Generalized Sheffer Sequences Satisfying Piecewise
Functional Conditions

Heinrich Niederhausen
Department of Mathematical Sciences
Florida Atlantic University
Boca Raton, FL 33431
niederha@fau.edu

Computers and Math. with Applications (2001) 41, 1155 — 1171

Abstract

The well known relationship between linear functionals and Sheffer sequences is
extended to the case of piecewise functional conditions, where one functional determines
the beginning, and a second functional shapes the remainder of a the sequence. The
concept of Sheffer sequences is generalized from the Roman-Rota approach.
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1 Introduction

Suppose to(x),t1(x),... is a sequence of polynomials, degt, = n, solving a system of linear
operator equations of the form
Bt (2) = tn 1 (2) 1)

for all n = 1,2,.... Examples are t,(x) = z"/n! solving D,t,(x) = t,_1(z), and t,(x) =
("*™) solving the recursion ¢, () —t, (x—1) = t,_1(z). We show in this paper how to construct
a second sequence po(x), p1(x), ... which solves the same system of operator equations as (t,),
coincides with (t,,) for the first ¢ terms, and satisfies a side condition of the form (L | p,) =0
after those first ¢ terms, for all n > ¢, where L is a linear functional on polynomials.
For example, the Bernoulli polynomials (¢,,) are the solution to the system of differential
equations D,p,(x) = p,_1(x) that satisfies the condition py(z) = 1, and fol pn(z)dx = 0 for
all positive integers n. Applying the method presented in this paper (Theorem 11) allows us
to find the “delayed” Bernoulli polynomials where p,,(x) = 2™ /n! for the first ¢ polynomials,
and fol pn(x)dx = 0 only holds for n > ¢ (Example 20). Instead of letting the beginning
of the solution sequence coincide with a given sequence, we can as well demand a second
functional condition, (J | p,) = do.n, say, for the first £ terms. For example, in (23) we solve
the problem ff)lpn(x) = don forn=0,...,4—1, and fol pn(x)dz = 0 for n > (. Tterating
the process, we can solve systems under piecewise functional side conditions.



All linear functionals, operators, polynomial sequences and generating functions in this
paper are related to each other in the framework of the “modern Umbral Calculus” as
developed by Freeman [1] and Verde-Star [2] during the 1980’s; we show in Section 4.1
how to solve some basic problems in this general setting. However, except for Example 16,
all of our detailed applications are written in the Roman-Rota Umbral Calculus [3] of the
1970’s. Finally, the more advanced functional conditions “along a line” (as in the last four
examples) can only be treated in the “modern classical Umbral Calculus” of Rota, Kahaner,
and Odlyzko [4, 1973].

2 The Problem and its Framework

Let K[z] be the ring of polynomials over some integral domain K. We denote the K-
functionals on Klz] by K[z]*. A polynomial sequence (py),.y in K|z] is a sequence of
polynomials where degp, = n for all non-negative integers n, and py # 0. Let p, be
identically zero for negative n. The ring of formal power series over K is denoted by K|[t]].
The order of a formal power series () is the smallest power of ¢ that occurs in §(t).

We will first formulate the “piecewise functional condition” in the language of “modern

classical Umbral Calculus” [4, 1973]; in Section 3 we advance to a more general concept.

Definition 1 A delta series is a power series of order 1. A Sheffer sequence (s,) has the
generating function

S sa(@)t" = p(H)e ),

n>0

where [ is a delta series, and p is a power series of order zero. If p(t) = 1 then we call the
resulting Sheffer sequence a basic sequence and denote it by (by,).

Obviously, p(t) = ), 5o s.(0)t", and therefore

n

sn(@) =Y si(0)bp—i(x). (2)

=0

Definition 2 If (b,) is a basic sequence then the linear operator B on K [x] defined by linear
extension of
an = bn—l

is called the delta operator (for (b,), or 5(t)).
The expansion (2) shows that all Sheffer sequences (s,,) (with respect to the same delta
series) are solutions of the system of equations Bs,, = s,_1. We will call such solutions B-

Sheffer sequences. We want to find the unique Sheffer sequence (p,,) which solves the system
of delta operator equations

Bp,(z) = pp_1(x) for alln =1,2,. ..



under the conditions

pn(z) =t,(x) foralln =0,1,...,0—1 (3)
(L|pp(zx)y=0foralln=2~¢0+1,...

where (t,,) is some given B-Sheffer sequence, / is a positive integer, and L is a linear functional
on polynomials. In order to expand the solution p(x),pei1(z),... in terms of the basic
sequence (b,,) associated with B we will need in Theorem 9 one more critical assumption,
(L | 1) # 0, which implies the invertibility of L with respect to a product of functionals yet
to be defined (in Section 3). We will see later, in Remark 8, that there exists an invertible
functional J associated to (t,) such that (J | t,) = 6,0 for all nonnegative integers. Given
J, there is only one Sheffer sequence associated with B that satisfies this initial condition
(by Corollary 10). Therefore the side conditions (3) can be rephrased as (J | p,) = d, for
alln=0,1,...0—1,and (L | py(x)) =0foralln=0,0+1,....

The following list shows some basic types of problems. They are solved in Section 4.1
in the general framework which we will introduce in the next section. In Section 6 we will
return to the “modern classical Umbral Calculus” to solve more advanced versions of the
basic problems.

Problem I (Initial value) Let (t,) be a given B-Sheffer sequence, and a € K. Find the
B-Sheffer sequence (py) satisfying the conditions

pn(x) = tu(x) for alln =0,1,...,0—1
pn(a) =0 foralln=10,0+1,... (4)

Problem II Find the B-Sheffer sequence (s,) such that

Sp(x) = ty(x) for allmn=0,1,...,0—1
$,(0) = Z (=)' s,_i(0) for alln = 0,0 +1, ... (5)
i=1

for some given constant ¢ # 0.
Problem III (Recursive initial values) Find the B-Sheffer sequence (p,) such that

pn(x) = tu(x) for alln=0,1,....0—1
pn(a) = pu_1(b) for alln=0,0+1,... (6)

where a and b are given constants.

Example 3 (Paper Towels) The paper towel problem, a variation of Banach’s match box
problem, is a simple example for recursive initial values. Two rolls of paper towels are hanging
side-by-side in a workshop; sheets are removed from the smaller roll with probability p, and
from the larger roll with probability ¢ = 1 —p. When both rolls are of the same size, they are
equally likely selected. If originally both rolls had N towels, what is the distribution of the
residue Ry, i.e., the number of sheets on the larger roll when the other roll becomes empty?
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In [5], Stirzacker derived the generating function of the probability generating functions for
Ry, N =0,1,.... However, the exact distribution of Ry is easily obtained. As in [5], we
call S,, the excess of towels on the larger roll over the smaller after the n-th towel has been
removed. Obviously S,, = Ry when one roll becomes empty. This happens when for the first
time S, +n = 2N, i.e., when the random walk (with steps / and \,) through the points

(n,Sy,) reaches the diagonal x +y = 2N in a diagonally upwards step. Therefore
Pr(Ry =7r) =pPr(Sony_p_1=7r—1)

when r > 1 (the last towel came from the smaller roll), and

Pr (RN = 1) = Pr (S2N72 = O) .
Sh N /p L
2 | ... O ®
/P \q /P L r+y=2N
1 O X
g 1 N /1 L
0 O O |
2N 2N 2N 2N
H —4 —3 —2 -1 2N ... N
The excess S, equals the residue Ry at the diagonal x +y = 2N

The random walk S,, follows a distribution with backwards recursion

Tpm ~— Pr (Sn = m) = PTp—1,m-1 + qTn—1,m+1 (7)

forn > m > 2 and even n+ m. If m = 1 the recursion is slightly different because a zero
excess certainly must increase to one when the next towel is removed,

Tn1 = qTn—2,1 + qTp—1,2 forn > 1. (8)

In addition, w90 = 1, Tpmm = p™ ' for positive m, and 7,0 = qmn_11 for positive n > 2
(because the excess cannot be negative). Now define s,(m) := p~™ " g "o, o forn >0,
m > 1, and s,(m) = 0 for negative n. The conditions on 7, ., easily translate into conditions
on sp(m),

sn(m):s( — 1)+ sy_1(m+1) forn >0 andm >2 by (7),
5p(1) = ptsu_1(1) + 5,-1(2) forn>1 by (8), and
som)zlform>0

The backwards difference operator V : f(x) —
sequence ((Hn_l))nm. From Vs,(m) =

n

f(z) = f(z —1) is a delta operator with basic
E's,_1(m) for all m > 2 follows that s,(m) can be
extended to a Sheﬁe;’ sequence (s,) for the delta operator B = E~'V, with basic sequences

by(z) = H%(wt?") (see (20)). The recursive initial condition

0=15,(1) —p s,1(1) — 5,-1(2) = 5,(0) — p's,_1(1)

is of the form (6), with ¢ = 1.
Ezxample 2.

We will expand s,(x) in terms of the basic sequence in



Problem IV (Zero average) Find the B-Sheffer sequence (p,) satisfying the conditions
pn(z) = tp(x) for alln =0,1,...,0—1

1
/ pn(y)dy =0 foralln=0,0+1,...
0

3 Transforms and Functionals

We will now define Sheffer sequences in a more general way than in the previous section, using
the concepts introduced by Freeman [1], and Verde-Star [2]. For every a € K the evaluation
functional ¢, is defined as (¢, | f(z)) := f(a) for all f € K|x]. The augmentation ¢ is the
evaluation at 0. We call a polynomial sequence (e,,) a reference sequence iff (¢ | e,,) = d,0.
In the following, (e,) will always denote a reference sequence. The case e,(x) = ¢,2" has
been considered by Roman [6], and e, (z) = 2™/n! leads to the “Finite Operator Calculus”
[4] of the previous chapter.

Let (0,,) be a sequence of formal power series, and order(c,) = n for all n > 0. There
exists a unique polynomial sequence (s,,) such that

D sa(@)t" = en(x)on(t)

n>0 n>0

[1, Lemma 1.2]. We call (s,,) the e-image of (0,,). However, this approach is too general for
specific results; we will investigate a more restricted setting.

Definition 4 A (generalized) Sheffer sequence (s,,) is the e-image of (p(t)5(t)") where (3 is
a delta series, and p is a power series of order zero. If p(t) = 1 then we call the resulting
Sheffer sequence (by,) a (generalized) basic sequence.

The delta operator B is now defined via the generalized basic sequence (b,), and Bs, =
$p—1 still holds because the expansion (2) remains unchanged.

The solution of the general problem (3) requires the definition of the “multiplication
operator” p(L) on linear functionals. In this section we provide the necessary background.

Sheffer sequences are obtained by substituting a delta series () for ¢ into

e(z,t) = en()t" € K[a][[t]

n>0

and multiplying by some power series p(t) of order 0. For this purpose the K[z]-linear
operators composition C(3) and multiplication M p) are defined on K [z][[t]] in [1] such that

M(p)C(B)ela,t) = M(p)e(z, 5(1) = 3 enlx)p(O)B(0)" = 3 sul@)t".

n>0 n>0

Any two multiplication operators commute. The K[z]-linear operators on K|[z|[[t]] are called
t-operators; their ring is denoted by L£;. Composition and multiplication are examples of



elements in £;. The e-transform of a t-operator T is the x-operator T € L,, the ring of
K[[t]]-linear operators on K [x][[t]], such that

9

Te(x,t) =Te(x,t).

For example, the delta operator which maps e, (z) into e, 1(z) for all integers n, is the
e-transform of M (t). We denote this x-operator by A.,

A, = M(t)".

All z-operators commute with all t-operators. If B is a delta operator associated to the delta
series 3, then

BC(B)e(w,t) = M(1)C (B) e(a,1). (9)
It follows (Freeman [1, Proposition 4.9]) that
B =g (M(t)") =87 (A) (10)

where 37! is the compositional inverse of 3, i.e., 371(3(t)) = t. By definition, any B-Sheffer
sequence (s,) has a generating function of the form

M (p(t))C (B) e(x, 1) = p(B)C (B) e(x, 1)

(see (9)), and therefore

sn(7) = p(B)ba(x) = p(B71(Ac))ba(2), (11)

where p has order 0.

An umbral operator U is an z-operator which maps basic sequences into basic sequences,
UC(B)e(x,t) = C(y)e(w,t) for a pair of delta series 3 and . Hence U = (C(8~1)C(v))” =
C(v o 871), which shows that composition operators are transforms of umbral operators.

The linear operator ~ maps the functionals K[z]* into K[[t]] via e(z,1),

L(t) := Le(x,t) := > (L[ en)t"

n>0

This mapping is a ring isomorphism if we define the product L#N of two linear functionals
L and N by linear extension of

n

(L#N | en) =Y (L] ex) (N | ens),

k=0

ie.,

(L#N) e(z,t) = (Le(x, 1)) (Ne(z, 1)) = LN ().

We write L#* for the k-th power under this product. The augmentation ¢, the evaluation
at 0, is the multiplicative unit. A linear functional L is invertible (w.r.t. multiplication), iff

(L|1) 0.



Definition 5 The mapping j1 : K[z]* — L, is the e-transform of the multiplication operator
M(L(t)), i.e. u(L) = M(L(t))” = L(A.) for all L € K[z]*.

Note that p(L) commutes with delta operators, because they are transforms of t-multiplication
operators.
Lemma 6 The mapping p : Klx]* — L, is an isomorphism. For fivred L € K[x]* the
adjoint p(L)* of u(L) is the multiplication operator on K [x]* which maps N into L#N for
all N € K[z]*,

(L#N | p) = (u(L)*N [ p) = (N | p(L)p)

for all p € K|z].

Proof. Let J, L € K[z]*. The isomorphism follows from
p(J#L) = M(J#L(t))” = M(JL)” = M(L)"M(J)” = M(J)" M(L)" = p(J)u(L).

Next we have to show that
L#Ne(x,t) = Nu(L)e(z,t)

for all N, L € K[x]*. The -operation is an isomorphism; it is sufficient to show that L#N =

—_—~—

Npu(L). By proposition 6.1 in [1], Nu(L) = M(L)N. =
Remark 7 For the evaluation functional €, we find

plea) = ME)™ = D ealad)M ()7 = 3 enla)Al = e(a, A,)

n>0 n>0

Solving the very basic Problem I will require the calculation of

ulert) = plea) ! = e(alAe).

In most of the important examples for e(x,t) this is not difficult (see Example 19 in Sec-
tion 5.1); the Rota-Kahaner-Odlyzko [4] setting, where e(x,t) = e™, is characterized by the

property u(e;") = pu(e-a)-

Remark 8 If (b,) is the basic sequence for the delta operator B, then we can define the
functional I as

<[B ‘ bn> = <€ ’ bn71> = On,1- (12)
From IgC () e(x,t) = t follows Ig(t) = B~Y(t), and therefore by (10) u(Ig) = B. Sup-
pose, (t,) is the Sheffer sequence with generating function M(p(t))C (B) e(z,t). If J is the
invertible linear functional defined by J(t) = 1/p(871(t)) then

C(8)e(w,1) = C () M (p(871(1)) M (J(1)) e(w,t) = p(J)M(p(1))C (8) e(a, 1)

and therefore b,(x) = p(J)t,(x) and (J | t,) = (¢ | by) = 0on. This relationship between
functionals, basic sequences and Sheffer sequences is central to the Roman-Rota Umbral
Calculus [3].



We can now formulate an “Expansion Theorem” which occurs in some form in most
approaches to the Umbral Calculus.

Theorem 9 Suppose L is an invertible linear functional, and (b,) is the basic sequence for
the delta operator B. Any polynomial p(x) can be expanded in the form

plr) =) <L#I§k | p> (L)~ br() =D (L | B*p) (L) bi ().

k>0 k>0

Proof. The equivalence of both expansion formulas follows from (12), u( gk) = B for
all nonnegative integers k. Note that

(L | B*u(L) " on) = (e | i(L)u(L) " B ) = (e | buk) = i

Expand p(z) in terms of the basis (u(L)™'b,). Apply the above formula to every term. m
The following corollary can be seen as a generalization of the “Binomial Theorem for
Sheffer sequences” (21).

Corollary 10 If (s,) is a Sheffer sequence with associated basic sequence (b,), and L is an
invertible functional, then

n

5u(2) = SUL | 5) (L) b (2)

=0

foralln=0,1,...

4 The Expansion

With the help of the transformed multiplication operator (L) = M(L(t))~ we can expand
the solution to our problem in terms of basic polynomials.

Theorem 11 Suppose L is an invertible linear functional, and ¢ a positive integer. If B is
a delta operator with basic sequence (by,), and (t,) a B-Sheffer sequence, then

n

pa(z) = ta(z) — Z (L] ti(x)) p(L™1)bpi(2)

i={

~

-1

=D (L | ti(@)) p(L™)bni() (13)

7

Il
o

18 the solution to the initial value problem

Bp, =pn_1 foralln=1,2,...
Pp =1, foralln=0,...,0—1
(L|pn)=0foralln=10L0+1,...



Proof. It is instructive to derive the Theorem from an “Ansatz” of the form

Pn (@) = tn (%) = gne()

where {¢,(z)} is also a B-Sheffer sequence, representing the correction terms which ensure
the required side conditions on the solution. However, it is much faster to verify that (p,)
has the correct properties; the first two, Bp,, = p,_1 for alln = 1,2,... and p, = t, for all
n=20,...,¢ —1, are obvious. It remains to calculate for n > ¢

n

(LI pa) = (L[ ta) =Y (L] t(x)) (L] p(L™)bn-i())
=4

= (L [ ta) = > (L[ t:()) (L#L™" | byi(2))
i={
=(L|t,) —(L|t,)=0.
The second expansion of p,(z) follows from Corollary 10. m
If the initial value problem is phrased as

Bp, =pnp_1 foralln=1,2,...
(J|pn) =00p foralln=0,...,0—1
(L|pn)y=0foralln=1¢0+1,...

where J is some given invertible functional, then we can rephrase (13) as

/-1

pa(@) =Y (L | (T bi(x)) p(L™")bn—i(z)

=0

(see Remark 8).

4.1 Some examples

The first three examples in this section are based on evaluation functionals. Example 15
constructs solutions with zero average on the unit interval. All examples are valid for general
reference sequences. For special reference sequences see Section 5.2.

Example 12 (Initial values) The initial value Problem I is solved by the B-Sheffer se-

quence
n

palx) = ta(@) =) (ea | tilx)) e(a, D) bymi(2)

i=t
(see Remark 7 for e(a,A.)™!).

Example 13 The functional condition in Problem II can be written as

=3 0 = (15 ) O = a0)

1=0




if we define the polynomial sequence (p,) by pn := 17=gsn. From (11) follows that (py) is
again a B-Sheffer sequence. Hence condition (5) is a special case of Problem I,

Dn tn, form=0,....0—1

“ 1+cB
(e | pn(x)) =0 for alln > .

By Theorem 11,

Sp(x) = tp(x) — Zznl; <€0 ﬁtl(m‘)> (1+cB)e(0, M) byi(z)
= tu(2) = Y (ba-sl) + chpica () Y (=1) It 5(0).
i=£ Jj=0

Example 14 (Recursive initial values) Let Ig be the delta functional such that B =
wu(Ig) (see Remark 8). The condition

(€a | Pu(x)) — (€ | Pu—1(x)) =0

i Problem III can be expressed as

0= (€a | pu()) — (v | 1(IB)pn(z))
= (ea — &s#1B | pu(w)) .

We choose L = ¢, — ep#1p in Theorem 11 and get

n

pa(x) = tu(x) =Y (L | ti(x)) (L) boil)

=0

where
(L) = pu(ea) — p(en) o (Ip) = ea, Ac) — e(b, Ac) B
(see Remark 7). Hence

3

1
pala) = tula) = 3 (o) ~tia ) co iy = Ry () (14)

The linear functional < 5| p> = folp(a:)daz averages the polynomial p over the interval

[0,1]. We find [, = fol e(z,t)dz, and p(fy) ' =1/ fol e(r,A.)dr.

Example 15 (Zero average) In Problem IV we are looking for the solution with ([ | p.) =
0 for alln > ¢. By Theorem 11

pale) = 1)~ 3 ( /0 1tl-(x)dx) W@H(z),



5 Additional Theory and Examples

In this section we continue the theory of transforms and functionals, and show how the
basic problems can be solved under certain choices for the reference sequence. Except for
the following example, all further applications are based on reference sequences which have
generating functions of the form

e(x,t) = e(xt) (15)
where e(t) is any power series of order 0 (with e as a guiding example for e(¢)). This case has
been extensively studied by Roman ([3], [6], and subsequent papers). Polynomial sequences
with a generating function of the form g(t)e(xt) for some g(t) of order 0 are called Brenke type
sequences|7]. While Brenke type Sheffer sequences (with generating function g(t)e(z3(t)) )
are abundant in the literature, there are also simple examples that fall outside this category
and are therefore not covered by the Roman-Rota Umbral Calculus. The following problem
is solved by a Sheffer sequence that is not Brenke type.

Example 16 Find the polynomial sequence (p,) which satisfies the recurrence

XPn(2) = pp_1(x) + 9, (0) forn=1,2,...
where
xf(z) ==

1s the “division by x” operator. We add the side conditions

po(r)=x(1—=2")/(1—2) forn=1,...,0—1
Pn(0) = —p,(0) forn > L.

We attack the problem by first noting that eo(z) = 1, e,(x) = (1 —2") /(1 — x) for
n > 0, is a reference (and therefore basic) sequence with generating function e(x,t) = 1 +
() =1+ W It is easy to check that xe,(x) = e, 1(x) + €/, _,(0) for
n =1,2,... There exists no delta series $(t) and no Brenke type sequence with generating
function g(t)e(xt) such that e(z,t) = g(t)e(x[()).

Define the functional L such that (L |1) = (L |x) =1 and (L|2™) =0 for allmn > 1.
The functional condition (L | p) = 0 is equivalent to the condition that the constant term
in p(x) is the negative of the coefficient of the linear term, or p(0) + p'(0) = 0. The side
condition p,(0) = —p! (0) can therefore be phrased as (L | p,) = 0. From

L(t) = Le(z,t) = (L | 1) +Ztn< >_1+Ztn__

n>1 n>1

follows
L) =M1-1)" =1-A,
and p(L) e, (z) = o™ for alln # 1, ,u( )" tei(z) = x — 1. Hence, forn >,

pal) = YL ) (L) e i(a Zx“—en ) = e il®)

(2

by Theorem 11 (p,(x) = e,(z) — en—¢(x) holds also forn =1).

11



5.1 Diagonal operators

A diagonal operator maps x™ into d(n)z", where d(n) is any K-valued function on N. For
diagonal operators we will use Freeman’s notation [1]

d(n) («") := d(n)z"

for all n = 0,1,.... For example, n (") = na™, and n! (z") = nlz". The parentheses will
be omitted; we write n!z™ instead of 5! (z"). The ring D, of diagonal operators d(n) is an
important commutative subring of £,.

Proposition 17 (Freeman [1, Proposition 3.4]) If e(x,t) = e(xt) and eq(xt) = d (n) e(z,t)
where d (1) is a unit in Dy, then A., == d (n)d (n+1)"" A, is the eg-transform of M(t).

For the following three examples in Table 1 (see also [1]) we choose e(xt) = (1 — at) ™",
and select three different units in D,. Note that A;;i_. = X, where the operator x was
defined in Example 16, x : 2™ — 2" ! for positive n, and xy1 = 0. When commuting 1 with
X, the changes in degree have to be accounted for,

xn=m+1x (= D). (16)
We use the standard notation (z;q), = [[r—q (1—zq").
Table 1
‘ Binomial ‘ Exponential ‘ Fulerian

d 77] - (77+(7374—1) (0[#07—1,—2,...) 1/77' (1 _Q)n/ ) )
ca(rt) = | (1—at) ™™ e 1/((1—q) t )
en(r) = | (") " /n! (A=q)x)" /(:9),

A, =| (n+a) D, =25 D, D, = x 17

The transform is a ring anti-isomorphism, (T173)" = T,T}. For x-operators X we define
the (inverse) e-transform as the t-operator X such that

Xe(z,t) = Xe(x,t),
ie., (X)v = X.

Example 18 Let e4(xt) := (1 — xt)™“, and define the delta operator G = 37(A.,) by the
composition C(8) = C (2t/ (14 t?)). The compositional inverse 371(t) of the delta series
B(t) must solve the equation t = 237 (t) — tf71(t)?, hence A, = 2G — A.,G*. From the

table we find A., = f]’j—ix (n+ oz)_1 D,, and therefore

D,=2(n+a)G - D,G*.

Applying both sides of the equation to any G-Sheffer sequence (s,) results in the recurrence
formula Dys, =2 (n+ «) sp_1 — DySy_2, or

$n () = 2asn1(2) = 2ws, 1 (1) = 8, 5(2). (17)

12



Suppose the side conditions are given by the linear functional

n\ .__ 1 ! n 20‘*1/2
<L|$>'_B(1/2,a+1/2)/_1$ (1-— 2% dx

where B(v,w) = fol ' (1 — u)" " du is the beta function. This functional vanishes on odd
powers of x, and takes the values
B(m+1/2,a+1/2) —om  (2m)!

<L | 5E2m> = B(1/2,a+1/2) =2 m

on even powers. In order to apply Theorem 11 we have to find u(L)™!, via

Py=r(—aty =3 (2’“ e 1) (L] 22 2

k>0

— ]; (O‘ ;2k> %i - (t/2)* = 2¢ (1 + M) -

and therefore (L)™' = M (2_‘" (1+v1- t2)a> . We need to know how (L)™' acts on
the basic sequence (g,(x)) for G, so we calculate its action on the generating function,

p(L)IC (2t (1+£2)) elat) = C 2/ (1+8)) M (27 (14 VI—£) ) e(at)

«

2t \? 20t \ ¢
o[ 144/1— 1—
() (- 2)

«

= (14t —2at) “,
(

and get the generating function for the Gegenbauer polynomials (v, (x)). Hence u(L) tg,(z) =
Yu(z), and (L | v,) = Son- Actually, a much stronger result holds, (L | v, ym) = 0 for all
n # m, because (1 — xg)a_l/Q is the weight function on [—1,1] for which the Gegenbauer poly-
nomials are orthogonal [8]. Because of orthogonality, Gegenbauer polynomials also follow a
three term recursion

ny(r) =2x(n+ a — 1)y_1(x) — (n + 2a — 2)7y,_o(x)

which can be shown by comparing coefficients in the t-derivative of the Gegenbauer generating

function (1 +t* — 2xt)"".
By Theorem 11, the Sheffer polynomials (p,) which follow the recurrence (17), agree with
(2x)" /n! for the first ¢ degrees, and satisfy the condition (L | p,) = 0 for all n > £, can be

expanded as
L(¢-1)/2] 1

13



5.2 Functionals

Theorem 11 requires an explicit formula for p(L)~'. We want to look at some diagonal

examples in more detail. They can be used to find specific solutions in Section 4.1.

Example 19 (Evaluation) We saw already in Remark 7 that u(e,)™' = e(al.)™t. With
the help of Table 1 we calculate the following special diagonal cases:

Exponential: If e(zt) = e then e(al.) ! = e *P» = =% where E=%: f(z) — f(x — a),
the shift by —a (Taylor’s formula).

Binomial: If e (xt) = (1 —at)™“ then the commutation rule (16) tells us that

e X X z
n+a (77+04>j (77+O‘)j

Slightly abusing the hypergeometric series notation we can write
e(aA) ' = Fl—a,n+ 1,17+ a;ax], or more precisely

(—a); (n+1);

e(aA) = (1 —aA)* = , ay
87 = (1 a = SR o)
Eulerian: Ife(xt) =1/((1 —q)xt;q),, then
A~ Di (1 —q" )j _ MXJ
C 1-q (1-q)

and e(aA,)™! = (ax;q)T7 12" — (a/x;q), x", because of

. ¢ q—l o (475 9);
e(aA) 12" = ((1 — aDy; q) L= J =i
(@8 = (1= g)aD, Z "
- i (J ot j?
=" ) (=1) q(Q)u (a/z) = (a/w;q), ="
= (¢;9);
by the g-binomial theorem.
Example 20 (Average) For the functional [y we found already pu(f;)™' =1/ fo

in Section 4.1. Some special cases:

Exponential: If e(zt) = €™ then




where By, is the k-th Bernoulli number, and p([y)~*a"/n! is the Bernoulli polynomial
on(x) [9, (1) § 85] (some authors define the Bernoulli polynomials as nle,(x)). We can
now calculate the “delayed” Bernoulli polynomials, which we saw in the Introduction.

If
" n L i D i
n(T) = — — —d -
Pa() n! Z (/0 il I) ePe — 1 (n—1)!

then p,(z) = x™/n! for the first ¢ values of n, and fol pn(x)dx =0 forn > (.

Binomial: If e (zt) = (1 — 2t)”" we must distinguish two cases. If a =1 then
1 1 1 -1
i) :/ (1= 2t) Vdo = —1n(1— 1)
0 0 l
N(fl)—l - _—A‘f - _ZbAJ’ — _bej
0 In (1 — Ae) e J

>0 >0

where by, by, ... are the Bernoulli numbers of the second kind [9, (9) in par. 97].
Ifa #1,0,—1,-2,... then

-1

1/§(t)— (/01(1—xt)_“dx> _%_Z(Z <j§i11>1tja>k

k>0 \j>1

For example, if o = 1/2, then 1/fN01(t) =1(1+v1-1), and

(fl)—l—1 14 F |2 4L+ o
MO _2 2777 1 27X .

6 Classical Sheffer Sequences

In this section we discuss some special results for classical Sheffer sequences, which means
that the reference polynomials will always be e, (x) = 2" /n!. Every classical basic sequence
(bn(x)) has a generating function of the form

D bn(@)t" = exp(xB(t))

n>0

and is associated with the delta operator B = 371(D,). We need the following facts from
the Finite Operator Calculus [4].

15



All (classical) delta operators are translation invariant,
BE “=FE"°B,
and BE~°¢ is again a delta operator.
o If (s,(z)) is a B-Sheffer sequence and ¢ and a are constants, then

{sn(cn +a+ x)} is a Sheffer sequence for BE™°. (18)

o If (b,(z)) is the basic sequence for B then

(I — Cnbn(x)) is a B-Sheffer sequence. (19)
x

It follows from the previous two results that

( ’ by (z + cn)) is the basic sequence for BE ™. (20)
T +cn

Binomial Theorem for Sheffer Sequences (apply Corollary 10 to L = ¢,):

n

sulz+9) =Y si(y)bai(@). (21)

=0

Example 21 (Zeroes along a boundary line) Suppose we want to find the B-Sheffer se-
quence (p,) satisfying the conditions

po(z) = tp(x) for alln =0,1,...,0—1
pu(ecn+a) =0 foralln=0,0+1,...

where (t,) is a given B-Sheffer sequence, and ¢, are constants. Let p,(z) := pn(cn + x)
and t,(z) = t,(cn + x). We can rephrase the given problem as

~

pn(x) =t,(x) for allm=0,1,....0—1
(o | Pn(x)) =0 foraln=200+1,...
We noted in (18) that the new polynomials are Sheffer polynomials for BE™¢ in the classical

setting. The delta operator BE~ has the basic polynomials b,(x) = xb,(z + cn)/(z + cn).
From u(e,) = E* (see Section 5.2, or [3, p. 128]) and Theorem 11 follows

n

Pn(7) = fn(x) - Z <5a ‘ tl(x)> Eiai)nfi(x)a

i={

16



and

pn(x) = ta(x) — Z ti(ci + @)bp_i(x — o — cn)

=t
- r—a—cn
=tp(x) — ti(ct —bi(r—a—c
(x) ZZ; (Cz+a)x—a—cz (x — a— ci)
- Tr—a—cn
=Y ti(ci+a)———b,_i(z — a — ci).
— r—oa—ci

Example 22 Suppose (s,) is a B-Sheffer sequence, ¢ # 0 a given constant,

Sp(x) =tp(x) forn=0,...,0—1
1
sp(cn) = (=1) ¢ sp_i1(cn) for alln > ¢

%

3
|

Il
=)

Again, the side condition can be written as

0— Xn: (1) s _i(en) = <1 +1C . 3n> (cn) = pu(en)

1=0

if we define the B-Sheffer sequence (p,,) by pp :=

we see that
-1
pu() =Y <ao

155 5n- From the previous ezample, (o= 0)

1 T —cn

e ) Sl

and

i

fi (x RS el Uit SN cz')) (1) 'ty (ci).

T —Cl Tr —Cl -
=0 7=0

Example 23 (Recursive initial values) Using the same notation as in example 21 we
rephrase the recursive initial value problem

pn(x) =tp(x) for alln =0,1,...,0—1
pn(en+a) =po_1(c(n—1)+0b) foralln=0,0+1,...

as

po(z) = 1,(2) for alln =0,1,...,0—1
(€a | Pul®)) — (&b |pn—1(l’)> Oforalln=400+1,... (22)
With e(a, A.) = E® and (14) we get

bul) = ba(x) = 3 (0(a) — F(8) s b ).
=1

17



Ezpanding

3
J

1 ba I .
1 _ Fb- aBEc"l ZEJ bn—i—j >: bn—i—j(z +j(b—a))

<.
Il
o

r+7(b—a) . o
_Zgj+] b—a _|_C(n_2_j)bn—i—j(I+](b—a)+c(n_z_]))

we get

n

Pa(r) = Pz —en) = to(z) = Y (tia+ ci) = tia (b+ i — 1))

=4

r—a+j(b—a)—cn _ .
XZx—a-ﬁ-] (b—a—c)— czbn*z*j@ a+j(b—a—c)—ci.

Problems like this occur in the enumeration of lattice paths taking unit steps —, T with

weighted left turns. A path takes a left turn — 5 at the lattice point (i,7) if it enters that
point in a horizontal step — and leaves it in a vertical step T; the weight p is assigned to
this left turn. The product of the weights is the total weight of the path, from (0,0) to (n,m),
say. The number of weighted paths is denoted by d,(m); we can think of d,,(m) as the gen-
erating function (in u) of the number of left turns in lattice paths from (0,0) to (n,m). It
is well known that d,(m) = .., ( )( Y ; we extend d,(m) to d,(z), a polynomial with
coefficients in R[u|. It is shown in [1 0] that (dy,) is a Sheffer sequence for the delta operator
A/ (p+ A), where A : f(x) — f(z+ 1) — f(x) is the forward difference operator. Suppose
the path has to stay strictly above the line y = c(x — {) where ¢ and ¢ are given positive
integers.

Lattice paths above y = 2(x — 4)
m
4 g — 0 — g — CT> — g = (TJ [ |
1 T 1 T f 1
3|o—- 0o— 0o— o0o— 0— O
2 CT) — CT) — CT) — CT) — g |
T T T T T
llo— o= o= o= o
0| o= (T)m—> <1—> g) [ ]
Jo 1 2 3 4 5 6 .. —n
The sample path =, 1 from (0,0) to (5,4) has weight p?.

If r,(m) denotes the generating function of left turns in the restricted paths, we obtain the
recursive initial value problem

ro(x) = dp(x) for alln =0,1,...,0—1
rolc(n =0 +1)=r, 1(c(n—2~0)+1) foralln=20,0+1,...

(see [10] for details).
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Example 24 (Paper Towels Continued) In Example 3 we had to find the Sheffer se-

quence (s,) associated with the basic polynomials b,(x) = H%(If") that satisfies a recur-

sive initial condition of the form (22), (¢ | sp(x)) — (p~te1 | sn_1(x)) =0, with ¢ = 1. Hence
$n(2) = D pso P “bni(z + k) forn >m > 1 and even n +m. Finally,

Pr(Ry=r) = p7T2N—r—1 r—1 = pN_qu_TSN—r<T —1)

— N—k—1/N+k—-1
N T k+r—1
PO e =T
for N > r > 1, but it is easily Uemﬁed from Pr(Ry = 1) = man_20 = qman—31 that this
formula also holds for r = 1.

Example 25 Suppose (p,,) is the classical B-Sheffer sequence such that
pn(z) = tp(x) for alln =0,1,...,0—1

1
/ p(y +cn)dy =0 foralln=0,0+1,...
0

As before, we formulate this condition as
Pn(z) = t,(2) for alln =0,1,...,0—1

1
/ Pu(y)dy =0 for alln =0, 0+1,...
0

using the same notation as in Example 21. Combining Examples 15 and 20 we find

i) =) = 3 ([ ) 3 2t )

i=¢ k=0

& Lo < B, LT —Cn ,

pu(z) = t,(x) — Z i ti(ci + y)dy ﬁDw—,bn_i(x — i)
k=0

Tr —Cl
(=714

We saw already in Example 20 how the Bernoulli polynomials p,(x) enter the solution when
by(x) = a™/nl. In this special case

Pa(@) = tul@) = 3 </01 ti(ci + y)dy> u(z)‘l (x — cn) %

= tn(z) = ) (/01 ti(ci + y)dy) (pn—ilz — ci) — cpn_1-i(z — ci)) .

i=(
In the Introduction we mentioned (for ¢ = 0) the two-stage condition f?l pn(x) = 00 for

n=0,....,0—1, and fol pn(cn +x) =0 for n > (. From f£)1 on(x 4+ 1) =0 follows p,(z) =
on(x+1) =t,(x) forn=0,...,0 —1, and therefore

(/01 oi(ci+y + l)dy) (onilz — ci) — cpn_1_i(z — ci))

pn(x) =

~.
~ |l ~
(e

(ci+ 1)
3!

(i = ci) = cpnai(z = ci)). (23)

@
Il
=)
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