it would hit the barrier
when stepping from (n,n —r+1) to (n+1,n—7r+1).

The physical description of the left hook _ resembles a left turn, a combination of the two
steps 7. Suppose we want to enumerate ordinary diffusion walks (with steps —, T, «, |,
as in Examples 3 and 9), sorted by their number of East-North and West-South left turns.
Corresponding to the step vectors we have the shift operators £ = X1/2y-1/2 £10 —
XYLz g0l = x=12)12 and €710 = X~1/2 Y~1/2 (note that y = z is the chosen axis of
symmetry, hence ¢ = p = 1). We give the weight 1, to the E-N left turns, and u- to the W-S
left turns. Denote the weighted number (generating function) of such walks by 7} [m, n|; the
coefficient of i’ ! in Ty[m,n] is the number of ordinary diffusion walks from the origin to
(n,m) in k steps with ¢ E-N and j W-S left turns. This sequence of basic boards follows the
recursion

Telm,n] = Tp_1[m,n+ 1]+ Ty_1[m + 1,n] + Tp_1[m,n — 1] + Tj_1[m — 1,n]
+ (pr = D)To[m +1,n+ 1]+ (u, — 1)Tj—2[m — 1,n — 1]
(V2 4 XY (P2 4 YUY T ]+ (i — D& + (1, — DX Toslm, ]
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We found it easier to think of that walk as a diffusion walk with the additional deep hooks
(double steps) E-N (=__1) and W-S (=]"). At every move we can choose among the step
vectors

{(07 1) ) (Oa _1) ) (17 0) ) (_17 O) ) (17 1) ) (_1’ _1)}
where the deep hooks (1,1) = _ 1 and (-1,-1) =| " each increase the length of the
path by two. The weight ¢ is assigned to the “c-N” deep hooks, and the weight w to the
“w-S” deep hooks. Let Di[m,n;e,w] denote the weighted number (generating function) of
diffusion walks with weighted deep hooks from (0,0) to (n,m) in k steps; the sequence is
1/1 symmetric and follows the recursion

Dk[ma n;e, QJ] = (X1/2 + X_l/Q) (y1/2 + y_1/2) Dk—l[m7 nje, w] (9)
+ (WX + X N Dy _s[m, n; e, wl.
A comparison of the recursions shows that Dy[m,n;pu, — 1, ur — 1] = Ti[m, n]. Suppose the

walk takes u E-N deep hooks of weight ¢, and d W-S deep hooks of weight w. There are

(k;i;d) (“Zd) positions for the deep hooks among the k£ moves. Hence

w dfE—u—ad\[fu+d\ (k—2u—2d
Dylm,n;e,w] = Z Ewd( u+d )( u )( a,b,c, f )

b—f+u—d=m,a—c+u—d=n
a+b+c+2d+ f+2u=k

k—u—d k—2u— 2d
= U : 1
Z cw <u, d, kEmin 9, k*’g*" — Zd) (—kg”r” —u— d) (10)

u,d>0 2

We will refer to this walk as diffusion with deep hooks.

3 Initial conditions along a line

Example 22 (Reflected paths) Suppose an ordinary diffusion walk (with steps —, T,
, 1) is reflected at the line y = —r, where r is a positive integer. This means that whenever
the path hits the mirror y = —r (in a downward step | ), it must leave the mirror in the next
move taking an upward step T. For short, we will call such walks reflected paths, and we
denote the number of reflected paths from (0,0) to (n,m) in k moves by Dy[m,n; _]. Because
there are no horizontal steps along the mirror, we get the recursive initial condition

Dyl—r,n; | = Dp_a[l —7r,n; ]
In operator terminology,
Y7 Dil0,n; ] = V'V " Dy_1[0,n; ] (11)

(note that ¢ = 0 and p = 1 , because y = 0 is the relevant axis of symmetry). Replacing
Dyl0,n; ] by RDp1[0,m; ], with R = (1+XY) (X' 4+ V") (see Example 16) we can
write (11) as

(YR =Y'YV") Di[0,m; ] = 0.
Hence this recursive initial condition (reflection) is expressed by the operator L := (R — Y)Y ™"
wmn this example.
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We will now discuss the above construction in a more general situation. For given ¢t we can
define a line parallel to the symmetry axis py = ¢z in the parametric form a (p, ¢) +1t (¢, —p),
(a,t) € Zqjp. The parametric line (pa+gt, ga —pt) can also be written as py = gz —t(¢*+p?)
in the z-y-plane. We want to find a sequence of R-recursive boards (Uy[m,n]),., with
(recursively) given initial values Uy[qa — pt, pa + qt] along that line, i.e., with conditions of
the form

Uklga — pt, pa + qt] = KUy_1[qa — pt, pa + qt] (12)

or equivalently 0 = (le’t — y*tR) Uk_1[qa, pa], for some linear operator K. The following
Theorem shows how to expand Ug[m, n].

Theorem 23 Suppose (Ck)kzo 18 a sequence of boards in ‘B;/p following a q/p-symmetric

recursion R € B, .

Cr = RCk
forallk > 1. Let L € 2;/,9 be invertible in Sf/p. Define a sequence (Uy),~o of boards in %qg/p
by the relation -
Urlm,n] = Cy[m,n] — (L"/£)Cy [m,n] (13)

for all points (n,m) in the q/p-grid. Then (Uy),s, follows the same recursion R, and has,
for all q/p-grid points (pa,qa) on the symmetry axis, the recursive initial values

LUy[qa, pa] = 0. (14)

Remark 24 The board sequence (Cy) can be chosen from %;p, but then the solution (U)o
will be in B>, — %qg/p. If (Cy) € B, , and a solution (Uy),~, of boards in %;p is desired,

q/p q/p’

let Up[m,n] = Cy[m,n] — (LTLYC] [m,n] (if L exists).

Proof. It is straight forward to verify that the above expansion follows the right recur-
sion. We check the initial values:
£T

LU, = LC), — L (7) Cl = L£Cy — £7CT = £C, — (LCy)" .

From V[qa, pa] = V "[qa, pa] for any board V follows LUy[qa,pa] =0. =

Example 25 (Reflected paths continued) A path too short for being reflected by the
mirror will behave like an unrestricted ordinary diffusion, Di[m,n; | = Dy[m,n] for k <r.
The R-recursive sequence (Cy) in the Theorem therefore equals (Dy), and formula (13) gives

with £ = (R — Y)Y~

Dufm i ) = Dafm.n] = =25 D o
— Dy[m, n] — %y?rpk[m,n}. (15)
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All what remains to do is expanding

R-M"'=@+x 1+ Yy ) =y@@+x ) +1)

=3 (-1t i (Z) X%,

§>0 i=0

Hence, with Di[m,n] = (’:)( k ) where s := kJ“mTJF”(see (2)), we get the expansion Di[m,n; ]

S—m

= Di[m,n] =Y (-1) EJ: (Z) X

§>0 i=0

Ksﬂfi?l"ﬂ)( —mk—tiz‘—j) N (s+]:~+z‘) (s—m—krﬂ‘—jﬂ (16)

it E () () ()]

1=0

As in the unrestricted case, all we really need to know is Do[m, n; _|; the boards Dy[m,n; | =
REDo[m, n; | can be recursively constructed. In this example, Dolm,m; ] =0 for m > —2r
except Do[0,0; _]. Fig. 7 shows the first six rows of Do[m,n; _| for m < —2r, the correction
terms, which could be called a generalized signed Pascal’s triangle.

Figure 7
—2r o 0 0 O O O O O O O 0O 0 O
—2r—1 o 0 0 0O O -1 0 -1 0 0 0 0 O
—2r — 2 o 0 0 o 1 0 1 0 1 0 0 0 O
—2r —3 o 0 0 -1 0 -2 0 -2 0 —-10 0 0
—2r — 4 0O 0 1 0 3 0 4 0 3 0 1 0 0
—2r—5 0 -1 0 -4 0 -7 0 -7 0 -4 0 —-10
—2r—6 1 0 5 0 11 0 14 0 11 0 5 0 1
my, ... -6 -5 4 -3 -2 -1 0 1 2 3 4 5 6

Do[m,n; ]

The next three boards, Fig. 8, demonstrate how the correction terms achieve the reflection (at
y = —1). The boards are still symmetric around the y-axis; hence only entries with n > 0
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are displayed.

Figure 8
1 0 0 0 0 0 1 1 0 0 0 0 1 0 2 0 0
0O 1 0 0 0 0 0 0 1 0 0 0 0O 4 0 0 ©
-1 [o] [o] [o] [0} [o] | -1 [1] [o] [o] [0} [o] | -1 [o] [1] [o] [0]
-2 0 0 0 0 0 -2 0 -1 0 0 0 -2 -2 0 -1 0
-3 0 -1 0 0 O -3 -1 0 0 0 0 -3 0 -3 0 0
-4 1 0 1 0 0 -4 0 -1 0 0 O -4 -2 0 0 0
-5 0 -2 0 -1 0 -5 1 0 1 0 0 -5 0 -1 0 0
-6 4 0 3 0 1 -6 0 -2 0 -1 0 -6 1 0 1 0
my, 0 1 2 3 4 mge, 0 1 2 3 4 me, 0 1 2 3
Do[ma n; T] Dl[m7 n; 1] D2[mv n; ﬂ

Remark 26 The above boards can help to explain the definitions of %qg/p and qu/p. We
enumerate walks which stay on one side (the interior) of a boundary line parallel to the axis
of symmetry py = qx. For a given vector t (q, —p) on that boundary, we write the line in
parametric form as

a(p,q) +1t(q,—p) where (a,t) € Zgp,t > 0 fized.

The line divides the grid into two sides, the interior where we find the number of walks under
1vestigation, and the exterior containing the positions of the correction terms. Given t, the
interior is the set

{(pa—l—qb,qa—pb) | (a,b) € Zg)p, b < t},

and the exterior is the set

{(pa—i— qb,qa — pb) | (a,b) € Zgp, b > t} :

They have the boundary line in common. The exterior of a board may contain infinitely many
nonzero correction term. The entries in the interior have finite support. For every board we
can therefore find another parallel to the chosen symmetry axis such that the support of the
board is completely “below” that parallel. That is the meaning of the condition “Ulaq +
bp,ap — bq] # 0 implies b < 31”7 in the definition of %qg/p. The second restriction on the
support of boards in ’B(f/p in Definition 12, “‘Ulaq + bp,ap — bq] # 0 implies aq + bp < 537,
means that the support of any given board can also be bounded by a line parallel to the y-axis;
depending on the number of moves there is a highest point beyond no path will go, nor any
of the correction terms. In the above example the two conditions coincide.

Suppose that (By) is a basic sequence of boards for the recursion operator R. The
Laurent series qu/p have been defined such that they can create the correction terms from
Bo[m,n]. Let (i,7) € Zgsp, j > t, and iq + jp > M for some lower bound M. The board
(1 —a; ;X°V7) Bo[m,n] = Bo[m,n]—a; jBo[m—+iq+jp,ip—jq] can only contain two nonzero
values, a 1 at (0,0), and the correction term —a;; at (—ip + jg, —iq — jp), in the exterior
and below a certain height —M. Additional terms (possibly infinitely many) of the form
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a; ;X VI introduce additional correction terms in the exterior. As in the Reflection Princi-
ple, the correction terms start random walks “behind the mirror”, i.e., in the exterior. If they
are correctly positioned, they do not interfere with the random walk in the interior except
for forcing the required recursive initial values on the boundary. If the walks are restricted
by an upper boundary, the solutions will be boards in ‘qu/p. Because of symmetry, they are
transposes of the corresponding lower boundary problem.

Two features of the above example are typical for lattice path applications. First, the
beginning of the R-recursive sequence (C}) will be unrestricted, and therefore equal to the
(symmetric) sequence (By) of basic boards for R. Note that the proof does not use any
symmetry of C}, only the symmetry of the recursion R. This will be more important in
Theorem 29, which is usually applied to unsymmetrical boards. Next, as already announced
in (12), the recursive initial conditions are of the form

Y~ 'Uklga, pa] = KY~"Uk-1[qa, pa]
for all k =1,2,.... Theorem 23 applies to this situation if K & Sg/p and £ :=Y "' (R - K):

R — KT

Us=Bi =

Y* By, (17)
If R is invertible, it can be an advantage to expand Uy in the form

1— KR!

U, = B, —
PR T KRR

yQtBk = Bk - (1 - ]CTR_l) yQt Z’CjBk—j (18)

Jj=0

Note that the negative powers of R introduce basic boards with negative indices, B_j :=
R*B, for k > 0. However, in applications to planar walks at most a finite number of those
boards will contribute to the counting results (the interior).

Example 27 (Reflected paths continued) We saw in (15) that Dy[m,n; | = Di[m,n]—
%)ﬁ’"Dk [m,n|. Applying (18) we find the expansion

Dym,n; ] = Dy[m,n] — (1= Y'R™) ZDk,j[m +j +2r,n).

J=0

It is easy to verify that for all integers k holds Di[m,n] =0 if m > k. Hence j < ]“_Tm -7
in the above sum. Again, let s = H24 - We find

Dy[m,n; ] = (i)k(f_k m)
-2 ((iii) <Si—:hltr> - (s+i—1> (S—nir—l))

j=| B |41

a nonalternating expansion (compare to (16)).
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3.1 Left hooks above a diagonal barrier

The left hook walks only occupy positions where both coordinates are of equal parity. De-
pending on the parity of r the path approaches the lower right boundary y = x — r in two
different ways, as shown in Fig. 9.

Figure 9
The positions e of a left hook path at the boundary y =x —r
0 ol "T]lo N 0 ol ] o
—1 L|e | N -1 L|e |
-2 x | -2 o| sl
L [-tfofuf2f3] [ [-t]of1[2]3]
If r is odd, e can only be reached If r is even, ® can be reached
from two predecessors. from three pedrecessors.

For even r the boundary can be represented by (nonrecursive) initial values of zeroes along
the line y = z — r. The classical reflection principle applies in this case. We will therefore
assume that 7 is odd for left hook walks. The number Hy[m,n; /] of left hook walks from the
origin to (n,m), in k steps strictly above y = x — r, is uniquely determined by the recursion
R=Y+Y '+ X+ X! where ¥ =&Y and Y = £1, and the recursive initial condition

Hiln—r+1,n; 4] =Hgaln—r+2,n+1; 4]+ Hy 1[n—r+2,n—1; /]
= (X +Y) Hpa[n —r+1,n; 7]

Hence
y(l_r)/QRHk[n’ n; A] = y(l—r)/? (X + y) Hk:[n7 3 A]

We can apply Theorem 23 in the form of formula (17) withp=¢=1,t=(r—1) /2

R— (X r
1
:Hk[m,n]—%Hk[m—i—r—l,n—r—i—l] (19)

where we use the symmetry of Hy[m,n]. For the actual expansion of (X! + yil)_l we
could apply Example 19 with z = —1,a’ =0, and 0/ = —1,
1 N

However, this example is very special, and there is a more elegant way to expand Hy[m,n; /4].
We used already in Lemma 17 that this recurrence operator R can be factored, R =
(1+XY) (V' + X1, and therefore

Y+t Y+xHa+xY)
y-i+at R
=(1+X YA+ XY) Heam+r,n—r) =2+ XY+ XV)Hpa[m+r,n —1).

Hym+r—1n—r+1] = YV Hy[m +r,n—7]
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Hence Hylm,n; /4] =

k k E—1 E—1 kE—1 k—1
= k4+m k+n | 2 k+m4r—1 ktn—r—1 | = \ k+tmtr—1 1 k+n—r—1
2 2 2 2

2

2
k—1 k—1
- k+m;rr71 4 1 k+n—r—1

2

k k k+1 k—1
= (k+_m> <k+_n) - <k+m+r1 + 1) <k+nr1)' (20)
2 2 2

2
3.2 Deep hooks above a diagonal barrier
We saw in (9) that the recursion R for deep hooks is defined by the equation

RQ _ (X1/2 + .)('71/2) (yl/? _’_yfl/Z) R+ wX +€X71.

Solving for R shows that this recursion operator is symmetric and an element of £~

a/p
Figure 10
Ok—1 - Ok—2
U A
Ok—1 — (3 .
X [ |

The point e at the border in the k-th move
can only be reached by three predecessors.

Deep hooks will stay above the barrier y = x — r iff we require the recursive initial values
(see Fig. 10)

Diln—r+1,n;e,w; 4] = Dy_1[n—1r+2,n;¢6,w; /7] + Dp_1[n —r+1,n— 1,6, w; /4]
+wDg on—1r+2,n+ 1;e,w; 4]

= (X2 + X VYPR + wX) Dy a[n — 7+ 1,n5¢,w; /4]

We can apply Theorem 23 in a form similar to formula (18) (with p = ¢ = 1, t =

(r—1)/2, K= (X724 x" V) P2R +wX, and R? instead of R) to expand Dy[m,n; e, w; /4]
in terms of Dy[m,n;e,w] (see (10)):

RQ_K:T r—1
Dk[m>n;57w;ﬁ“] = Dk[mv TL;E,CU] - Wy Dk[mvn;gaw]

Y+ (Xl/Q + X—1/2)*1 VIR -1 x-1
_ — "1 Dp[m, n; e, w).
1+ (X2 4 x-1/2)7  preR-1ex-1

- Dk[mv n;57w]
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Expanding the fraction gives the explicit formula

Dk[mv n;e,w; A]

k (k—=m—n)/2 ,. .
, —1 -
= Di[m,n;e,w] — Dg[m +7r,n —1;e,w] —Zgj Z <Z+‘7. ) (—1)"™

j=1 i>0 !
X (Dy—jim+i+rn+i—j—rew —Dpjm—1+i+rn+1+i—j—r;e,wl).

4 Recursive initial conditions along two lines

We now extend the scope of counting with recursive initial values, to problems where such
values are prescribed along two lines parallel to an axis of symmetry of the recursion R.

Example 28 (Paths between two mirrors) Suppose an ordinary diffusion walk (with
steps —, T,<—, ] ) is reflected at the bottom mirror y = —r, and also at the top mirror y =1,
where r and | are positive integers. We denote the number of reflected paths from (0,0) to
(n,m) in k moves between two mirrors by Di[m, n; %] Because there are no horizontal moves
along the mirrors, reflection is equivalent to the recursive initial condition

Dy[—r,n; é] = Dy_1[1 —r,m; é] and Dyl n; é] = D[l — 1,m; %]
In operator terminology,
(R - y) y_TDk[O,n; g =0 and (R — y_l) lek[O, n; é] = 0.

Theorem 29 Let (Uk)kzo be a sequence of boards in quS/p following the q/p-symmetric re-

cursion R € %;/p, and let L and J be qu/p-mvertible linear operators from Sg/p. Define

L:=LT/L and T =TT /T, and the sequence (Vi)gso by

T
1 J 7 A Zj pINT AT7rT
Vi = ~—=Uj, — ~—U, = JL) Uy, — J LT U, . 21
il ter) IS LR WL R

Then (Vi) follows the same recursion R, and has the initial values
LVi]qa, pa] = LUi[qa, pa] and T*Vi[qa, pa] =0
for all q/p-grid points (pa,qa) on the symmetry axis.

Remark 30 In general, the sequence (Vi) is neither in ‘BqS nor in %f , because Vi, is a

difference of elements from both spaces. Only operators that act on both spaces can be applied
to Vk

Proof. First we check the recursive initial condition J7V;[qa, pa] = 0.

~ T
J" J J" JT N\
TV: ~~U— T ~~U - ~~U_ ~~U .
T 7 <1—j£ ’“) 1—Jgc " (1—J£ ’“)
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All terms in this sum equal zero along the axis of symmetry, py = qx.
Finally we check the initial condition £Vj|qa, pa] = LUx[qa, qal.

T T (1 -JL)+LTL T 7 T
LV, = £~~Uk—<£jUk> = ( ) U, (EJU>

1-JL
T 7 T 7 T
= LU, + £ ‘Z~Uk— £ qNUk .
1 1-JL

The difference of the last two terms equals 0 along the symmetry axis py = qx.

T
Expanding %ﬁUk — (1 i EU’f) gives

S (FE) Uilaa + pb. i — ] — (zmwm g+ b — qb])

i>0 §>0

= (JL)'Uklga + pb,pa — qb] = > (J7L))" T"Uklqa — pb, pa + qb].

i>0 §>0

Example 31 (Paths between two mirrors continued) We saw in Ezample 28 that the
recursive initial conditions for an ordinary diffusion between two mirrors are given by the
operators L = (R—=Y)Y ™" and J* == (R-Y HY'. In Theorem 29 we must choose

Dylm,n; _] for Uglm, n], because we are looking for Vi[m,n] = Dy[m,n; L] with the properties

EDk[O n; ] ( LV; [0, n] EUk[O n] ) = LD[0,n; ]—0 and JTDk[O n; L] = 0.

Substitute L := LT /L = :)727"cmd T =77 = y2l into (21) and get
R — yil I3 .
>0
R — y— '
—Z( ) Dylm + 45 (r + 1) + 21, m; J) ’

j>0

where Di[m,n; | has been expanded in Examples 25 and 27.

The above example is typical for planar walks applications where the boards U}, satisfy
the condition LUy[qa,pa] = 0, with £ := Y " (R — K) (see (12)). In this case Theorem 23
tells us that

Urlm,n] = (1 — LT)Ci[m,n].

Usually (Cy) is the basic sequence (By,) for the recursion R; hence Uy[m, n] = (1—L)By[m, ),
because B, is symmetric.

Adding a few more conditions, the typical sum over all integers occurs in the expansion
of Vi, as we will see in the next corollary. This type of summation occurs in most known
formulas for counting lattice paths between parallel boundaries. The additional conditions
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AT N -1 o
are rather restrictive; we must require that (j E) = (j £> , which implies JL = YV
for some integer w (by Lemma 21). However there are nontrivial applications, as shown in
Section 4.1.

Corollary 32 Let (By) k>0 be the basic sequence of boards for the q/p-symmetric recursion

R e L), andlet L and J be £ o/p-tnwertible linear operators from L If (LN ) (LT) =
Y for some positive integer w, and

(£7) " B = (£ By forallk=0,1,...

then the sequence (Vi) defined by

Vi =Y Y"1 —L"/L)By

JEL
follows the same recursion R, and has the recursive initial values
LVi]qa, pa] =0 and J*Vi[qa,pa] =0
for all q/p-grid points(pa,qa) on the symmetry axis.

Proof. In Theorem 29 choose Ug[m,n] = (1 — £)By[m,n]. We know from Theorem 23
that LUy[qa, pa] = 0 (the boards (By) are symmetric). Hence

~ T ~ ~ T
Uk J (1—-L)By, J 5
V, = _ _U.| = _ 1-72)B
Y1 Z L (1—j£ ’“) 1— Y (1—yw( ) ’“)

= “;@fk - (1 féw@l - 1)Bk) = (11__ TR IR ’“"( - (”)T> By,

k>0

where we used that for positive w we get ((1 — yw)—l)T = D k0 Y~r. Applying the
assumption (LiT)_1 By, = (L) By, we find

(ﬁ—l)T By = ((ﬁTc—l)‘l)T B, = (£ (ﬁT)‘l)T By =L" ((c—l)T)T By = LBy

Hence

Vi = (1_yw+2y ’“”) (1—L£)B;.

k>1
]
In applications to random walks the recursive initial conditions are usually of the form

Y~'Uklqa, pa] = KY~'Uy_1lqa, pa] and Y*Uylqa, pa] = HY*Uy_1[qa, pal (22)

for all £ = 1,2,..., with positive integers ¢t and s, and H,K € Eg/p. Corollary 32 ap-
plies to this situation with £ := Y~ (R — K) and J7 := Y* (R — H) if (R — k7)™ By, =
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(R - IC)_l)T By, and %‘—fg = 7%‘];‘; Vv for some integer v > —2(s + t). The first condition

ensures that (ET)fl By, = (£1)" By; from the second condition follows (£LJ)" / (L£J) =
y2(s+t)+v'

Hence

Vi, = Zy2j(s+t)+jv <1 B R — /CTy2t> B, (23)
JEZ R-K

4.1 Left hooks inside a band

Fig. 11 shows how the left hook walks are restricted to a diagonal band.

Figure 11
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X |
[ |

Points e at the boundaries have only three predecessors o

The number Hy[m,n; /] of left hook walks from the origin to (n,m), in k steps strictly
above y = x — r and below y = x + [, is uniquely determined by the recursion R =
1+ XY) (V' +X 1) where X = EM and Y = €Y1 and the recursive boundary conditions

Hyln—r+1,nY 4= Hfn—r+2,n+1Y 4+ Heiln—r+2,n—1;,Y /]
= (X + V) Healn — v +1,m57 /]
Hin+1-1,nY /4l =Hoaln+1-2,n—1" 4]+ Healn+1—2,n+1;, 7 4]
= (X' H YY) Healn+ 1= 1m0 4]
where r and [ are positive integers. We apply formula (23) with p =¢=1,t = (r—1) /2,
s = (I —1) /2. We will get a rather simple formula for Hy[m,n; Y /], because the operators

K=X+Yand H = X1+ Y ! have the special properties which make formula (23)

applicable. First we verify that
R-KT) " =@ +Y) ' =x(1+a») =2 '+x HR' and
(R = (7 +3)7) =+ 29" (R = 1+ 207 (R
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We saw in (7) that R7'By = (R™")" By; hence (R —K”) ™" By, = ((R—IC)_l)TBk, as
required for formula (23). Also,

R-K'  x'+Yy yX_1+y d R-HT x+Y! y_QR—/CT
= prmnd an = — .
R-K Xt y-t 1+ X1ty R—H X+ R—-K
With Hy[m,n; /] = (1 - %-_%Tyr—l) Hi[m,n], we get
Hk[m>n7l/ﬁ‘] = ZHk[m +.]<T + l)an —j(?’ + l)?A]
i€z
k k kE+1 k—1
= Z k+m+j(r+1) k+n—jor+l) | = \ k+mtji@r+D)+r+1 kdn—r—1—j(r+l) ‘
i€z 2 2 2 2
(24)
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